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Abstract: In many areas of application, a typical requirement is to estimate a high quantile

χ1−p of probability 1 − p, a value, high enough, so that the chance of an exceedance of that

value is equal to p, small. The semi-parametric estimation of high quantiles depends not only

on the estimation of the tail index γ, the primary parameter of extreme events, but also on

an adequate estimation of a scale first order parameter. The great majority of semi-parametric

quantile estimators in the literature, do not enjoy the adequate behaviour, in the sense that they

do not suffer the appropriate linear shift in the presence of linear transformations of the data.

Recently, and for heavy tails (γ > 0), a new class of quantile estimators was introduced with such

a behaviour. They were named PORT-quantile estimators, with PORT standing for peaks over

random threshold. In this paper, also for heavy tails, we introduce a new class of PORT-quantile

estimators with the above mentioned behaviour, using the PORT methodology and incorporating

Hill and moment PORT-classes of tail index estimators in one of most recent classes of quantile

estimators suggested in the literature. Under convenient restrictions on the underlying model, these

classes of estimators are consistent and asymptotically normal for adequate k, the number of top

order statistics used in the semi-parametric estimation of χ1−p.
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1 Introduction

A model F is said to have a heavy right-tail whenever the right tail function, F := 1− F ,

is a regularly varying function with a negative index of regular variation α = −1/γ, i.e.,

for every x > 0, limt→∞ F (tx)/F (t) = x−1/γ . Then we are in the domain of attraction for

maxima of an extreme value (EV ) distribution function (d.f.),

EVγ(x) = exp(−(1 + γx)−1/γ), x > −1/γ, γ > 0,

and we write F ∈ D(EVγ>0). The parameter γ is the tail index, one of the primary

parameters of rare events.

In a context of heavy tails, and with the notation U(t) = F←(1− 1/t), t ≥ 1, F←(y) =

inf{x : F (x) ≥ y} the generalized inverse function of the underlying model F , the first order

parameter (or tail index) γ (> 0) appears, for every x > 0, as the limiting value, as t →∞,

of the quotient (lnU(tx)− lnU(t))/ lnx (de Haan, 1970). Indeed, with the usual notation

RVα for the class of regularly varying functions with an index of regularly variation α, i.e.,

positive measurable functions g such that g(tx)/g(t) → xα, as t →∞ and for all x > 0, we

can further say

F ∈ D(EVγ>0) iff U ∈ RVγ iff 1− F ∈ RV−1/γ (Gnedenko, 1943). (1.1)

Heavy-tailed distributions have recently been accepted as realistic models for various phe-

nomena in economics, ecology, bibliometrics and biometry, among others. See, for instance,

the recent books on the topic by Markovich (2007) and Resnick (2007).

For small values of p, we want to extrapolate beyond the sample, estimating a typi-

cal parameter in many areas of application, a high quantile χ1−p, i.e., a value such that

F (χ1−p) = 1− p or equivalently

χ1−p = U(1/p), p = pn → 0, npn → K as n →∞, K ∈ [0, 1]. (1.2)
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We are going to base inference on the largest k + 1 order statistics (o.s.), and as usual

in semi-parametric estimation of parameters of extreme events, we shall assume that k is

an intermediate sequence of integers in [1, n[, i.e.,

k = kn →∞, k/n → 0, as n →∞. (1.3)

In order to derive the asymptotic non-degenerate behaviour of semi-parametric estima-

tors of parameters of extreme events, we need more than the first-order condition, U ∈ RVγ

in (1.1). A convenient condition is the following second-order condition, which guarantees

that

lim
t→∞

lnU(tx)− lnU(t)− γ lnx

A(t)
=

xρ − 1
ρ

, (1.4)

which we assume to hold for every x > 0, being ρ ≤ 0 the “shape” or, more properly,

the generalised shape second order parameter. The limit function in (1.4) is necessarily of

this given form and |A| ∈ RVρ (Geluk and de Haan, 1987). Sometimes, only for the sake

of simplicity, we shall assume to be working in a sub-class of Hall-Welsh’s class of models

(Hall and Welsh, 1985), where there exist γ > 0, ρ < 0, C > 0 and β 6= 0, such that, as

t →∞,

U(t) = C tγ
(
1 +

A(t)
ρ

(1 + o(1))
)
, with A(t) = γβtρ. (1.5)

Typical heavy-tailed models, such as the Fréchet, the Generalized Pareto and the

Student-tν belong to such a class. Then, the second-order condition in equation (1.4) holds,

with A(t) = γβtρ, β 6= 0, ρ < 0. The parameters β and ρ are the so-called generalised scale

and shape second-order parameters, respectively.

Condition (1.1) is equivalent to limt→∞ U(tx)/U(t) = xγ . Then U(t) ∼ Ctγ , as t →∞,

for a real C > 0, and from (1.2), we have

χ1−p = U(1/p) ∼ Cp−γ , as p → 0.

An obvious estimator of χ1−p is thus Ĉp−γ̂ , with Ĉ and γ̂ any consistent estimators of

C and γ, respectively.
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Given a sample (X1, X2, . . . , Xn), let us denote (X1:n ≤ X2:n ≤ · · · ≤ Xn:n) the set

of associated ascending o.s. Denoting Y a standard Pareto model, i.e., a model such that

FY (y) = 1− 1/y, y > 1, the universal uniform transformation and the fact that Yn−k:n
p∼

(n/k) for intermediate k, enables us to write Xn−k:n
p∼ C(n/k)γ , as n →∞. Consequently,

an obvious estimator of C, proposed in Hall (1982), is

Ĉ ≡ Ck,n,γ̂ := Xn−k:n(k/n)γ̂

and

Qk,pn,γ̂ = Ĉ p−γ̂
n = Xn−k:n (k/npn)γ̂

is the obvious quantile-estimator at the level p (Weissman, 1978). The semi-parametric

estimation of high quantiles depends thus strongly on the estimation of the tail index γ,

the primary parameter of extreme events.

In the classical approach, we often consider for γ̂ either the Hill estimator (Hill, 1975)

or the moment estimator (Dekkers et al., 1989), both based on the k + 1 top o.s., denoted

Xk := (Xn−k:n, · · · , Xn:n). The Hill estimator is the average of the log-excesses,

Hk,n ≡ Hn(Xk) ≡ γ̂k,n,H :=
1
k

k∑
i=1

(lnXn−i+1:n − lnXn−k:n) , (1.6)

and the moment estimator has the functional expression,

Mk,n ≡ Mn(Xk) ≡ γ̂k,n,M := M
(1)
k,n + 1− 1

2

{
1−

(
M

(1)
k,n

)2
/M

(2)
k,n

}−1
, (1.7)

with M
(α)
k,n defined by

M
(α)
k,n ≡ M (α)

n (Xk) :=
1
k

k∑
i=1

(lnXn−i+1:n − lnXn−k:n)α , α = 1, 2. (1.8)

Under the second order framework in (1.4) and for any intermediate sequence k, i.e.

whenever (1.3) holds, we have for the Hill estimator H, in (1.6), and for the moment esti-

mator M , in (1.7), generally denoted by T , the validity of following asymptotic distributional

representation,

γ̂k,n,T
d= γ +

σT Pk,T√
k

+ bT A(n/k)(1 + op(1)), (1.9)
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where Pk,T is asymptotically standard normal and

σ2
H

:= γ2, bH :=
1

1− ρ
, σ2

M
:= 1 + γ2 and bM :=

γ(1− ρ) + ρ

γ(1− ρ)2
. (1.10)

Most of the semi-parametric quantile estimators in the literature, like the ones in Gomes

and Figueiredo (2006), Gomes and Pestana (2007), Beirlant et al. (2008), Caeiro and Gomes

(2008), as well as in other papers on semi-parametric quantile estimation prior to 2005, do

not enjoy the adequate behaviour in the presence of linear transformations of the data, a

behaviour related with the fact that for any quantile χ1−p we have

χ1−p(λ + δX) = λ + δχ1−p(X) (1.11)

for any model X, real λ and positive δ.

Recently, and for γ > 0, Araújo Santos et al. (2006) provided quantile estimators with

the linear property in (1.11), based upon a sample of excesses over a random threshold

Xnq :n, denoted

X(q) :=
(
Xn:n −Xnq :n, · · · , Xnq+1:n −Xnq :n

)
, (1.12)

where Xi:n, 1 ≤ i ≤ n, is, as mentioned before, the sample of ascending o.s. associated to

the random sample (X1, X2, . . . , Xn) and nq := [nq] + 1, with:

• 0 < q < 1, for d.f.’s with finite or infinite left endpoint xF := inf{x : F (x) > 0} (the

random threshold Xnq :n is an empirical quantile);

• q = 0, for d.f.’s with finite left endpoint xF (the random threshold is the minimum,

X1:n).

Such estimators were named PORT-quantile estimators, with PORT standing for peaks

over random threshold, and are based on the PORT-Hill and PORT-moment estimators,

generically denoted T (q) ≡ Tk,n(q) := Tn(X(q)) for T = H or M , k < n − nq, and with

Hn(Xk) and Mn(Xk) provided in (1.6) and (1.7), respectively. They are given by

Q̃k,pn,T (q) :=
(
Xn−k:n −Xnq :n

)( k

npn

)T (q)

+ Xnq :n, (1.13)
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where T (q) can more generally be any consistent estimator of the tail index γ, made loca-

tion/scale invariant by using any of the transformed samples X(q), in (1.12). The PORT-Hill

and the PORT-moment estimators have been studied by simulation in Gomes et al. (2008).

The class of estimators suggested here is also a function of the sample of the excesses

X(q) in (1.12). We use the PORT methodology and incorporate Hill and moment PORT-

classes of tail index estimators in one of the classes of quantile estimators suggested in

Caeiro and Gomes (2008), slightly modified in order to satisfy the linear property in (1.11).

More specifically, we shall consider quantile estimators of the type,

Q̃k,pn,T (q) :=
Xn−[k/2]:n −Xn−k:n

2T (q) − 1

( k

n pn

)T (q)
+ Xnq :n. (1.14)

Under convenient restrictions on the underlying model, these classes of estimators are con-

sistent and asymptotically normal for adequate k, the number of top o.s. used in the semi-

parametric estimation of χ1−p.

In Section 2, we shall present a few introductory technical details and asymptotic pre-

liminary results associated with the PORT methodology. The asymptotic behaviour of the

PORT-classes of tail index estimators under study, together with the asymptotic compari-

son of the PORT-Hill and the PORT-moment estimators at optimal levels, will be derived

in Section 3. Finally, in Section 4, we derive the asymptotic behaviour of the new classes

of PORT-quantile estimators.

2 Technical preliminaries related with the PORT methodol-

ogy

2.1 The second order framework for heavy-tailed models with a real shift

If we introduce a deterministic shift, i.e. a new location, λ, in the underlying model X,

with quantile function UX (t), the transformed random variable (r.v.) Y = X + λ has an

associated quantile function given by Us(t) ≡ UY (t) = UX (t)+λ and condition (1.4) can be
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rewritten as

lim
t→∞

lnUs(tx)− lnUs(t)− γ lnx

As(t)
=

xρs − 1
ρs

, (2.1)

for all x > 0, with |As| ∈ RVρs .

Let F be a model with quantile function U(t) ≡ UX (t), given in (1.5). Then

UY (t) = Ctγ
(

1 +
A(t)

ρ
+ λC−1t−γ + o(tρ)

)
, as t →∞.

Therefore both Us(t) = UY (t) and U(t) = UX (t) are asymptotically equivalent to Ctγ , but

ρs =

 ρ if ρ > −γ

−γ if ρ ≤ −γ.

The function As(t) in (2.1) can be chosen as

As(t) :=


− γλ

U(t) , if ρ < −γ

A(t)− γλ
U(t) , if ρ = −γ

A(t), if ρ > −γ.

2.2 Asymptotic preliminary results in the PORT methodology

In this subsection we begin with the presentation of the asymptotic results for the statistics

M
(α,q)
k,n ≡ M

(α,q)
n = M

(α)
n

(
X(q)

)
, k < n−nq, based on the sample of excesses X(q), 0 ≤ q < 1,

in (1.12) and with M
(α)
n (Xk) provided in (1.8).

In the following, χ∗q denotes the q-quantile of F : F (χ∗q) = q (by convention χ∗0 = xF ) so

that,

Xnq :n
p−→

n→∞
χ∗q for 0 ≤ q < 1. (2.2)

We present, without proof, the following Lemma:

Lemma 2.1 (Araújo Santos et al., 2006). If the second order condition (1.4) holds, if

k = kn is an intermediate sequence, i.e. (1.3) holds, for any real q, 0 ≤ q < 1, with

F (χ∗q) = q (χ∗0 = xF , finite), and for α = 1, 2,

M
(α,q)
k,n − 1

k

k∑
i=1

(
ln

Xn−i+1:n − χ∗q
Xn−k:n − χ∗q

)α
= op

( 1
U(n/k)

)
.
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Remark 2.1. Note that if q ∈ (0, 1), Xnq :n − χ∗q = Op(1/
√

n ) and we can assure that
√

k
[
M

(α,q)
k,n − 1

k

∑k
i=1

(
ln Xn−i+1:n−χ∗q

Xn−k:n−χ∗q

)α]
= Op

(√
k/n/U(n/k)

)
= op(1), for α = 1, 2.

Proposition 2.1. If the second order condition (1.4) holds and k = kn is an intermediate

sequence, i.e. (1.3) holds, the statistics M
(α,q)
k,n = M

(α)
n (X(q)), with k < n − nq, M

(α)
n (Xk)

given in (1.8) and X(q) given in (1.12), satisfy for α = 1, 2,

M
(1,q)
k,n

d= M
(1)
k,n +

γ χ∗q
(1 + γ) U(n/k)

(1 + op(1)), (2.3)

M
(2,q)
k,n

d= M
(2)
k,n +

2γ2 (2 + γ) χ∗q
(1 + γ)2 U(n/k)

(1 + op(1)). (2.4)

Proof. The first moment of the log-excesses can be rewritten as

M
(1,q)
k,n =

1
k

k∑
i=1

ln
(

Xn−i+1:n −Xnq :n

Xn−k:n −Xnq :n

)
= M

(1)
k,n +

1
k

k∑
i=1

ln

1− Xnq :n

Xn−i+1:n

1− Xnq :n

Xn−k:n

 .

Since ln(1 + x) ∼ x, as x → 0,

1
k

k∑
i=1

ln

1− Xnq :n

Xn−i+1:n

1− Xnq :n

Xn−k:n

 ∼ 1
k

k∑
i=1

(
Xnq :n

Xn−k:n
−

Xnq :n

Xn−i+1:n

)

=
1
k

k∑
i=1

[
Xnq :n

Xn−k:n

(
1− Xn−k:n

Xn−i+1:n

)]
.

If k = kn is intermediate, i.e. (1.3) holds, and {Yi}i=1,...,k is a sequence of independent

and identically distributed (i.i.d.) standard Pareto r.v.’s, then Yn−k:n
p∼ (n/k) and,

M
(1,q)
k,n = M

(1)
k,n +

χ∗q
U(n/k)

1
k

k∑
i=1

(
1− Xn−k:n

Xn−i+1:n

)
d= M

(1)
k,n +

χ∗q
U(n/k)

1
k

k∑
i=1

(
1− Y −γ

i

)
(1 + op(1)).

Given that E[Y −γ ] = 1/(1 + γ) and by the weak law of large numbers we get (2.3).
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For α = 2 and using similar developments, we have

M
(2,q)
k,n

d=
1
k

k∑
i=1

[
ln

Xn−i+1:n

Xn−k:n
+

χ∗q
U(n/k)

(
1− Y −γ

i

)
(1 + op(1))

]2

d= M
(2)
k,n +

2χ∗q
U(n/k)

1
k

k∑
i=1

(
ln

Xn−i+1:n

Xn−k:n

)(
1− Y −γ

i

)
(1 + op(1))

d= M
(2)
k,n +

2χ∗q
U(n/k)

[
M

(1)
k,n −

1
k

k∑
i=1

(
γ lnYi Y −γ

i

)
(1 + op(1))

]
.

Since E[lnY Y −γ ] = 1/(1 + γ)2 and by the weak law of large numbers we get (2.4).

It has been proved in Martins (2000) (see also, Gomes and Martins, 2001) that, under

the second order framework, (1.4), and for levels k such that (1.3) holds, we get for M
(α)
k,n =

M
(α)
n (Xk), in (1.8), an asymptotic distributional representation of the type,

M
(1)
k,n

d= γ +
γZ

(1)
k√
k

+
A(n/k)
1− ρ

(1 + op(1)), (2.5)

M
(2)
k,n

d= 2γ2 +
2
√

5γ2Z
(2)
k√

k
+

2γ
(
1− (1− ρ)2

)
ρ(1− ρ)2

A(n/k)(1 + op(1)), (2.6)

where, with {Ei}i≥1 a sequence of i.i.d. standard exponencial r.v.’s,

Z
(α)
k =

√
k√

Γ(2α + 1)− Γ2(α + 1)

(1
k

k∑
i=1

Eα
i − Γ(α + 1)

)
, α = 1, 2, (2.7)

is asymptotically standard normal. The covariance structure of Z
(α)
k is given by

Cov
(
Zα

k , Zβ
k

)
=

Γ(α + β + 1)− Γ(α + 1)Γ(β + 1)√
Γ(2α + 1)− Γ2(α + 1)

√
Γ(2β + 1)− Γ2(β + 1)

. (2.8)

3 Asymptotic behaviour of the PORT-classes of tail index

estimators

In this section we present, under the validity of the second order condition in (1.4),

the asymptotic distributional representations of the PORT-Hill estimators, Hk,n(q) :=
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Hn(X(q)), and the PORT-moment estimators, Mk,n(q) := Mn(X(q)), with functional ex-

pressions given by

Hk,n(q) ≡ γ̂k,n,H(q) =
1
k

k∑
i=1

ln
(

Xn−i+1:n −Xnq :n

Xn−k:n −Xnq :n

)
and

Mk,n(q) ≡ γ̂k,n,M(q) = M
(1,q)
k,n + 1− 1

2

{
1−

(
M

(1,q)
k,n

)2
/M

(2,q)
k,n

}−1

,

respectively, k < n − nq, M
(α,q)
k,n = M

(α)
n

(
X(q)

)
, M

(α)
n (Xk) and X(q) provided in (1.8) and

(1.12), respectively.

The following theorem has been proved in Araújo Santos et al. (2006).

Theorem 3.1 (Araújo Santos et al., 2006). If the second order condition (1.4) holds,

k = kn is an intermediate sequence of positive integers, i.e. (1.3) holds, and for any real q,

0 ≤ q < 1, we have for Tk,n(q), with T denoting either H or M , an asymptotic distributional

representation of the type,

Tk,n(q) d= γ +
σT Pk,T√

k
+
(

bT A(n/k) + cT

χ∗q
U(n/k)

)
(1 + op(1)), (3.1)

where Pk,T is asymptotically standard normal, Pk,H = Z
(1)
k defined in (2.7), with σ2

T
and bT

provided in (1.10), and

cH :=
γ

1 + γ
, cM :=

γ2

(1 + γ)2
. (3.2)

Corollary 3.1. Under the conditions of Theorem 3.1, the following results hold:

• For values of γ + ρ < 0 and χ∗q 6= 0,

Tk,n(q) d= γ +
σT Pk,T√

k
+ cT

χ∗q
U(n/k)

(1 + op(1)).

If
√

k/U(n/k) → λ1 finite, then

√
k (Tk,n(q)− γ) d−→

n→∞
Normal(λ1cT χ∗q , σ

2
T
).
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• For values of γ + ρ > 0 or γ + ρ ≤ 0 and χ∗q = 0,

Tk,n(q) d= γ +
σT Pk,T√

k
+ bT A(n/k)(1 + op(1)).

If
√

kA(n/k) → λ2 finite, then

√
k (Tk,n(q)− γ) d−→

n→∞
Normal(λ2bT , σ2

T
).

• For values of γ + ρ = 0 ∧ χ∗q 6= 0,

Tk,n(q) d= γ +
σT Pk,T√

k
+
(

bT A(n/k) + cT

χ∗q
U(n/k)

)
(1 + op(1)).

If
√

k/U(n/k) → λ1 and
√

kA(n/k) → λ2, with λ1 and λ2 both finite, then

√
k (Tk,n(q)− γ) d−→

n→∞
Normal(λ1 cT χ∗q + λ2bT , σ2

T
).

3.1 Asymptotic comparison at optimal levels

We now proceed to an asymptotic comparison of the estimators at their optimal levels in the

lines of the Haan and Peng (1998), Gomes and Martins (2001), Gomes et al. (2005, 2007)

and Gomes and Neves (2008). Suppose that γ̂k,n,•(q), now denoted γ̂•(q)(k), is a general

semi-parametric PORT-tail index estimator, with distributional representation,

γ̂•(q)(k) = γ +
σ•√
k

Pk,• +
(

b• A(n/k) + c•
χ∗q

U(n/k)

)
(1 + op(1)), (3.3)

which hold for any intermediate k, and where Pk,• is an asymptotically standard normal r.v.

Given the results presented in Corollary 3.1, the Asymptotic Mean Square Error (AMSE)

of γ̂•(q)(k) is

AMSE[γ̂•(q)(k)] :=


σ2
•
k + c2

•
(χ∗q)2

U2(n/k)
, if ρ < −γ ∧ χ∗q 6= 0

σ2
•
k + b2

• A2(n/k), if ρ > −γ ∨ (ρ ≤ −γ ∧ χ∗q = 0)
σ2
•
k +

(
b• + c•

χ∗q
Cγβ

)2
A2(n/k), if ρ = −γ ∧ χ∗q 6= 0,

(3.4)
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where V ar∞[γ̂•(q)(k)] := σ2
•/k and

Bias∞[γ̂•(q)(k)] :=
c•

χ∗q
U(n/k) =: d

(1)
• /U(n/k), if ρ < −γ ∧ χ∗q 6= 0

b• A(n/k) =: d
(2)
• A(n/k), if ρ > −γ ∨ (ρ ≤ −γ ∧ χ∗q = 0)(

b• + c•
χ∗q

Cγβ

)
A(n/k) =: d

(3)
• A(n/k), if ρ = −γ ∧ χ∗q 6= 0,

with d
(1)
• = c• χ∗q , d

(2)
• = b• and d

(3)
• = b• + c•χ

∗
q/(Cγβ).

Let k0,•(q):=arg infk AMSE[γ̂•(q)(k)] be the so-called optimal level for the estimation of

γ through γ̂•(q)(k), i.e., the level associated with a minimum asymptotic mean square error,

and let us denote γ̂n0,•(q) := γ̂•(q)(k0,•(q)), the estimator computed at its optimal level. The

use of regular variation theory enables us to prove that, whenever d
(i)
• 6= 0, i = 1, 2, 3, there

exists a function ϕ(n) = ϕ(n; ρ, γ), dependent only on the underlying model, and not on

the estimator, such that

LMSE[γ̂n0,•(q)] := lim
n→∞

ϕ(n)AMSE[γ̂n0,•(q)]

=


1+2γ
2γ

(
σ2
•
) 2γ

1+2γ

(
(d(1)
• )2

) 1
1+2γ

, if ρ < −γ ∧ χ∗q 6= 0

2ρ−1
2ρ

(
σ2
•
)− 2ρ

1−2ρ

(
(d(2)
• )2

) 1
1−2ρ

, if ρ > −γ ∨ (ρ ≤ −γ ∧ χ∗q = 0)

2ρ−1
2ρ

(
σ2
•
)− 2ρ

1−2ρ

(
(d(3)
• )2

) 1
1−2ρ

, if ρ = −γ ∧ χ∗q 6= 0

(3.5)

where LMSE stands for limiting mean-squared error.

It is then sensible to consider the following:

Definition 3.1. Given γ̂n0,T1(q) = γ̂
T1(q)

(k0,T1(q)) and γ̂n0,T2(q) = γ̂
T2(q)

(k0,T2(q)), two biased

PORT-estimators γ̂
T1(q)

and γ̂
T2(q)

for which distributional representations of the type (3.3)

hold with constants (σT1
, dT1

) and (σT2
, dT2

), dT1
, dT2

6= 0, respectively, both computed at

their optimal levels, the Asymptotic Root Efficiency (AREFF ) of γ̂
T1(q)

relatively to γ̂
T2(q)

is

AREFF
T1(q)|T2(q)

≡ AREFFγ̂
T1(q)

|γ̂
T2(q)

:=
√

LMSE
[
γ̂n0,T2(q)

]
/LMSE

[
γ̂n0,T1(q)

]
,

12



with LMSE given in (3.5).

Remark 3.1. Note that this measure was devised so that the higher the AREFF measure,

the better the first estimator is.

Remark 3.2. The optimal levels k0,T (q) for the estimation of γ through γ̂
T (q)

(k), with T

denoting either H or M are denoted by k0,H(q) and k0,M(q) and are given in Table 1.

Table 1: Optimal levels for the estimation of γ through PORT-Hill and PORT-moment

estimators

k0,H(q) k0,M(q)

γ + ρ < 0 ∧ χ∗q 6= 0
(

C (1+γ) nγ

|χ∗q |
√

2γ

)2/(1+2γ)
(

C
√

1+γ2(1+γ)2 nγ

γ2 |χ∗q |
√

2γ

)2/(1+2γ)

γ + ρ > 0 ∨ (ρ ≤ −γ ∧ χ∗q = 0)
(

(1−ρ) n−ρ

|β|
√
−2ρ

)2/(1−2ρ)
( √

1+γ2(1−ρ)2 n−ρ

|γ(1−ρ)+ρ| |β|
√
−2ρ

)2/(1−2ρ)

γ + ρ = 0 ∧ χ∗q 6= 0
(

C (1−ρ) n−ρ

|β C +χ∗q |
√
−2ρ

)2/(1−2ρ)
(

C
√

1+ρ2(1−ρ)2 n−ρ

ρ2|β C+χ∗q |
√
−2ρ

)2/(1−2ρ)

Proposition 3.1. The AREFF-indicator of γ̂
M(q)

relatively to γ̂
H(q)

is:

AREFF
M(q)|H(q)

=



(
γ2

1+γ2

) γ
1+2γ

(
1+γ

γ

) 1
1+2γ

, if ρ < −γ ∧ χ∗q 6= 0(
γ2

1+γ2

) −ρ
1−2ρ

(
γ(1−ρ)

γ(1−ρ)+ρ

) 1
1−2ρ

, if ρ > −γ ∨ (ρ < −γ ∧ χ∗q = 0)(
ρ2

1+ρ2

) −ρ
1−2ρ

(
1−ρ
|ρ|

) 1
1−2ρ

, if ρ = −γ.

This AREFF -measure is presented in Figure 1, where we can see that the gain in

efficiency for the PORT-moment estimator happens for a large region of values of (γ, ρ).
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Figure 1: Asymptotic efficiency of γ̂
M(q)

relatively to γ̂
H(q)

in the (γ, ρ)-plane whenever

χ∗q 6= 0.

4 Asymptotic behaviour of the PORT-quantile estimators

We first present the following result, proved in Ferreira et al. (2003), on the asymptotic

behaviour of intermediate o.s.:

Proposition 4.1 (Ferreira et al., 2003). Under the second order framework in (1.4) and

for intermediate sequences of positive integers k, i.e. if (1.3) holds,

Xn−k:n
d= U(n/k)

(
1 +

γ Bk√
k

+ op(A(n/k))
)
, (4.1)

where Bk is asymptotically standard normal, and

Cov(Bi, Bj) =
√

i j
(1− j/n

j − 1

)
, i < j.
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We shall now consider and study the new PORT-quantile estimator, in (1.14), given by

Q̃k,pn,T (q) =
Xn−[k/2]:n −Xn−k:n

2T (q) − 1

( k

n pn

)T (q)
+ Xnq :n.

We can state the following result:

Theorem 4.1. Let us assume that the second order condition (1.4) holds, with A(t) = γβtρ,

that k is an intermediate sequence of integers, i.e. (1.3) holds, and that ln(npn)/
√

k → 0,

as n → ∞, with pn given in (1.2). Then, for any real q, 0 ≤ q < 1 and with T denoting

either H or M ,
√

k

ln
(

k
npn

) (Q̃k,pn,T (q)

χ1−pn

− 1

)
d= σT Pk,T +

√
k

(
bT A(n/k) + cT

χ∗q
U(n/k)

)
(1 + op(1))

−


√

k A(n/k)

ln
(

k
npn

) (
bT

2γ ln 2
2γ − 1

− 2γ+ρ − 1
ρ(2γ − 1)

)
+

√
k χ∗q

U(n/k) ln
(

k
npn

) 2γ ln 2
2γ − 1

 (1 + op(1)), (4.2)

with (bT , σT ) and cT given in (1.10) and (3.2), respectively, and where P T
k is asymptotically

standard normal.

Proof. The PORT-quantile estimator in (1.14) can be written as

Q̃k,pn,T (q) := Xn−k:n

[(
Xn−[k/2]:n

Xn−k:n
− 1
)

1
2T (q) − 1

( k

n pn

)T (q)
+

Xnq :n

Xn−k:n

]
.

Therefore,

Q̃k,pn,T (q) − χ1−pn = Xn−k:n

[(
Xn−[k/2]:n

Xn−k:n
− 1
)

1
2T (q) − 1

( k

n pn

)T (q)
+

Xnq :n

Xn−k:n
− χ1−pn

Xn−k:n

]
.

As (2.2) holds, we can say that Xnq :n/Xn−k:n = op(1), and using the second order

condition in (1.4), we can guarantee that

Xn−[k/2]:n

Xn−k:n
=

U
(
2n

k

)
U
(

n
k

) d= 2γ

(
1 +

2ρ − 1
ρ

A(n/k)(1 + o(1))
)

.

Since χ1−pn = U(1/pn), the result in Proposition 4.1 enables us to write

χ1−pn

Xn−k:n
=

U
(

n
k

k
npn

)
U
(

n
k

) ×
U
(

n
k

)
Xn−k:n

d=
(

k

npn

)γ (
1− A(n/k)

ρ
(1 + o(1))

)
×
(
1− γ Bk√

k
+ op(A(n/k))

)
=
(

k

npn

)γ (
1− γ Bk√

k
− A(n/k)

ρ
(1 + op(1))

)
,
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and the use of the delta method leads us to(
k

npn

)T (q)

2T (q) − 1
d=

(
k

npn

)γ

2γ − 1

(
1 + (Tk(q)− γ)

(
ln
(

k

npn

)
− 2γ ln 2

2γ − 1

)
(1 + op(1))

)
.

Therefore

Q̃k,pn,T (q) − χ1−pn

d=
( k

npn

)γ
Xn−k:n

[
(Tk(q)− γ)

(
ln
(

k

npn

)
− 2γ ln 2

2γ − 1

)
(1 + op(1))

+
γ Bk√

k
+

A(n/k)(2γ+ρ − 1)
ρ(2γ − 1)

(1 + op(1))
]

d=
( k

npn

)γ
U(n/k)

(
1 +

γ Bk√
k

+
A(n/k)

ρ
(1 + op(1))

)
×
[
(Tk(q)− γ)

(
ln
(

k

npn

)
− 2γ ln 2

2γ − 1

)
(1 + op(1))

+
γ Bk√

k
+

A(n/k)(2γ+ρ − 1)
ρ(2γ − 1)

(1 + op(1))
]
,

using also the result presented in Proposition 4.1. Since
(
γ Bk/

√
k + (A(n/k)/ρ)(1 +

op(1))
)

= op

(
1/
√

k
)
, then

Q̃k,pn,T (q) − χ1−pn

d=
( k

npn

)γ
U(n/k)

[
(Tk(q)− γ)

(
ln
(

k

npn

)
− 2γ ln 2

2γ − 1

)
(1 + op(1))

+
γ Bk√

k
+

A(n/k)(2γ+ρ − 1)
ρ(2γ − 1)

(1 + op(1))
]
.

Notice that χ1−pn =
(
k/(npn)

)γ
U(n/k), and then

√
k

ln
(

k
npn

) (Q̃k,pn,T (q)

χ1−pn

− 1

)
d=
√

k (Tk(q)− γ)−
√

k

ln
(

k
npn

) (Tk(q)− γ)
2γ ln 2
2γ − 1

+
γ Bk

ln
(

k
npn

) +

√
k

ln
(

k
npn

) A(n/k)(2γ+ρ − 1)
ρ(2γ − 1)

.

Using the distributional representation of Tk(q) in (3.1) and since ln (k/(npn)) →∞, (4.2)

follows.

Corollary 4.1. Under the conditions of Theorem 4.1, the following results hold:
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• For values of γ + ρ < 0 and χ∗q 6= 0,

√
k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d= σT Pk,T +
√

k
(
cT

χ∗q
U(n/k)

)
(1 + op(1))

−
√

k χ∗q

U(n/k) ln
(

k
npn

) 2γ ln 2
2γ − 1

(1 + op(1)),

If
√

k/U(n/k) → λ1 finite, then
√

k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d−→
n→∞

Normal(λ1cT χ∗q , σ
2
T
).

• For values of γ + ρ > 0 or γ + ρ ≤ 0 and χ∗q = 0,

√
k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d= σT Pk,T +
√

k (bT A(n/k)) (1 + op(1))

−
√

kA(n/k)

ln
(

k
npn

) (bT

2γ ln 2
2γ − 1

− 1
ρ

)
(1 + op(1)),

If
√

kA(n/k) → λ2 finite, then
√

k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d−→
n→∞

Normal(λ2bT , σ2
T
).

• For values of γ + ρ = 0 ∧ χ∗q 6= 0,

√
k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d= σT Pk,T +
√

k
(
bT A(n/k) + cT

χ∗q
U(n/k)

)
(1 + op(1))

−
{√kA(n/k)

ln
(

k
npn

) (
bT

2γ ln 2
2γ − 1

− 1
ρ

)
+

√
k χ∗q

U(n/k) ln
(

k
npn

) 2γ ln 2
2γ − 1

}
(1 + op(1)),

If
√

k/U(n/k) → λ1 and
√

kA(n/k) → λ2, with λ1 and λ2 both finite, then
√

k

ln
(

k
npn

)(Q̃k,pn,T (q)

χ1−pn

− 1
)

d−→
n→∞

Normal(λ1 cT χ∗q + λ2bT , σ2
T
).
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Remark 4.1. Notice that, under a second order framework framework, the mean value and

the variance of the r.v.
√

k
(
γ̂k,n,T (q)− γ

)
, provided in Corolary 3.1, are equal to the ones of

√
k
(
Q̃k,pn,T (q)/χ1−pn − 1

)
/ ln (k/(npn)).

Remark 4.2. The PORT-quantile estimator in (1.13), studied in Araújo Santos et al.

(2006) is asymptotically equivalent to the new PORT-quantile estimator defined in (1.14).

Since ln (k/(npn)) goes to infinity very slowly, we can state a pre-asymptotic distribu-

tional representation, for moderate k and n:

Corollary 4.2. Under the conditions of Theorem 4.1 and for moderate values of k and n,

the following pre-asymptotic results hold:

• For values of γ + ρ < 0 and χ∗q 6= 0, if
√

k/U(n/k) → λ1 finite, then

√
k

ln (k/(npn))

(Q̃k,pn,T (q)

χ1−pn

− 1
)

d
≈ Normal

(
µ1, σ

2
T

(
1 +

γ2

σ2
T

ln2 (k/(npn))

))
,

where

µ1 := λ1cT χ∗q

(
1− 2γ ln 2

2γ − 1
1

cT ln (k/(npn))

)
.

• For values of γ + ρ > 0 or γ + ρ ≤ 0 and χ∗q = 0, if
√

kA(n/k) → λ2 finite, then

√
k

ln (k/(npn))

(Q̃k,pn,T (q)

χ1−pn

− 1
)

d
≈ Normal

(
µ2, σ

2
T

(
1 +

γ2

σ2
T

ln2 (k/(npn))

))
,

where

µ2 := λ2bT

(
1 +

1
ln (k/(npn))

(2γ ln 2
2γ − 1

− 1
ρ bT

))
.

• For values of γ + ρ = 0 ∧ χ∗q 6= 0, if
√

k/U(n/k) → λ1 and
√

kA(n/k) → λ2, with λ1

and λ2 both finite, then

√
k

ln (k/(npn))

(Q̃k,pn,T (q)

χ1−pn

− 1
)

d
≈ Normal

(
µ1 + µ2, σ

2
T

(
1 +

γ2

σ2
T

ln2 (k/(npn))

))
,
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where

µ1 + µ2 = λ1cT χ∗q

(
1− 2γ l2

2γ − 1
1

cT ln (k/(npn))

)
+

λ2bT

(
1 +

1
ln (k/(npn))

(2γ ln 2
2γ − 1

− 1
ρ bT

))
.
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