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Abstract: Christoffersen (1998) shows that the problem of determining whether a given
forecast model is accurate can be reduced to examine the uncondicional coverage and inde-
pendence properties. A clustering of violations signals a model that does not react quickly
enough to changing conditions. In the context of market risk models, clustering corresponds
to large losses occurring in rapid succession and can be difficult to recover from extremal
losses occurring in a short period of time. The available tests for independence, suffer from
serious limitations. They do not define, define a very general or a very narrow alternative
hypothesis and we do not know the exact distribution of the tests statistics. There is a need
for better tests. In this work we propose definitions for tendency to clustering of violations
and the opposite of clustering of violations, allowing a convenient formulation of hypothesis.
With the convenient alternative hypothesis, we propose a exact test, free from the small
sample bias. Additionally to these fundamental advantages, we provide evidence trough a
simulation study and with real data, that our test performs better.

Keywords: backtesting, duration based test, ordinal statistics, risk management.

1 Introduction

The test we propose below can be used to evaluate any model that produces interval
forecasts or even in other situations where we are interested in detecting occurrences
in clusters. In applications we may want to forecast the demand for a product or
service, the future price of a commodity, the state of the atmosphere for a future
time and a given location, and so on. Forecast models are relevant in several areas of
science, however, we will focus the application on Value at Risk (VaR), a widely used
risk management forecast model. VaR is the pth quantile of the return distribution
and produces one-sided interval forecasts with (1− p)% confidence level. With this
measure the market risk of a portfolio can be communicated with statements like
“At 99% confidence level, the most the portfolio can lose over one week is 5 million
euros”.

1



In mathematical terms we consider a time series of daily log returns, Rt+1 =
log(Vt+1/Vt), where Vt is the value of the portfolio at time t. The corresponding
one-day-ahead VaR forecasts made at time t for time t + 1, V aRt+1|t(p), is defined
by:

P [Rt+1 ≤ V aRt+1|t(p)|Ωt] = p, (1.1)

where Ωt is the information set up to time-t and p is the coverage rate.

Regulatory guidelines required commercial banks to set aside capital to insure
against market risk. The size of the market risk capital requirement depends on
VaR forecasts and on the accuracy of the VaR model. Backtesting is a fundamental
tool for evaluate the forecast model, checking whether real losses are in line with
forecasts. Considering a violation the event that a return on the portfolio is lower
than the reported VaR, we can define the hit function as

It+1(p) =
{

1 if Rt+1 ≤ V aRt+1|t(p)
0 if Rt+1 > V aRt+1|t(p).

(1.2)

In an influential paper Christoffersen (1998) shows that the problem of determin-
ing the accuracy of a forecast model can be reduced to examine whether the hit
sequence,{It}T

t=1 , satisfies the unconditional coverage (UC) and independence (IND)
properties. UC hypothesis means that the probability of a violation must be p, i.e.,
P [It+1(p) = 1] = p, ∀t. IND hypothesis means that past violations do not hold
information about future violations. The problematic non verification of the IND
hypothesis is the one that conduct to clustering of violations, because it can be even
more difficult to recover from several large losses occurring in a short period of time
than it would be to recover from a higher than expected number of large losses that
are spread out over time. As noted by Campbell (2007) the IND property represents
a more subtle yet equally important property of an accurate risk model.

Only hit sequences that satisfy both properties provides evidence of an accurate
model. When both properties are valid (UC and IND), then we say that forecasts
have a correct conditional coverage (CC) and more formally we write

P [It+1(p) = 1|Ωt] = p, ∀t. (1.3)

Christoffersen (1998) shows in Lemma 1 of his work, that condition CC (1.3) is
equivalent to say that the hit sequence (1.2) is independent and identically dis-
tributed (iid) as a Bernoulli random variable with probability of success p, which
can be written as It(p) iid∼ Bern(p). Checking for iid Bernoulli violations involves
checking that the number of violations is correct on average and checking that the
pattern of violations is consistent with the iid behavior.

In a recent paper, Berkowitz et al. (2009) extend and unify the existing tests
by noting that the de-meaned hits {It − p} form a martingale difference sequence

2



(m.d.s.). Equations (1.2) and (1.3) imply that E[(It+1−p)|Ωt] = 0 and then for any
variable Zt in the time-t information set, we must have

E[(It+1 − p)⊗ Zt] = 0. (1.4)

This is the motivation for tests based on the martingale property of the sequence.

The earliest proposed backtest procedures only addresses the UC property. As a
practical example, until recently, central banks ignores the IND property to as-
sess the market risk taken by financial institutions. They use a basic “traffic
light”method based on the binomial distribution. With this method, only if ten
or more violations occurred in the previous 250 trading days, the model is classified
as inaccurate; see the appendix for details. The literature about conditional cov-
erage is recent but extensive, various tests on IND and CC have been developed.
There are many good tests for UC and CC, however, the tests available for the IND
hypothesis suffers from serious limitations. Two main problems of these tests is that
they do not define, define a very general or a very narrow alternative hypothesis and
relying in asymptotic results for the distribution of the test statistic when usually
realistic sample sizes are small. The framework we propose in section 3, has several
advantages, and the main advantages are a convenient formulation of hypothesis,
not relying in a asymptotic distribution but in a exact distribution, and the greater
power. Other advantage is great simplicity and easy application.

The recent 2008 financial crises illustrates well the importance of testing explic-
itly the IND property. We apply the popular Historical Simulation (HS) VaR, widely
used by financial institutions. This technique takes the VaR on a certain day to be
the unconditional quantile of the past Te daily observations. Specifically

V aRHS
t+1|t(p) = quantile({Rs}t

s=t−Te+1, 100p). (1.5)

We choose Te = 250 and the returns from the Deutscher Aktien index (DAX) from
the first trading day of 2006 until the last trading day of 2008. We are assuming
a portfolio that replicates the DAX index. In Figure 1.1 we plot the returns and
one-day-ahead 1% VaR. In Table 1.1, from September 29, 2008, through October 15,
2008 we present the returns, one-day-ahead 1% VaR, violations and backtest results
using “traffic approach”prescribed by recent regulatory framework. We observe a
first cluster of 3 violations within 13 days (between January 21 and February 6)
and then a impressive cluster of five violations occurring with very short durations
in only 13 consecutive trading days (between September 29 and October 15), when
for 1% VaR we would expect 100 days between violations. During this short period
of 13 trading days the index lost more than 20%. With this flagrant pattern of
clustering the backtest result only change from yellow to red in the last violation of
the year, on November 6, 2008, even with a succession of five large losses occurring
in a very short period of time. A dramatic bad performance of the regulatory
framework. Clustering of violations signals a model that does not react quickly
enough to changing market conditions. With this two clusters during one year, we
see how slowly is the popular HS method to react to changing conditions and the
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incapacity of a backtesting method, which ignores the IND property, to detect such
a inaccurate model. We will see in section 5 how our test can detect quickly this
problem. We also enhance the importance of testing explicitly the IND hypothesis,
for example for diagnostic purposes. Improvement of a inaccurate model requires
investigate the source of the problem and if non independence is a problem in the
actual forecast model.
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Figura 1.1: Deutscher Aktien index (DAX) returns (solid line) and one-day-ahead 1% VaR(0.01)
(dotted line) based on Historical Simulation technique and on the previous 250 trading days.

Date Index Value Rt+1 V aRt+1|t(0.01) It+1(0.01) Backtest result

2008-09-29 5807.08 -0.0423 -0.0378 1 yellow

2008-09-30 5831.02 0.0041 -0.042 0 yellow

2008-10-01 5806.33 -0.0042 -0.042 0 yellow

2008-10-02 5660.63 -0.0251 -0.042 0 yellow

2008-10-03 5797.03 0.0241 -0.042 0 yellow

2008-10-06 5387.01 -0.0707 -0.042 1 yellow

2008-10-07 5326.63 -0.0112 -0.0456 0 yellow

2008-10-08 5013.62 -0.0588 -0.0456 1 yellow

2008-10-09 4887.00 -0.0253 -0.0539 0 yellow

2008-10-10 4544.31 -0.0701 -0.0539 1 yellow

2008-10-13 5062.45 0.114 -0.0646 0 yellow

2008-10-14 5199.19 0.027 -0.0646 0 yellow

2008-10-15 4861.63 -0.0649 -0.0646 1 yellow

Table 1.1 - Deutscher Aktien index (DAX) log returns, 1 day ahead VaR(0.01) based on Historical
Simulation technique and on the previous 250 trading. Violations and regulatory framework back-
testing results.
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The remain of our paper is organized as follows. In section 2 we give an overview
of existing tests for evaluating interval forecasts. In section 3 we present our exact
independence test and theoretical results. In section 4, and through simulation
experiments, we compare the performance of the new test with those currently
available. Section 5 presents an empirical application using daily returns from DAX
index. In section 6 we conclude. In the appendix we provide a statistical table which
allows easy implementation of our test.

2 Tests for Evaluating Interval Forecasts

Backtesting procedures are essential to check if the forecasts are well calibrated. In
the context of financial risk models, backtesting is essential to check if real losses
are in line with projected losses. Risk managers rely on them to give indications of
problems with risk models and central banks rely on them to evaluate the quality
of risk models used by financial institutions.

There are several backtest procedures for VaR; see the papers of Campbell (2007)
and Berkowitz et al. (2009) for a detailed review. The earliest procedures only ad-
dresses the UC property, a well know example is the proportion of failures (POF)
test proposed by Kupiec (1995).

In the last ten years a lot of research has been made and several tests have
been proposed to examine both the IND and CC properties of the hit sequence
I∼

= {It}T
t=1. An early and widely used is the Christoffersen (1998) Markov tests,

which define an alternative hypothesis where the hit sequence follows a first order
Markov sequence with the following switching probability matrix

Π =
[

1− π01 π01

1− π11 π11

]
(2.1)

where πij is the probability of an i on day t− 1 being followed by a j on day t. The
null hypothesis of this test is then H0,IND : π01 = π11 and the null hypothesis of
the conditional coverage test is H0,CC : π01 = π11 = p. Denotingby π1 the common
value of π01 and π11 under H0,IND, by T0 the number of zeros in the hit sequence
I∼

, T1 the number of ones, T = T0 + T1 and Tij the number of observations with a j

following an i, the maximum likelihood estimators are π̂01 = T01/T0, π̂11 = T11/T1

and π̂1 = T1/T , the log-likelihood under the alternative hypothesis is

ln L( I∼
, π01, π11) = (1− π01)T0−T01πT01

01 (1− π11)T1−T11πT11
11 , (2.2)

the independence test statistic is

LRIND = −2(lnL( I∼
, π̂1)− ln L( I∼

, π̂01, π̂11)), (2.3)

and the conditional coverage test statistic is

LRCC = −2(lnL( I∼
, p)− ln L( I∼

, π̂01, π̂11)). (2.4)
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The test statistics (2.3) and (2.4) are asymptotically distributed as qui-square with
one degree of freedom for the IND test and two for the CC test. Notice that this
tests are sensible only to violations followed immediately by other violation, ignor-
ing all other possibilities of cluster patterns, so, the alternative is to much nar-
rowed. If in equation (1.4) we set Zt to be the most recent de-meaned hit we have
E[(It+1 − p)(It − p)] = 0, the only condition explored by the Markov tests.

If we set Zt = It−k for any k ≥ 0, we have E[(It+1−p)(It−k−p)] = 0. Based in this
more general condition Berkowitz et al. (2009) suggest the Ljung-Box statistic (LB),
a joint test of whether the first m autocorrelations are zero, as a test for the accuracy
of a VaR model. For test CC, we use the null hypothesis H0 : γ1 = ... = γm = 0,
with m ∈ ℵ∗, where ℵ∗ denotes the integer set, and we compute the autocorrelations
of (It+1 − p) and then

LB(m) = T (T + 2)
m∑

k=1

γ2
k

T − k
(2.5)

which is asymptotically distributed as qui-square with m degrees of freedom.

Considering other data in the information set such as past returns, under CC
we have E[(It+1−p)g(It, It−1, ..., Rt, Rt−1, ...)] = 0 for any non-anticipating function
g(.). In the same line as Engle and Manganelli (2004), Berkowitz et al. (2009)
consider the nth-order autoregression

It = α +
n∑

k=1

β1kIt−k +
n∑

k=1

β2kg(It−k, It−k−1, ..., Rt−k, Rt−k−1) + εt (2.6)

with n = 1 and g(It−k, It−k−1, ..., Rt−k, Rt−k−1) = V aRt−k+1|t−k(p).

They estimate the logit model assuming that εt has a logistic distribution and
test with a likelihood ratio test whether P (It = 1) = 1/(1 + e−α) = p and if the
coefficients β11 and β21 are statistically significant. This is the CAViaR test of Engle
and Manganelli (CAViaR).

Another method for testing the martingale hypothesis consists in examine the
shape of the spectral density function (e.g., Durlauf(1991)). With this method
Berkowitz et al. (2009) proposes the Cramér-Von Mises (CVM) and the Kolmogorov-
Smirnov (KS) statistics for test the accuracy of a VaR model. However, in the simu-
lation study done by the authors, these tests exhibit less power than de CAViaR test.

In the literature, also emerged a duration-based approach with potential to cap-
ture general forms of clustering. This approach uses the durations between the
violations. There are related works on testing duration dependence (e.g., Kiefer
(1988), Engel and Russel (1998)). As far as we know, the first author that purpose
this kind of approach for interval forecast evaluation was Danielsson and Morimoto
(2000), however they used the traditional qui-square goodness of fit test which have
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serious limitations, especially for realistic small sample sizes.

As noted by Christoffersen and Pelletier (2004), the intuition behind duration
based approach is that the clustering of violations will result in an excessive number
of short durations and in very long durations. In a context of VaR this correspond to
periods of market turbulence and periods of market calm. Let us define the duration
between two consecutive violations as

Di := ti − ti−1 (2.7)

where ti denotes the day of violation number i. We denote a sequence of N dura-
tions by {Di}N

i=1 . If the CC (1.3) hypothesis is valid then It(p) iid∼ Bern(p) and
consequently the process {Di}N

i=1 has a geometric distribution with probability mass
function (p.m.f.)

fD(d; π) = (1− π)(d−1)π, d ∈ ℵ∗, (2.8)

with π = p. We will write

Di
iid∼ D ∼ Geometric(p). (2.9)

We will write the IND hypothesis as

Di
iid∼ D ∼ Geometric(π), with 0 < π < 1. (2.10)

Under the CC (2.9) hypothesis it is easy to verify that the hazard function de-
fined as fh(d) = P [Di = d]/(1 − P [Di < d]) should be flat and equal to p . Under
the IND hypothesis (2.10), the process {Di}N

i=1 has a geometric distribution (2.8)
where π can be different from p.

The exponencial distribution with probability density function

fD(d; β) = β exp(−βd), (2.11)

with d > 0 and β > 0, is the continuous analogue of the geometric distribution.
The exponencial and geometric distributions are the only ones characterized by the
lack of memory property. For both, the future is independent of the past and in
mathematical terms we write P [X ≥ x + y|X ≥ y] = P [X ≥ x].

Based on the exponencial distribution, Christoffersen and Pelletier (2004) sug-
gest three tests using the duration based approach, specifying for the alternative
the Weibull, the Gamma and the Exponential Autoregressive Conditional Duration
model. Haas (2005) uses the discrete life time distributions instead of the continuous
ones and showed trough a simulation study that tests based on discrete distribu-
tion as higher power than the continuous counterparts. In this line, Berkowitz et al.
(2009), using the following probability mass function with non-constant probabilities
of violation

fD(d; p) = (1− p1)(1− p2)...(1− pd−1)pd d ∈ ℵ∗ (2.12)
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proposed the Geometric test, specifying pd = adb with b ≤ 0.

The Generalized Method of Moments (GMM) test framework proposed by Bon-
tecamps (2006) to test for distributional assumptions was extended by Candelon et
al. (2008) to the case of VaR forecasts accuracy, with notable improvements and
several advantages. In the group of available duration-based tests they show that
the proposed GMM duration-based tests are the best performers, but for testing
explicitly the IND hyphothesis remains the drawbacks of not defining an alternative
clustering hypothesis and relying in asymptotic results for the distribution of the
test statistic. The tests consists in using the GMM framework to test (2.9).

The Ord´s family (Poisson, Binomial, Pascal, Hypergeometric) can be associated
to some particular orthonormal polynomials whose expectation is equal to zero. The
orthonormal polynomials associated to the geometric distribution with probability
p are defined by the following recursive relationship, ∀d ∈ ℵ∗

Mj+1(d; p) =
(1− p)(2j + 1) + p(j − d + 1)

(j + 1)
√

1− p
Mj(d; p)−

( j

j + 1

)
Mj−1(d; p) (2.13)

for any order j ∈ ℵ∗, with M−1(d; p) = 0 and M0(d; p) = 1. If (2.9) is true, then
it follows that E[Mj(D; p)] = 0, ∀j ∈ ℵ∗. The CC property can be expressed
as H0,CC : E[Mj(D; p)] = 0 and the IND property can be expressed as H0,IND :
E[Mj(D; β)] = 0 with j = {1, ..., k} and k > 1 denoting the number of moment
conditions. The parameter β, not necessarily equal to p, can be either fixed a priori
or estimated. The GMM test statistic for CC is

JCC(k) =
( 1√

N

N∑

i=1

M(Di; p)
)p( 1√

N

N∑

i=1

M(Di; p)
)

(2.14)

and for IND is

JIND(k) =
( 1√

N

N∑

i=1

M(Di; β̂)
)p( 1√

N

N∑

i=1

M(Di; β̂)
)

(2.15)

where M(Di; p) denotes a (k, 1) vector whose components are the orthonormal poly-
nomials Mj(Di; p) in the CC test and Mj(Di; β̂) in the IND test, for j = 1, ..., k. β̂ is
a consistent estimator of β. The test statistics (2.14) and (2.15) follows a asymptotic
qui-square distribution respectively with k and k − 1 degrees of freedom.

In the next section we present a new method for testing explicitly the indepen-
dence hypothesis and then we go through a comparative simulation study. For the
CC and IND hypothesis, the Markov tests (2.3) and (2.4) is perhaps the most widely
used in the literature, that is the reason why we choose the Markov independence
test (2.3) for the comparative study. In the group of available duration-based tests
we choose the best performers GMM tests (2.15). We also choose the CAViaR test
(2.6), the best performer in the comparative simulation study done by Berkowitz et
al. (2009).
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3 A Exact Test for the Independence Property

Let D1:N ≤ ... ≤ DN :N be the order statistics (o.s.’s) of durations D1, ..., DN defined
in (2.7). The motivation behind our test is as follows. When violations generated by
the hit function (1.2) occur in cluster, the majority of the durations are short (the
short durations between violations in the clusters) and some durations are very long
(the durations between the last violation of one cluster until the first violation of the
next cluster). If the majority of the durations are short then the median, D[N/2]:N ,
is short. If some durations are very long, the maximum, DN :N , is very long. Finally,
with a short median and a very long maximum, the ratio DN :N/D[N/2]:N is high.

We illustrate our motivation with an example. We choose the returns from the
DAX index from January 2, 1997, through December 30, 2008, and compute du-
rations between violations (2.7) using the VaR(0.05) and the Historical Simulation
(HS) with Te = 250, a forecast method that leads to violations in clusters. As
noted in the previous section, under the IND hypothesis, the process {Di}N

i=1 is a
sequence of iid random variables with geometric probability mass function (2.8). We
can compute the expected values of o.s.´s, D1:N ≤ ... ≤ DN :N , under the indepen-
dence hypothesis (2.10), using the following expression obtained by Margolin and
Winokur (1967),

E(Dr:N ) =
N∑

j=N−r−1

(−1)j−N+r−1
( j − 1

N − r

)( N
j

) 1
(1− (1− π)j)

. (3.1)
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Figura 3.1: Geometric(0.05) probability mass function (left) and frequency of durations (right)
between violations of VaR(0.05) for DAX index from 2 January 1997 until 30 December 2008, based
on Historical Simulation technique and on the previous 250 trading days.
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Figura 3.2: Geometric(π = 0.05) probability mass function (left), for durations above 60 days,
and frequency of durations (right) between violations of VaR(0.05) for DAX index from January
2, 1997, through December 30 2008, based on Historical Simulation technique and on the previous
250 trading days.

Figure 3.1 gives the plot of probability mass function of the geometric, with
π = 0.05, and the frequency of durations between violations. We consider a long
period and the sample size for durations (N) is 170. For short durations, the fre-
quencies in the frequency plot are much higher than the probability masses in the
geometric p.m.f. The majority of durations are short, equal or lower than 6 days
and consequently the empirical median is 6, contrasting with the expected value of
D85:170, under the IND hypothesis, which is close to 14. Moreover, it is evident from
the Figure 3.2 that some durations are very long, for durations above 60 days we
note much higher frequencies in the frequency plot than the probability masses in
the geometric p.m.f. The maximum duration, d170:170, is 208 days, a very tranquil
period of almost one year without a violation, between May 19, 2003, and March 11,
2004. This maximum duration is almost the double of the expected value of D170:170

under the IND hypothesis, which is close to 112. In this example, where violations
occur in clusters, the majority of durations are short, some durations are very long
and both o.s.´s D[N/2]:N and DN :N give strong evidence against the IND hypothesis.

The Markov tests (2.4) and (2.3) are only sensible to violations followed imme-
diately by other violations. The CAViaR test (2.6) and the GMM tests (2.14) and
(2.15) do not define a alternative hypothesis related with clustering. This is a draw-
back of the available tests. To understand how important is a convenient definition
of clustering, we use an example with 20 violations in 500 days, separated as much
as possible. Figure 3.3 displays the hit sequence. We apply the GMM independence
test (2.15) with k = 3 and k = 5, which do not define a alternative hypothesis
related with clustering. The observed values of the test statistics are respectively
11.61 and 23.99, which clearly conducts to the rejection of the null hypothesis with

10



0 100 200 300 400 500

0.
0

0.
4

0.
8

Figura 3.3: Hit sequence with 20 violations in 500 days, with homogeneous separation.

0.01 significance level. But we have the opposite of clustering! With the available
tests, we can reject the independence hypothesis simply because the violations are
too much separated from each other, however, too much separated is a good feature
in a risk management point of view.

With the motivation presented at the beginning of the section and considering
the need for a convenient definition of clustering explained with an example, we
propose the following definitions:

Definition 3.1 (Tendency to clustering of violations). A hit function (1.2) has
tendency to clustering of violations if the expected value of DN :N/D[N/2]:N is higher
than the expected value under the independence hypothesis (2.10).

Definition 3.2 (Tendency to homogeneous separation). A hit function (1.2) has
tendency to homogeneous separation if the expected value of DN :N/D[N/2]:N is lower
than the expected value under the independence hypothesis (2.10).

For explicitly testing the independence hypothesis (2.10) versus tendency for
clustering of violations or tendency for homogeneous separation, we propose the
following Maximum to Median Ratio statistics and the specific results presented in
propositions 3.4. and 3.6.

RG
N =

DN :N − 1
D[N/2]:N

. (3.2)

RG+
N =

DN :N

D[N/2]:N − 1
. (3.3)

In Remarks 3.3 and 3.4 we will explain the corrections made to the maximum and
the median. We use [N/2] for both N even and N odd, it is simple and a simulation
study support this choice.
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We will denote Yi instead of Di, the durations observed between two consecutive
violations, when we relax to a continuous model, i.e., when we use the continuous
model (2.11) and not the discrete model (2.8), under the hypothesis of independence.
From now on, we denote

aw =
(

N − [N/2]− 1
w

)
, bs =

(
[N/2]− 1

s

)
,

cw,s = N − [N/2]− w + s , γN =
N !

([N/2]− 1)!(N − [N/2]− 1)!
and

RE
N =

YN :N

Y[N/2]:N
. (3.4)

Proposition 3.1. Let us consider a sequence of N durations, denoted {Yi}N
i=1,

observed between two sucessive violations associated to a interval forecast method.
Assuming for (2.8) the continuous analogue (2.11), under the null hypothesis of
independence (2.10) the distribution function of (3.4) is

FRE
N

(r) = 1−γN

N−[N/2]−1∑

w=0

[N/2]−1∑

s=0

(−1)w+sawbs

(
[cw,s(w+1)]−1−[cw,s(w+1+cw,s(1/r)]−1

)
.

(3.5)

with 1 ≤ r ≤ ∞.

Proof: Under the independence hypothesis and assuming for (2.8) the continuous
analogue (2.11), the density of Yi is equal to (2.11). For the Weibull distribution
with density function fX(x; p; θ) = θp(xp)θ−1e−(px)θ

, x > 0, p > 0, θ > 0, Malik
and Trudel (1982) proved that the density of the ratio of the i-th and j-th o.s.’s
with i < j ≤ N , is

fZN
(z; p; θ) = θCj

(i−1)!(j−i−1)!

∑j−i−1
w=0

∑i−1
s=0(−1)w+s

(
j − i− 1

w

)

(
i− 1

s

)
zθ−1[N − j + w + 1 + (j − i− w + s)zθ]−2,

(3.6)

with 0 ≤ w ≤ 1 and where Cj =
∏j

v=1(N − v + 1). To obtain the ratio of the i-th
and j-th o.s.’s, with i < j ≤ N , from the (2.11) model, in (3.6) we substitute θ by
1. We also replace i and j respectively by [N/2] and N to get

fZN
(w) = γN

N−[N/2]−1∑

w=0

[N/2]−1∑

s=0

(−1)w+sawbs[w + 1 + cw,sz]−2,

the density function of the ratio ZN = Y[n/2]:N/YN :N from the (2.11) model.
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The distribution function for this ratio is

FZN
(z) =

∫ z

0
fZ(u)du

= γN

N−[N/2]−1∑

w=0

[N/2]−1∑

s=0

(−1)w+sawbs

(− [cw,s(w + 1 + cw,su)]−1
]z

0

= γN

N−[N/2]−1∑

w=0

[N/2]−1∑

s=0

(−1)w+sawbs

(
[cw,s(w + 1)]−1 − [cw,s(w + 1 + cw,sz)]−1

)
,

with 0 ≤ z ≤ 1. For RE
N = YN :N/Y[N/2]:N = 1/ZN the distribution function is

FRE
N

(r) = P (Y[N/2]:N/YN :N > 1/r) = 1− FZN
(1/r)

= 1− γN

N−[N/2]−1∑

w=0

[N/2]−1∑

s=0

(−1)w+sawbs

(
[cw,s(w + 1)]−1 − [cw,s(w + 1 + cw,s(1/r)]−1

)
,

with 1 ≤ r ≤ ∞. 2

Proposition 3.2. Let us consider a sequence of N durations, denoted {Yi}N
i=1,

observed between two successive violations associated to a interval forecast method.
Assuming for (2.8) the continuous analogue (2.11), we express the null hypothesis
of independence (2.10) and the alternative hypothesis of tendency to clustering of
violations, as

H0 : Yi
iid∼ Y ∼ Exponencial(β), with β > 0 and i = 1, ..., N (3.7)

H1 : E[RE
N ] > µR, (3.8)

where µR denotes the expected value of (3.4) when (3.7) is true. We reject (3.7) if
RE

N > rα and the critical point rα for the test with size α can be computed replacing
FRE

N
(r) by 1− α and solving the equation (3.5) in order to r.

Proof: P (RE
N > rα) = α ⇔ 1 − FRE

N
(rα) = α and using the Proposition 3.1 the

result follows. 2

Remark 3.1. We note that P [It+1(p) = 1] 6= p does not influence the statistic (3.4),
i.e., the statistic is robust with respect to p. Moreover, notice that this ratio statistic
is invariant to scale-β transformations. This is a main advantage because to test
explicitly the independence hypothesis, the probability of violation is unknown. As
far as we know, all other independence tests available suffers from the problem of
having this nuisance parameter.

Remark 3.2. Other main advantage of the test presented in Proposition 3.2, is
knowing the exact distribution of the test statistic, established in Proposition 3.1. All
the independence tests available, that we know, are based on asymptotic distributions
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and suffer from small sample bias. To aggravate the problem, with the presence of
a nuisance parameter is impossible to control the size of the tests using the Monte
Carlo testing approach of Dufour (2006) as other authors do for the case of joint
testing both UC and IND (e.g. Christoffersen and Pelletier (2004), Candelon et al.
(2008) and Berkowitz et al. (2009)); see the paper of Dufour (2006) for details.
Knowing the exact distribution of the test statistic, eliminates the problem of small
sample bias involved when we use a asymptotic distribution.

With Remarks 3.1 and 3.2 we note two main advantages of the test presented in
Proposition 3.2, but remains one drawback, assuming for (2.8) the continuous ana-
logue (2.11). Proposition 3.4 eliminates this drawback, presenting a test which does
not need this assumption, but first we establish a relation between the distribution
functions of (3.2) and (3.4).

Proposition 3.3. Let D1, ..., DN , be i.i.d. random variables whose common proba-
bility mass function is (2.8) with π = p ∈ (0, 1) and let Y1, ..., YN , be i.i.d. exponen-
tial random variables whose common density function is (2.11) with β > 0. If we
consider (3.2) and (3.4), then we have

F←
RG

N
(1− α) < F←

RE
N

(1− α), for all 0 < p < 1, β > 0 and 0 < α < 1, (3.9)

where F←(t) := inf{x : F (x) ≥ t} denotes the generalized inverse function of F .

Proof: Let Y be an exponential random variable with density function (2.11) and
denote [Y ] the integer part of Y and < Y > the fractional part of Y . If we define
X = [Y ] + 1, then

P [X = x] = P [x ≤ Y + 1 < x + 1]
= FY (x)− FY (x− 1)
= exp(−β(x− 1))− exp(−βx)

=
(
exp(−β)

)(x−1) − ((
exp(−β)

)(x−1)exp(−β)
)

=
(
exp(−β)

)(x−1)(1− exp(−β)
)

with x ∈ ℵ∗. Note that X, the integral part of Y plus one, is distributed as ge-
ometric with probability of success (1 − exp(−β)). Now, for p = (1 − exp(−β)),
Di:N

d= Xi:N = [Y ]i:N + 1 d= [Yi:N ] + 1 and we have

RG
N =

DN :N − 1
D[N/2]:N

d=
[YN :N ]

[Y[N/2]:N ] + 1
<

[YN :N ]+ < YN :N >

[Y[N/2]:N ]+ < Y[N/2]:N >
=

YN :N

Y[N/2]:N
= RE

N .

Since the distribution of RE
N only depends on N and is the same for all β > 0, the

result (3.9) follows. 2
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Proposition 3.4 (Independence versus Tendency to clustering of viola-
tions). Let us consider a sequence of N durations (2.7), denoted {Di}N

i=1, observed
between two successive violations associated to a interval forecast method. We ex-
press the null hypothesis of independence (2.10) and the alternative hypothesis of
tendency to clustering of violations, as

H0,IND : Di
iid∼ D ∼ Geometric(π), with 0 < π < 1 and i = 1, ..., N (3.10)

H1 : E[RG
N ] > µR, (3.11)

where µR denotes the expected value of (3.2) when (3.10) is true. We reject (3.10) if
RG

N > rα and the critical point rα for the test with level α can be computed replacing
FRE

N
(r) by 1− α and solving the equation (3.5) in order to r.

Proof: By Proposition 3.3 we can write P (RG
N > rα) < P (RE

N > rα) = α ⇔
1− FRG

N
(rα) < 1− FRE

N
(rα) = α. Now, using Proposition 3.1, the result follows. 2

Remark 3.3. Propositions 3.3 and 3.4 show that the critical point rα obtained using
equation (3.5) implies a conservative approach with P [Type I Error] ≤ α, i.e., we
have a test of level α and not of size α. If we can use the distribution function of
(3.2), the critical value will be lower for all 0 < p < 1, however we need to assume
a value for P [It+1(p) = 1]. The subtraction of one to the maximum is a correction
which allows us to obtain a test of level α using critical points computed from (3.5),
but considering the true probabilistic behavior (2.10) of the durations (2.7), under
the null hypothesis, and not assuming the continuous analogue. Additionally, we do
not have a nuisance parameter, since the decision of the test presented in Proposition
3.4 is valid for all 0 < P [It+1(p) = 1] < 1.

We now present similar results for the other unilateral independence test, involv-
ing the tendency to homogeneous separation.

Proposition 3.5. Let D1, ..., Dn, be i.i.d. random variables whose common proba-
bility mass function is (2.8) with π = p ∈ (0, 1) and let Y1, ..., Yn, be i.i.d. exponen-
tial random variables whose common density function is (2.11) with β > 0. If we
consider (3.3) and (3.4), then we have

F←
RG+

N

(1− α) > F←
RE

N
(1− α), for all 0 < p < 1, β > 0 and 0 < α < 1, (3.12)

where F←(t) := inf{x : F (x) ≥ t} denotes the generalized inverse function of F .

Proof: The first part of the proof is the same as in Proposition 3.4, then we write

RG+
N =

DN :N

D[N/2]:N − 1
d=

[YN :N ] + 1
[Y[N/2]:N ]

>
[YN :N ]+ < YN :N >

[Y[N/2]:N ]+ < Y[N/2]:N >
=

YN :N

Y[N/2]:N
= RE

N .

Since the distribution of RE
N only depends on N and is the same for all β > 0, the

result (3.12) follows. 2
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Proposition 3.6 (Independence versus Tendency to homogeneous separa-
tion). Let us consider a sequence of N durations (2.7), denoted {Di}N

i=1, observed
between two successive violations associated to a interval forecast method. We ex-
press the null hypothesis of independence (2.10) and the alternative hypothesis of
tendency to homogeneous separation, as

H0 : Di
iid∼ D ∼ Geometric(π), with 0 < π < 1 and i = 1, ..., N (3.13)

H1 : E[RG+
N ] < µR+, (3.14)

where µR+ denotes the expected value of (3.3) when (3.13) is true. We reject (3.13)
if RG+

N < r1−α and the critical point r1−α for the test with level α can be computed
replacing FRE

N
(r) by α and solving the equation (3.5) in order to r.

Proof: By Proposition 3.5 we can write P (RG+
N ≤ r1−α) < P (RE

N < r1−α) = α ⇔
FRG+

N
(r1−α) < FRE

N
(r1−α) = α. Now, using proposition 3.1, the result follows. 2

Remark 3.4. Subtracting one to the median is a correction which allows us to
obtain a test of level α using critical points computed from (3.5), but considering the
true probabilistic behavior (2.10) of the durations (2.7), under the null hypothesis,
and not assuming the continuous analogue. As in the Proposition 3.4, the decision
of the test presented in Proposition 3.6 is valid for all 0 < P [It+1(p) = 1] < 1.

To implement the test, we provide in the appendix a statistical table with
2 ≤ N ≤ 200 and critical values r0.95, r0.1, r0.05 and r0.01. We use both the equation
(3.5) and a simulation procedure to construct the table. Testing independence ver-
sus tendency to clustering of violations implies to calculate the assumed value by the
RG

N statistic (3.2) and reject the null hypothesis (3.10) if the assumed value is higher
than the critical value rα. Testing independence versus tendency to homogeneous
separation implies calculate the assumed value by the RG+

N statistic (3.3) and reject
the null hypothesis (3.10) if the assumed value is lower than the critical value r1−α.

To exemplify this procedure, now, we apply our framework to the hit sequence
presented in figure 3.3. With this data, the observed values for the statistics (3.2)
and (3.3) are respectively rG

N = (50− 1)/50 = 0.98 and rG+
N = 50/(50− 1) = 1.0204.

With this very small value rG
N = 0.98, there is no evidence of tendency to clustering

of violations and we only apply the test involving tendency to homogeneous sepa-
ration presented in Proposition 3.6. Consulting the statistical table provided in the
appendix, with N = 19 and r0.95, we get a critical region equal to ]1; 2.91]. The
observed value clearly belongs to this region and we reject the null hypothesis with
strong evidence of tendency to homogeneous separation. This is an advantage of our
test. We also reject the independence hypothesis with this data, however, we reject
it in favor of a tendency to homogeneous separation alternative hypothesis, clari-
fying that there is no tendency to clustering of violations but exactly the opposite
tendency.
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The available tests simply reject the independence property and do not clarify
in a convenient way a alternative hypothesis of clustering, or define a very narrow
alternative hypothesis. As we see in the example of the Figure 3.3, the available
tests can conduct to the rejection of independence simply because the hit function
has tendency to homogeneous separation.

In a risk management point of view, the problematic non verification of the
independence property is the one that conducts to cluster of violations, therefore,
we are interest in the application of the independence versus tendency to clustering
of violations test, proposed in Proposition 3.4. In section 4 we apply this test in
a simulation context, showing that the power is other fundamental advantage. In
section 5, we will apply the test with a real data set.

4 Comparative Simulation Study

In the context of a Monte Carlo study and for different alternative hypothesis, we
compare the power of the test we propose in proposition 3.4 (RG

n ) for independence
versus clustering, with the Markov independence (2.3), the CAViaR (2.6) and the
GMM independence (2.15) tests. From now on, we will denote this tests respectively
by MIND, CAV iaR and JIND(k). We use the R language and the fGarch package.

Following other authors (e.g. Christofferson (1998), Christofferson and Pelletier
(2004), Haas (2005), Candelon et al. (2008) and Berkowitz et al. (2009)) we consider
a GARCH specification for the returns process. Additionally, we use a APARCH
model which nests some of the GARCH models with leverage effect (for a recent
review of models with leverage see Rodriguez and Ruiz (2009)). Specifically we
assume two models for the alternative hypothesis:

• Gaussian GARCH(1,1) model (Bollerslev (1986)),

Rt+1 = σt+1zt+1

σ2
t+1 = w + αzt + βσ2

t (4.1)

where the innovation zt+1´s are drawn independently from a standard normal
distribution. As Christofferson (1998), we choose the parametrization
w = 0.05, α = 0.1 and β = 0.85.

• APARCH(1,1) model (Ding et al. (1993)),

Rt+1 = σt+1εt+1

σδ
t+1 = w + α(|εt| − ξεt)δ + βσδ

t (4.2)

where the innovation εt+1´s are drawn independently from a skewed Stu-
dent´s t(ν) distribution with asymmetry coefficient ξ, a distribution pro-
posed by Fernández and Steel (1998). The asymmetry coefficient (ξ) is de-
fined such that the ratio of probability masses above and below the mean is
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P (εt+1 ≥ 0|ξ)/P (εt+1 < 0|ξ) = ξ2. Giot and Laurent (2003) have shown that
the skewed Student APARCH model has provided more accurate VaR fore-
casts than more simple ARCH-type models, for both tails. We estimate this
model with the aim of achieving a realistic representation of a portfolio return
distribution. More precisely, we assume a portfolio that replicates the DAX
index and we use data from the first trading day of 2006 until the end of 2008,
for estimation. The parametrization achieved is w = 0.0014, α = 0.095, γ = 1,
β = 0.9, δ = 0.76, ξ = 0.81 and ν = 10.

Besides the simulation of the returns, it is necessary to select a method to forecast
the V aR, which violate the independence property, i.e., with a tendency to form
clusters of violations when applied to heterocedastic processes. As in other power
studies with the same purpose, we choose the Historical Simulation method (HS)
presented in (1.5) which easily generates clusters of violations. To illustrate this, in
Figure 4.1 we present simulated returns and corresponding one-day-ahead 1% VaR
from a observed simulation using the APARCH model(4.2). It seems that clustering
is evident and the behavior of the series seems quite similar to the example of DAX
index presented in Figure 1.1. (T = 250).
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Figura 4.1: APARCH Simulated Portfolio Returns (solid line) and one-day-ahead 1% VaR(0.01)
(dotted line) based on Historical Simulation technique and on the previous 250 days.

We conduct our power experiment with sample sizes ranging from 500 to 1250
days with increments of 250 days, corresponding approximately to two to five years.
We set the size of the rolling window (Te) equal to 250 days and we choose the
VaR coverage rate p equal to 1% and 5%, the values typically chosen in practice.
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For each sample size and coverage rate p, we simulate GARCH returns using the
models (4.1) and (4.2), calculate HS VaR´s (1.5) and the various test statistics over
10,000 Monte Carlo replications. The empirical power of the tests is calculated from
rejection frequencies excluding the samples with less than 2 violations based in the
argument invoked by Christofferson and Pelletier (2004). It appears to be realistic
that a risk management team would not start backtesting unless at least a couple
of violations had occurred. In our study the frequencies of excluded samples (FES)
is very small, however, for transparency we report FES in the tables.

As we noted in Remark 3.1, in practice under IND hypothesis, when we want to
test explicitly the independence property, the probability P [It+1 = 1] is unknown,
we have a nuisance parameter and is impossible to have a test of size α using a Monte
Carlo approach. When we assume a probability of violation equal to p to apply the
Monte Carlo testing technique, then the null hypothesis is CC and not IND. We re-
call that our goal is to test explicitly IND and not jointly test UC and IND. For this
reason and for all test statistics except (3.2), we apply the asymptotic distributions
to find critical values, noting and being aware of the strong limitations especially in
the small sample cases. For the RG

n statistic (3.2) we have a test based on a exact
distribution given by the Proposition 3.1., therefore the test are free from the se-
rious limitation of small sample bias caused by the use of an asymptotic distribution.

Table 4.1 - Power of Finite Sample Tests on 1% VaR (α = 0.1).
Gaussian GARCH(1,1) Model.

T=500 T=750 T=1000 T=1250
RG

n 0.429 0.567 0.627 0.663
MIND 0.154 0.205 0.211 0.239

CAViaR 0.415 0.488 0.558 0.611
JIND(3) 0.177 0.288 0.365 0.458
JIND(5) 0.158 0.275 0.352 0.444

FES 0.040 0.003 0.000 0.000

Table 4.2 - Power of Finite Sample Tests on 1% VaR. (α = 0.1).
APARCH(1,1) - skewed t(10) Model.

T=500 T=750 T=1000 T=1250
RG

n 0.553 0.725 0.820 0.852
MIND 0.232 0.324 0.362 0.425

CAViaR 0.501 0.619 0.682 0.745
JIND(3) 0.309 0.473 0.601 0.698
JIND(5) 0.296 0.471 0.597 0.704

FES 0.064 0.005 0.000 0.000

Notes to Tables: The results are based on 10,000 replications. For sample sizes from 500 to 1250,
with increments of 250, we provide the percentage of rejection at a 10% level. We also present the
percentage of excluded samples (FES).
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We report the empirical rejection frequencies (power) for our test, the Markov
independence, CAViaR and GMM independence tests (k = 3 and k = 5), in tables
4.1, 4.2, 4.3 and 4.4.

Results for the 1% VaR are presented in tables 4.1 and 4.2. In this case with
p = 0.01, the coverage rate required by the regulatory framework, for all sample sizes
and both models (4.1) and (4.2), our test RG

n is more powerful than all other tests.
The differences in power are, in the majority of the cases, very large. Compared
with the Markov independence test, the rejection frequency of our test is for all cases
more than the double and in some cases almost tree times the rejection frequency of
the Markov test. Compared with the GMM independence tests, our test performs
better for all cases and sometimes present more than the double of the power. The
CAViaR test, although with less power than our test in all cases, presents a similar
performance with T = 500.

Table 4.3 - Power of Finite Sample Tests on 5% VaR. (α = 0.1).
Gaussian GARCH(1,1) Model.

T=500 T=750 T=1000 T=1250
RG

n 0.565 0.694 0.757 0.800
MIND 0.242 0.327 0.375 0.422

CAViaR 0.514 0.570 0.623 0.679
JIND(3) 0.441 0.639 0.752 0.835
JIND(5) 0.372 0.559 0.675 0.773

FES 0.000 0.000 0.000 0.000

Table 4.4 - Power of Finite Sample Tests on 5% VaR. (α = 0.1).
APARCH(1,1) - skewed t(10) Model.

T=500 T=750 T=1000 T=1250
RG

n 0.826 0.928 0.973 0.984
MIND 0.446 0.588 0.693 0.767

CAViaR 0.718 0.783 0.847 0.882
JIND(3) 0.755 0.914 0.971 0.989
JIND(5) 0.698 0.887 0.953 0.983

FES 0.000 0.000 0.000 0.000

Notes to Tables: The results are based on 10,000 replications. For sample sizes from 500 to 1250,
with increments of 250, we provide the percentage of rejection at a 10% level. We also present the
percentage of excluded samples (FES).

Results for the 5% VaR are presented in tables 4.3 and 4.4. In this case, for all
sample sizes and both models (4.1) and (4.2), our test RG

n is more powerful than
all other tests, only with two exceptions when we simulate for the the larger sample
size, T = 1250, but with very small differences. Here the JIND(3) performs a bit
better. The GMM tests performs quite well at larger sample sizes (5% VaR and
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T = 1000 or T = 1250 but poorly at small sample sizes. This results contrasts with
good results achieved for the GMM tests by Candelon et al. (2008) when jointly
test the UC and IND hypothesis with the Monte Carlo testing technique assuming
It(p) iid∼ Bern(π), with π = p.

In this section we show with a Monte Carlo simulation study that our exact
independence test is superior than the available independence tests, in terms of
power of the test. We confirm that the classic and popular Markov independence
test performs much worse than all other tests under study. The results also confirm
the advantage of larger backtesting sample sizes.

5 Empirical Application

In this section we complete the empirical example presented in section 1, with the
application of our exact test (RG

n ) for independence versus tendency to clustering
of violations, presented in Proposition 3.4. We also apply the Markov independence
test MIND (2.3), the CAViaR test(2.6) and the GMM independence tests JIND(k)
(2.15) with k = 3, 5, to compare the empirical performance with a real data set.
In the example we use the hit sequence from January 2, 2007 through December
30, 2008, generated by the DAX index log returns and one day ahead 1% VaR
estimated with the Historical Simulation method, choosing a size for the rolling his-
torical sample equal to 250, i.e., Te = 250. Figure 5.1 displays the hit sequence.
From this figure, the non independence of the hit sequence generated by the His-
torical Simulation model (1.5) is evident, due to the cluster pattern observed. In
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Figura 5.1: Hit sequence from January 2, 2007 through December 30, 2008, generated by the DAX
index log returns and one- day-ahead 1% VaR estimated with the Historical Simulation method
with Te = 250.

section 1 we applied the recent regulatory framework to backtesting, but only in the
last violation, on November 6, 2008, the model was classified in the red zone and
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inaccurate. A very bad performance of the recent regulatory framework.

On the date of the first violation of the five violations cluster between September
29, 2008, through October 15, 2008, our exact independence test rejects the IND
hypothesis for 0.1 significance level, classifying the forecast model as inaccurate. On
this date we have a sample of durations (2.7) of size 4, with the observed values
of o.s.´s d1:4 = 2, d2:4 = 9, d3:4 = 28 and d4:4 = 137 days. The observed value of
our test statistic (3.2) is rG

4 = (d4:4 − 1)/d2:4 = 15.11. Consulting the statistical
table with quantiles for RG

N , which we provide in the appendix, with N = 4, we get
a critical region equal to [11.69;+∞[ for 0.1 significance level. The observed value
belongs to this region and we reject the null hypothesis. On the date of the second
violation, October 6, 2008, our exact independence test rejects the IND hypothesis
for 0.05 significance level. The observed value of our test statistic is rG

5 = 27.2 and
the critical region, with N = 5, obtained from the statistical table in the appendix
is equal to [26.51; +∞[. A good performance of our test with this real data, better
than the results obtained with all other tests. Table 5.1 resumes the results for
all tests. Only on October 8 and October 10, 2008, the JIND(3) rejects the null
hypothesis. The JIND(5) only rejects with a 0.1 significance level on October 10,
2008. The CAViaR only rejects with a 0.1 significance level on October 15, 2008.
For this real data set, the performance of the Markov test is even worse than the
regulatory framework, never rejecting the null hypothesis. The poor performance of
CAViaR and especially of the Markov test is explained because in this hit sequence
we never had a violation immediately followed by another violation.

With this real data set, the test we propose in Proposition 3.4 is clearly superior
to all other tests. Furthermore, this example also illustrate the very important
advantage of the exact property of our test, especially, when compared with the
alternative duration based test. In this example, we apply the duration based tests
with sample sizes ranging from 4 to 7. With such small sample sizes is highly
questionable the application of the asymptotic results. We can not apply the Monte
Carlo testing technique assuming It(p) iid∼ Bern(π), with π = p, because the null
hypothesis involves only independence and not require π = p. Our test is exact and
do not suffer from this serious limitation.

Table 5.1 - Dates of rejection of IND hypothesis
Date It+1(0.01) α = 0.05 α = 0.1

2008-09-29 1 RG
4

2008-09-30 0

2008-10-01 0

2008-10-02 0

2008-10-03 0

2008-10-06 1 RG
5

2008-10-07 0

2008-10-08 1 JIND(3)

2008-10-09 0

2008-10-10 1 JIND(3) JIND(5)

2008-10-13 0

2008-10-14 0

2008-10-15 1 CAViaR
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Notes to Table: Starting dates of rejection of IND hypothesis, applying the RG
n , MIND, CAViaR,

JIND(3) and JIND(5) tests to the hit sequence from January 2, 2007 through December 30, 2008,
generated by the DAX index log returns and one- day-ahead 1% VaR estimated with the Historical
Simulation method with Te = 250.

6 Summary

Christoffersen (1998) shows that the problem of determining whether a given fore-
cast model is accurate can be reduced to examine the uncondicional coverage and
independence properties. It is widely recognized that the independence property is
equally important as the unconditional coverage property. In this work we show
that the available independence tests suffer from serious limitations, namely:

• They do not define, define a very general or a very narrow alternative hypoth-
esis for clustering.

• We do not know the exact distribution of the test statistics and relying in the
asymptotic results is highly questionable with realistic small sample sizes. For
explicitly testing the independence hypothesis we can not apply the Monte
Carlo testing technique assuming It(p) iid∼ Bern(π) with π = p, because the
null hypothesis not require π = p.

Therefore, there is a need for better tests to overcome this limitations. With this
goal we proposed a new framework to explicitly test the independence hypothesis,
with the following tree fundamental advantages:

• The tests proposed in section 3 are based in a convenient definition of ten-
dency to clustering of violations and tendency to homogeneous separation,
overcoming the first limitation.

• The tests proposed in section 3 are exact, allowing us to avoid the second
limitation.

• A Monte Carlo experiment shows that our independence versus tendency to
clustering of violations test, has better power properties than the available
tests.

Finally, in section 5, application to real data provide empirical support to our
framework. With the results achieved, we argue that the tests we propose in section
3, with propositions 3.4 and 3.6, should be included in any tool box of backtesting.
Although the serious limitations, concerning the formulation of hypothesis and not
knowing the exact distribution, we observed in section 4 that the CAViaR and GMM
independence tests also showed good power properties in some situations, and for
that reason, should not be excluded from the tool box of backtesting.
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APPENDIX: Regulatory Framework for Backtesting VaR models
eeeeeeeee

According to the regulatory framework defined in Market Risk Amend of Basel
Capital Accord, the market risk capital that a bank must hold is

MRCt = MAX
(
V aRt(0.01), St

1
60

59∑

i=0

V aRt−i(0.01)
)
,

where St is a multiplication factor determined by T1, the number of violations in the
previous 250 trading days, using the correspondence defined in the following table.
If more than ten violations occurred in the previous 250 trading days, the backtest
result is red and the risk model is classified as inaccurate.

Table - The Basel Penalty Zones
Zone T1 St

Green 0-4 3
yellow 5 3.4

6 3.5
7 3.65
8 3.75
9 3.85

Red 10 or more 4
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APPENDIX: Table for the R Quantiles

P (R ≥ r) = γN

N−[N/2]−1∑

l=0

[N/2]−1∑
s=0

(−1)l+salbs

∫ r

1

[2l + 1 + cl,s(1/u)]−2du

P (R ≥ rε(N)) = ε P (R ≥ rε(N)) = ε

ε 0.95 0.10 0.05 0.01 ε 0.95 0.10 0.05 0.01

N r0.95(N) r0.1(N) r0.05(N) r0.01(N) N r0.95(N) r0.1(N) r0.05(N) r0.01(N)

2 1.11 18.97 38.84 198.89 50 3.95 9.84 11.22 14.45
3 1.62 42.31 87.08 446.55 51 4.08 10.16 11.58 14.91
4 1.38 11.69 17.73 43.11 52 4.00 9.86 11.24 14.44
5 1.83 17.53 26.57 64.64 53 4.13 10.17 11.58 14.88
6 1.64 10.27 14.12 27.30 54 4.05 9.90 11.25 14.43
7 2.04 13.49 18.53 35.73 55 4.18 10.20 11.58 14.83
8 1.87 9.78 12.83 22.18 56 4.10 9.92 11.27 14.43
9 2.22 11.97 15.65 27.01 57 4.22 10.22 11.59 14.85
10 2.06 9.53 12.13 19.62 58 4.15 9.96 11.30 14.40
11 2.39 11.21 14.24 23.07 59 4.27 10.23 11.61 14.82
12 2.24 9.42 11.74 18.18 60 4.20 9.98 11.31 14.40
13 2.54 10.77 13.43 20.74 61 4.32 10.26 11.62 14.80
14 2.39 9.35 11.50 17.27 62 4.24 10.01 11.33 14.39
15 2.67 10.51 12.90 19.34 63 4.36 10.28 11.63 14.78
16 2.54 9.34 11.35 16.61 64 4.29 10.04 11.36 14.39
17 2.80 10.35 12.55 18.34 65 4.40 10.29 11.63 14.76
18 2.67 9.35 11.24 16.15 66 4.33 10.07 11.37 14.40
19 2.91 10.22 12.30 17.66 67 4.44 10.32 11.65 14.76
20 2.79 9.37 11.19 15.80 68 4.37 10.09 11.40 14.41
21 3.02 10.14 12.11 17.07 69 4.48 10.33 11.66 14.76
22 2.90 9.38 11.13 15.51 70 4.41 10.12 11.41 14.41
23 3.12 10.09 11.98 16.67 71 4.52 10.36 11.69 14.75
24 3.00 9.41 11.10 15.34 72 4.45 10.15 11.44 14.42
25 3.21 10.06 11.86 16.35 73 4.55 10.37 11.69 14.71
26 3.10 9.43 11.08 15.15 74 4.49 10.17 11.46 14.44
27 3.30 10.04 11.79 16.09 75 4.59 10.39 11.70 14.71
28 3.19 9.47 11.08 14.99 76 4.53 10.20 11.47 14.42
29 3.38 10.03 11.73 15.87 77 4.63 10.42 11.72 14.73
30 3.27 9.50 11.09 14.91 78 4.56 10.23 11.49 14.45
31 3.46 10.02 11.68 15.70 79 4.66 10.44 11.73 14.72
32 3.36 9.53 11.08 14.80 80 4.60 10.24 11.50 14.43
33 3.53 10.03 11.65 15.59 81 4.70 10.45 11.74 14.70
34 3.44 9.57 11.09 14.75 82 4.63 10.27 11.53 14.44
35 3.61 10.04 11.62 15.43 83 4.73 10.47 11.75 14.70
36 3.51 9.60 11.10 14.65 84 4.67 10.30 11.56 14.45
37 3.67 10.04 11.60 15.33 85 4.76 10.50 11.77 14.71
38 3.58 9.64 11.10 14.61 86 4.70 10.32 11.57 14.45
39 3.74 10.06 11.59 15.24 87 4.79 10.51 11.78 14.71
40 3.65 9.68 11.13 14.60 88 4.73 10.34 11.59 14.45
41 3.80 10.07 11.58 15.17 89 4.83 10.52 11.79 14.71
42 3.71 9.71 11.14 14.52 90 4.77 10.36 11.61 14.46
43 3.86 10.08 11.56 15.11 91 4.86 10.55 11.81 14.71
44 3.77 9.73 11.16 14.51 92 4.80 10.39 11.63 14.47
45 3.92 10.11 11.58 15.07 93 4.88 10.56 11.82 14.72
46 3.84 9.77 11.17 14.50 94 4.83 10.41 11.64 14.47
47 3.97 10.12 11.56 14.98 95 4.92 10.58 11.83 14.72
48 3.89 9.81 11.20 14.49 96 4.86 10.43 11.65 14.47
49 4.03 10.14 11.57 14.94 97 4.95 10.61 11.85 14.72
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P (R ≥ rε(N)) = ε P (R ≥ rε(N)) = ε

ε 0.95 0.10 0.05 0.01 ε 0.95 0.10 0.05 0.01

N r0.95(N) r0.1(N) r0.05(N) r0.01(N) N r0.95(N) r0.1(N) r0.05(N) r0.01(N)

98 4.89 10.45 11.67 14.48 150 5.51 10.91 12.08 14.74
99 4.97 10.62 11.86 14.72 151 5.57 11.03 12.21 14.89
100 4.92 10.47 11.69 14.50 152 5.53 10.92 12.09 14.75
101 5.00 10.64 11.88 14.73 153 5.59 11.04 12.22 14.89
102 4.95 10.50 11.71 14.51 154 5.54 10.95 12.12 14.76
103 5.03 10.66 11.89 14.73 155 5.61 11.05 12.23 14.91
104 4.97 10.51 11.72 14.52 156 5.56 10.96 12.12 14.77
105 5.06 10.68 11.91 14.73 157 5.62 11.07 12.24 14.93
106 5.00 10.53 11.74 14.52 158 5.58 10.97 12.13 14.77
107 5.08 10.69 11.92 14.73 159 5.64 11.07 12.25 14.92
108 5.03 10.55 11.75 14.52 160 5.60 10.98 12.13 14.78
109 5.11 10.71 11.94 14.74 161 5.66 11.09 12.26 14.93
110 5.06 10.57 11.77 14.53 162 5.62 11.00 12.16 14.80
111 5.13 10.72 11.94 14.76 163 5.68 11.10 12.28 14.94
112 5.08 10.59 11.79 14.56 164 5.64 11.01 12.16 14.81
113 5.16 10.75 11.97 14.80 165 5.70 11.11 12.28 14.95
114 5.11 10.61 11.82 14.57 166 5.66 11.02 12.18 14.82
115 5.18 10.75 11.98 14.78 167 5.72 11.12 12.29 14.95
116 5.13 10.62 11.83 14.61 168 5.67 11.04 12.19 14.82
117 5.21 10.78 11.20 14.80 169 5.73 11.13 12.30 14.96
118 5.16 10.66 11.86 14.60 170 5.69 11.05 12.21 14.83
119 5.23 10.79 11.99 14.75 171 5.75 11.15 12.32 14.97
120 5.18 10.67 11.87 14.61 172 5.71 11.06 12.21 14.84
121 5.25 10.80 12.01 14.79 173 5.76 11.17 12.33 14.97
122 5.21 10.68 11.87 14.63 174 5.73 11.07 12.22 14.84
123 5.28 10.83 12.04 14.81 175 5.78 11.18 12.34 14.99
124 5.23 10.70 11.89 14.61 176 5.74 11.09 12.24 14.86
125 5.30 10.83 12.03 14.79 177 5.80 11.19 12.35 14.99
126 5.25 10.72 11.91 14.63 178 5.76 11.11 12.26 14.87
127 5.32 10.86 12.06 14.83 179 5.81 11.20 12.36 15.00
128 5.27 10.74 11.93 14.65 180 5.77 11.12 12.27 14.89
129 5.34 10.86 12.07 14.81 181 5.83 11.21 12.37 15.01
130 5.30 10.74 11.93 14.65 182 5.79 11.13 12.29 14.91
131 5.37 10.89 12.08 14.83 183 5.85 11.23 12.39 15.02
132 5.32 10.77 11.96 14.67 184 5.81 11.15 12.30 14.91
133 5.39 10.91 12.10 14.83 185 5.86 11.25 12.40 15.04
134 5.34 10.79 11.98 14.68 186 5.82 11.16 12.31 14.92
135 5.41 10.91 12.10 14.85 187 5.87 11.26 12.41 15.04
136 5.37 10.81 11.99 14.69 188 5.84 11.17 12.32 14.93
137 5.43 10.93 12.13 14.84 189 5.89 11.27 12.42 15.05
138 5.39 10.81 11.99 14.69 190 5.86 11.18 12.33 14.94
139 5.45 10.95 12.13 14.85 191 5.90 11.27 12.42 15.05
140 5.41 10.83 12.01 14.70 192 5.87 11.19 12.33 14.94
141 5.47 10.96 12.16 14.86 193 5.92 11.28 12.43 15.06
142 5.43 10.85 12.01 14.70 194 5.88 11.21 12.34 14.95
143 5.49 10.96 12.14 14.85 195 5.93 11.29 12.44 15.06
144 5.45 10.86 12.03 14.70 196 5.90 11.22 12.35 14.95
145 5.51 10.98 12.16 14.86 197 5.95 11.31 12.45 15.08
146 5.47 10.87 12.04 14.71 198 5.91 11.23 12.36 14.96
147 5.53 11.01 12.19 14.89 199 5.96 11.32 12.46 15.10
148 5.49 10.89 12.06 14.71 200 5.93 11.24 12.38 14.97
149 5.55 11.01 12.20 14.89
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