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Abstract. Combining independent tests is
a key-problem in Meta Analysis and one way
of doing it is to use the reported p-values,
which can be regarded as independent standard uniform observations under the common
null hypothesis. Therefore, the problem of
combining independent tests is closely tied to
testing the uniformity of the p-values.
Continuing the investigation initiated by
Gomes et al. (2009), we present two simulation studies. In the first one we study
the behaviour of pseudo-p-values, augmenting the sample of p-values using an auxiliary
Beta(1, q), q ∈ [0.5, 3], population; q = 3,
namely, favors the generation of values close
to zero, needed for an overall rejection of the
null hypothesis. In the second case we study
the behaviour of pseudo-p-values when these
are internally generated, using an extension
of the family of densities fXm , m ∈ [−2, 0),
introduced in Gomes et al. (2009), so that
slopes m ∈ [0, 2] are included.
The results of the first study are by far better
than those reported in Gomes et al. (2009),
the proportion of rejections of the combined
uniformity test increases with the number of
pseudo-p-values. The results of the second
study also show an increase of the power with
data augmentation, specially when m > −1.

Keywords. Uniformity, combining p-values, random p-values, pseudo-p-values, data
augmentation.

1. Introduction
Combining independent tests using
observed p-values (p1 , . . . , pn ) to test a
common null hypothesis H0 vs. H1 is an
important problem in Meta Analysis. Under
the common hypothesis H0 , as a direct
result of the probability integral transform,
we can consider that the p-values are independent observations of a random variable
P _ Uniform(0, 1). Hence, the problem of
testing H0 can simply be regarded as testing
the uniformity of the sample of p-values
(cf. Hartung et al., 2008; Pestana, 2010).
Tippett (1931) assessed the uniformity of the
random sample testing whether its observed
minimum p1:n could be an observation of
P1:n _ Beta(1, n). This can of course be im| H0

proved using more order statistics, but due to
its simplicity Tippett’s method is still in use.
Fisher (1932), in the 4th edition of his pathbreaking Statistical Methods for Research
Workers, observed that as −2 ln U _ χ22
when U _ U nif orm(0, 1), uniformity of
the p-values can globally
P be tested using the fact that −2 nk=1 ln pk _ χ22n .
Note that Tippett’s method rejects the
common null hypothesis H0 at level α if
p1:n <P
1 − (1 − α)1/n , and Fisher’s method
if −2 ni=1 ln pi > χ22n; 1−α . Pestana (2010)
presents other ways of using directly p-values
(as in Tippett’s method) or functions of the

sample of p-values (as in Fisher’s method)
for combining the available p-values in order
to reach an overall decision.

tung et al., 2008, p. 81–84), which are nonuniform.

Although Birnbaum (1954) has shown
that every monotone combined test procedure is admissible, i.e. provides a most powerful test against some alternative hypothesis for combining some collection of tests,
and is therefore optimal for some combined
testing situation, whose goal is to harmonize
eventually conflicting evidence, or to pool inconclusive evidence, Littel and Folks (1971,
1973) have shown that under mild conditions
Fisher’s method is optimal for combining independent tests. Our findings confirm the superiority of Fisher’s method.

2. Further issues on data augmentation

There are two important aspects that need
to be considered. On one hand, the number of reported p-values is usually small, and
that affects the power of a combined uniformity test. On the other hand, publication
bias implies that reported p-values are in general small (typically p < 0.05), and this is an
important concern in Meta Analysis.
Computational intensive techniques such
as the bootstrap have been used with success to deal with inference using small samples (Manly, 2007). Recently, data augmentation — cf. v.g. Royle et al. (2007) — has
been used with arguable success, as Gomes
et al. (2009) demonstrate: augmented samples can perform worse than the original small
sample. This will be further discussed in Section 2, and the main focus of our research is
to investigate ways of dealing with data augmentation that in fact do increase power in
testing uniformity.
In what concerns the second problem, our
investigation uses left-skewed auxiliary variables with support [0, 1], more prone to generate values nearer 0 with high probability.
Observe however that a side effect of the
much discussed issue of publication bias in
Meta Analysis is the eventual inappropriateness of simulation studies in the investigation
of combining p-values; moreover, abundance
of small p-values seems to point out that we
are confronted with the much harder problem
of random p-values (Kulinskaya et al., 2008,
p. 117–119) or of generalized p-values (Har-

Gomes et al. (2009) applied the results of the following lemma (attributed in
Johnson et al., 1995, p. 285, to Deng et al.,
1992) to augment the sample of p-values,
in order to get a larger set of the termed
pseudo-p-values, hoping that the power of
the test would increase.
Lemma 1. Let U and X be independent standard uniform random variables. Then


U 1−U
W = min X
, 1−X
and
V = X + U − I[X + U ]
are both standard uniform variables, with W
and X independent and, V , X and U independent (I[x] denotes the largest integer
not greater than x). In fact, the conclusion
holds true, more generally, if X is an absolutely continuous random variable with support (0, 1).
Gomes et al. (2009) also considered the family
of density functions


fXm (x) = mx − m−2
I(0,1) (x) , (1)
2
m ∈ [−2, 0), as an alternative to uniformity.
Observe that, for m ∈ [−2, 0), Xm is a mixture of a Beta(1, 2) and a uniform random
m
variables with mixing weights − m
2 and 1 + 2 ,
respectively. As Xm ≺ X0 _ U nif orm(0, 1)
for all m ∈ [−2, 0), members of this family
are prone to generate values nearer 0, i.e. values one would expect for an overall rejection
of the null hypothesis of uniformity. Obviously, if m ∈ (0, 2], Xm is a mixture of the
standard uniform and of a Beta(2, 1), with
m
weights 1 − m
2 and 2 , respectively.
Observe that the inspiration to use this
family comes from the observation that
all segments with slope m ∈ [−2, 2] passing
through ( 12 , 1) are probability density functions of some variable Xm with support (0, 1).
The proportion of rejections of uniformity was determined by simulation for sets

of pseudo-p-values when the initial sample
(p1 , . . . , pn ) was generated from a population
with density (1). What those authors observed was that the power of the test decreased with the number of pseudo-p’s with
both Tippett and Fisher’s methods (these
were the only methods compared).
These unexpected results were explained
later by Sequeira (2009) and are due to a generalization of the previous lemma:
Lemma 2.
Let Xm1 and Xm2 , m1 ,
m2 ∈ [−2, 0] be independent random variables
from the family (1). Then
X

1−Xm
d
m
Wm1 ,m2 = min Xm1 , 1−Xm1 = X m1 m2 .
2

2

6

Therefore, when using auxiliary uniform
random variables, Gomes et al. (2009) were
adding more uniform observations to the
computationally augmented sample, contributing to smooth down the features that
contradicted uniformity. Observe, more generally, that the uniform component is heavier in the resulting mixture random variable
X m1 m2 than in any of the initial Xm1 and
6
Xm2 variables.
In the first simulation study, in the
present work, we use instead independent
X _ Beta(1, q) and Y _ U nif orm(0, 1)
(i.e. Beta(1, 1)) random variables in


f = min X , 1−X .
W
Y 1−Y
Analytical results are cumbersome, the general expression for the probability density
function (for the even more general case of
independent Beta(p` , q` ), ` = 1, 2, random
variables) being:
w p2
FW
f (w) =

wq2
+

qP
2 −1
k=0

B(p1 +p2 +k,q1 ) (q2k−1) (−w)k
k+p2

+

B(p1 , q1 ) B(p2 , q2 )
pP
2 −1
k=0

B(p1 ,q1 +q2 +k) (p2k−1) (−w)k
k+q2

B(p1 , q1 ) B(p2 , q2 )

.

Our approach to the problem was to study,
on one hand, the behaviour of the sample of pvalues pn = (p1 , . . . , pn ) and the computationally
augmented samples of pseudo-p-values
p2n = (p1 , . . . , pn , w1∗ , . . . , wn∗ )

and
p3n = (p1 , . . . , pn , w1∗ , . . . , wn∗ , v1 , . . . , vn ),
when pn is from a Beta(1, q), q ∈ [0.5, 3], distribution. In this case we have


1−pk
,
wk∗ = min upkk , 1−u
k
vk = pk + wk∗ − I[pk + wk∗ ] ,
k = 1, . . . , n, and u1 , . . . , un independent pseudorandom numbers. As mentioned earlier we shall
be particularly interested in the case q = 3 because this model favors the generation of p-values
closer to zero.
The simulation results are presented in Section 3 and, contrarily to Gomes et al. (2009), we
shall see that the simulated power of the combined uniformity test increases, in general, with
the number of pseudo-p-values. An important remark: when using Beta(1, q) auxiliary variables,
f , we no longer have indeq 6= 1, to generate the W
pendence, although the dependence is not strong.
This is troublesome to establish analytical results, but has mild consequences in the simulation study. In fact, the more important Fisher’s
method relies on a chi-square test, and from
the early stages of development of robustness
there has been ample evidence that the lowering of degrees of freedom due to dependence issues in chi-square test is in general small (an
extreme option is to use 0.7(n − 1) in case the
number of degrees of freedom under independence is n, cf. Mosteller and Tukey, p. 209),
and henceforth that the chi-square test is in general liberal. On the other hand, dependence
issues will influence the minimum of the sample, that will in principle exceed the minimum
of an independent sample of the same size, from
a fixed population, and thus Tippett’s method
will tend to be conservative. For example, in
our particular case, the exact Tippett’s critif1 , . . . , W
fn ) when
cal point of min(X1 , . . . , Xn , W
f
Xk _ U nif orm(0, 1), and Xk and Wk are not independent, k = 1, . . . , n, is c∗ = 32 [1 − (1 − α)1/n ]
fk ), k = 1, . . . , n,
(note that the vectors (Xk , W
are independent). The value c∗ differs from the
used critical point c = 1 − (1 − α)1/(2n) when independence is assumed. However, the differences
between the two points are quite small as one can
see from the following table (α = 0.05).
n
c∗
c

4
0.0085
0.0064

5
0.0068
0.0051

6
0.0057
0.0043

10
0.0034
0.0026

20
0.0017
0.0013

The
exact
critical
point
of
f1 , . . . , W
fn , V1 , . . . , Vn ), where
min(X1 , . . . , Xn , W
fk − I[Xk + W
fk ], in a dependence
Vk = Xk + W
scenario is much more difficult to obtain.
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3. Simulation results

0.5

Proportion of rejections

Observe however that the question of validity
(Hayes, 2005, p. 179: “it isn’t totally accurate to
talk about validity as a property of the test.").
See further comments on the remarks on the simulation results, in Section 3.
We also decided to study the behaviour of the
pseudo-p-values when these are “internally" generated, i.e., when we randomly chooseand fix one

1−p
p
p-value, say pj , to generate wk∗ = min pkj , 1−pkj ,
k 6= j. In this case we decided to use an extended version of the family of densities (1) with
m ∈ [−2, 2]. The simulation results, also presented in section 3, will show that this strategy
is an interesting one, specially when m ∈ (−1, 0)
(approximately).
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1. we generated 10,000 runs of samples of size
n = 4, 5, 6, 10, 20 from a Beta(1, q) population, q = 0.5(0.05)3, in order to determine
the proportion of rejections of uniformity
at levels 0.05 and 0.01 using Tippett and
Fisher’s methods;

0.0

For our first study we considered that
the random p-value P _ Beta(1, q), q ∈ [0.5, 3],
and our objective was to determine the simulated power of the test H0 : q = 1 (uniformity)
vs. H1 : q ∈ [0.5, 3]\{1}. The outline for our
simulation is as follows:
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We only show the results for α = 0.05 because
the pattern observed for other low value significance levels is similar. In the following figures
(Fig. 1 and Fig. 2) the black solid lines correspond to Tippett’s method and the black dashed
lines to Fisher’s method. The thickness of the
lines increases with the number of pseudo-p’s.
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0.2
0.0

Since P1:n _ Beta(1, qn), it is straightforward
to obtain the exact power function π1 . We have
h
i
π1 = π1 (α) = Pr P1:n < 1 − (1 − α)1/n | q
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(b) and π2 , π4 and π6 the proportion of
rejections of uniformity using Fisher’s
method with the samples pn , p2n and
p3n , respectively.
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(a) π1 , π3 and π5 as the proportion of rejections of uniformity using Tippett’s
rejection criterion with the samples
pn , p2n and p3n , respectively;
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Fig. 1: Proportion of rejections, first simulation study.
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For our second study we considered an extension of the family of density functions (1) so that
the slopes m ∈ [0, 2] were included. Our strategy here was different from the first one since
the pseudo-p-values were generated “internally".
What we mean by this is that we randomly selected and fixed a p-value from the sample of pvalues (p1 , . . . , pn ), say pj , to generate


1−p
p
wk∗ = min pkj , 1−pkj , k 6= j .
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(iv) When q = 3, the proportion of rejections of
uniformity with the pseudo-p’s p3n is, overall, greater than 0.4 which can be considered
a good result.
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(iii) For Tippett’s method we see that
π1 < π3 < π5 for q < 1 (approximately) and
π3 < π5 < π1 for q > 1 (approximately);
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(ii) In general, π2 < π4 < π6 (Fisher’s method),
indicating that the power increases with the
number of pseudo-p-values;

Our objective here was to determine the simulated power of the test H0 : m = 0 (uniformity)
vs. H1 : m ∈ [−2, 2]\{0}. The outline for this second simulation is as follows:
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(i) Fisher’s method performs better than Tippett’s method in detecting departures from
uniformity. Note that Fisher’s rejection criterion has demonstrated in other simulation
studies better performances than other pvalues combining tests;
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(b) and π2 and π40 the proportion of rejections of uniformity using Fisher’s criterion with the samples pn and p02n−1 ,
respectively.
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(a) π1 and π30 the proportion of
rejections
of
uniformity
using Tippett’s method with the
samples
pn = (p1 , . . . , pn )
and
∗
p02n−1 = (p1 , . . . , pn , w1∗ , . . . , wn−1
),
respectively;
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2. we considered:
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1. we generated 10,000 runs of samples of
size n = 4, 5, 6, 10, 20 from a population Xm ,
m = −2(0.05)2, in order to determine the
proportion of rejections of uniformity with
Tippett and Fisher’s methods;
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Fig. 2: Proportion of rejections, second simulation study.

where vk = pk + wk∗ − I[pk + wk∗ ], k 6= j, because
it is expected a decrease in the proportion of rejections when compared to the proportion of rejections using p02n−1 .
For the same reasons as in the first case, we
only show the results for α = 0.05.
From Figure 2 we observe that:
(i) Again Tippett’s method has the worst performance. The scenario here is even much
worse than the one in the first study because, in general, the proportion of rejections is lower than the significance level;
(ii) For Fisher’s method we have π40 < π2 when
m < −1, approximately, and π2 < π40 if
m > 1. However, the proportion of rejections can be lower than the significance
level, specially when m approaches the value
2.
Quoting again Hayes (2005, p. 179): “So liberalness, conservativeness, and validity are properties not so much of tests themselves but the
interaction between the test an the conditions in
which the test is used."

4. Conclusions
Both strategies presented here for combining p-values are to a certain extent rewarding,
specially when applying Fisher’s criterion. With
the first approach we obtained good results,
in particular with the Beta(1, 3) model which
favors p-values closer to zero as expected under
truthfulness of the overall null hypothesis, an
expectation that is reinforced having in mind
publication bias. The overall simulated power is
greater than 0.4.
Although the second approach requires the determination of less pseudo-p-values, the simulated
power is lower than in the first case (close to 0.15).
Observe also that the best results are obtained
when −1 < m < 0.
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