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Abstract

Under a third-order framework, and for heavy right tails, or equivalently
a positive extreme value index, we proceed to an asymptotic comparison of
three alternative estimators of the most common shape second-order parameter

associated to the type of models under consideration.

Keywords. Asymptotic behaviour; extreme value theory; semi-parametric estima-

tion; shape second-order parameter; third-order frameworks.

1 Introduction and scope of the paper

In statistics of extremes, a model F' is said to have a heavy right tail whenever the right
tail-function F := 1 — F is a regularly varying function at infinity, with a negative
index of regular variation denoted by —1/v, v > 0, or equivalently, and using the

notation F~(x) := inf{y : F(y) > x} for the generalised inverse function of F', the
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(reciprocal) quantile function U(t) := F*~ (1 — 1/t), t > 1, is of regular variation with

an index 7. Recall that this means that for all x > 0,

lim F(ta)/F(t) =2~ =  lim U(ta)/U(t) = 2 (1)

t—o0 t—o00

(see Bingham et al., 1987, for details on regular variation).

The second-order parameter p (< 0) measures the rate of convergence in the first-

order condition in (1), and it is the non-positive parameter in the limiting relation,

. InU(tz) —InU(t) —ylnzx =l f p< 0
ti 11002 = UL —{ e = dp(a) (@)
t=o0 (t) Inz if p=0

which we assume to hold for all > 0, and where |A| must be of regular variation
with an index p (Geluk and de Haan, 1987). Under a framework of a heavy right
tail-function F = 1 — F, with F the model underlying the available data, we proceed
to an asymptotic comparison of three alternative estimators of the shape second-order
parameter p, in (2), the implicit estimator in Feuerverger and Hall (1999), one of the
classes of estimators in Fraga Alves et al. (2003), also included and found competitive
in the more recent papers by Goegebeur et al. (2008; 2010), Ciuperca and Mercadier
(2010) and Caeiro and Gomes (2012a,b), and the estimator introduced and studied

in Caeiro and Gomes (2012a), all on the p-estimation.

In order to get full information on the asymptotic non-degenerate behaviour of
p-estimators, it is often necessary to further assume a third-order condition, ruling

the rate of convergence in (2). We shall assume that for all z > 0,

InU(te)—InU(t)—ylnz ot 1.
lim A V() _ o i pVp <0 3)
=00 B(t) Inz it p=p =0,

where |B(t)| must then be of regular variation with an index p’. We are then con-
fronted with this third-order parameter p’ < 0. In this article, we shall more restric-
tively assume that we are working with a Paretian type class of models, with a right

tail-function given by
F<x> =1- F(I) = O:L’_l/’Y{l + DIIP/’Y + D2x2p/'y + O(xQP/,Y)} (4)

as x — oo, with C' > 0, Dy, Dy # 0, p < 0. Note that to assume such a kind of
right tail-function is equivalent to say that (3) holds with p = p/ < 0 and that we can
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choose the same parameterisation as in Caeiro and Gomes (2011),

BAR) _ EA[R) g:@/
By oy B’

with 6 # 0 and 3’ # 0 “scale” second and third-order parameters, respectively.

Aty =atr =y pt’, Bt)=pt"=

(5)

In Section 2 of this paper, we shall introduce the p-estimators under analysis. Sec-
tion 3 is dedicated to the description of the asymptotic behaviour of such estimators
under the third-oder framework in (4). Finally, in Section 4, we deal with an asymp-
totic comparison of the p-estimators under consideration for a fixed k, the number
of top order statistics involved in the estimation, and at optimal levels, i.e., levels k;

where the asymptotic mean square error (MSE) of the p-estimators is minimised.

2 The p-estimators under study

Given a random sample, (X7, ..., X, ), and with the notation (X;.,, < --- < X,.,) for
the sample of the associated ascending order statistics (0.8.’s), one of the classes of
p-estimators under analysis is the simplest class introduced and studied both asymp-
totically and for finite samples in Fraga Alves et al. (2003). As shown in Caeiro and
Gomes (2006), such a class of estimators can be parameterised in a tuning or control

parameter 7 not necessarily non-negative, but real, and it is given by

) FAGH( 3T (k) — 1
FAGH(k) = pFAGH( )(k) = ST(T) ((k))_ 3)

Pn n

7 (6)

with
(M) = (MP (k) /2)™?

(MP (k) /2)* = (MP (k) j6)"

with the notation a” = Ina whenever 7 = 0 and where, with Vj; the scaled log-

Tff)(k;) =

excesses, 1.e.,

Vik := In Xn—i—l—l:n —In Xn—k:n7 1<:i< k’,

we have

k
. 1 .
MY (k) = - > Vi, j=1
=1

Remark 1. Note that, in the notation wused in Fraga Alves et al. (2003),

PRACHT) () — ﬁfﬁifh’%’ﬂ(k), for the tuning parameters (o, 61,6;) = (1,2, 3).
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More recently, Caeiro and Gomes (2012a) considered consistent estimators of

v > 0 defined by adequate linear combinations of the scaled log-spacings
U =i{InX, it1m —In Xy i}, 1<i<k<n, (7)
given by
a k i a—1
(@) ._
N5 = EZ (E) U, a>1,
i=1

and proposed a new class of p-estimators with the functional expression,

1
P (k) = < (k) —mln{o 1+w}, TER, (8)
- k

n,

where

again with the notation a” = In a whenever 7 = 0.

Remark 2. As mentioned in Caeiro and Gomes (2012a), note that we could also

have worked with

o) - ()
R(T»a17a27043) _ (Nmk Nn,k

n,k (N(a2)>7' B <N(a3)>77
n,k n,k

a; # aj, 1 < i< j <3 and minj<;<3(oy) > 1. But then we had to deal with the

T € R,

choice of the values of additional tuning parameters.

The third class of p-estimators is based on the fact that in Hall-Welsh’s class of
models (Hall, 1982; Hall and Welsh, 1985), with a right tail function

F(r) = C’a:_lm{l + D"/ 4 o(z")},

as ¢t — o0, C > 0, D # 0, p < 0, the log-spacings U;,1 < i < k, in (7), are

approximately exponential with mean value
[ =y eﬁ(i/”)_p7 1<i<k.

Feuerverger and Hall (1999) considered the joint maximization, in -y, § and p, of the
log-likelihood of the scaled log-spacings, U;, 1 < i < k, in (7), given by

k

Ze z/n)/J z

i=1

|
~2|*—‘

ko .\ —p
In L(3, 3, p:Un 1 <0 < ) = —klny — 83 (1)
n
=1
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Such a maximization leads to implicit estimators B and p, such that

3 5) = are mi L siifme NN
(B, p) = argl(lﬂl}g)l {ln (E;e A Ui> + 0 (Ez (ﬁ) . (9)

=1

Such a class of implicit p-estimators will be denoted pEH (k).

3 Asymptotic behaviour of the p-estimators

Let us consider the usual notation Normal(, o?) for a random variable (r.v.) with
mean value p and variance o2. On the basis of the research performed in Fraga Alves
et al. (2003), for the p-estimators pEASH(k), in (6), in Caeiro and Gomes (2012a), for
the p-estimators pS%(k), in (8), and in Caeiro and Gomes (2011), regarding pEH(k),
the implicit p-estimator in Feuerverger and Hall (1999) obtained through (9), but
with some further computations related to the asymptotic bias of the estimators
under analysis, performed in Caeiro et al. (2009) and in this article, we now state the

following theorem.

Theorem 1. Under the validity of the second-order condition, in (2), with p < 0,

and for intermediate values of k, i.e., k-values such that
k =k, — o0, k/n—0, asn— oo,

if we further assume that 'k A(n/k) — oo, as n — oo, any of the classes of estima-
tors, pEACH (k) = ﬁgAGH(T)(k:), poY (k) = ﬁSG(T)(k), 7 € R and pEH(k), given in (6),
(8) and (9), respectively, are consistent for the estimation of p.

If we further assume the wvalidity of the third-order condition in (3), A and B
given in (5), and with UFY, UFASH and USS asymptotically standard normal r.v.’s,

we can guarantee that

oS 4 Ok Ui n 0
k) —p £ P AR+ 0, (1) (10

where

opn =7 (1= p)(1 = 2p)\/1 = 2p/|pl, (11)
Opacu = 7(1 - P)3 V 2/)2 —2p+ 1/|P|, (12)



0ce =11 = p)(2 = p)(3—2p)\/4p> — 4p +7/(V120]p]), (13)
(2 - 1)(1 - p)?

" (1 2p)(1 - 3P -
. PB=p)B = 2p)(1 —2p)* — 6p*(4p° — 16p° +20p — 7)
ren 129(1 = p)*(1 — 2p)?
2p€(1 — p)°
(1 —2p)3’ (15)

_(m=Dp  p2—p)(3—2p)
o = T P 2040 1o

Consequently, for levels k such that vk A% (n/k) — X s finite, there exist real con-

stants by, buaans Voo, defined in (14), (15) and (16), respectively, and generally

denoted b,, and positive real constants 0., Opans Oca defined in (11), (12), (13),

FH’

respectively, generally denoted o,, such that

VEk A(n/k)(pa(k) — p) 4, Normal(), b, 07). (17)

n—oo

Remark 3. The asymptotic variance o, in (11), was computed in Caeiro and
Gomes (2011). The asymptotic variance o,y , n (12), was explicitly computed in
Fraga Alves et al. (2003) and the asymptotic variance o, in (13), was explicitly
computed in Caeiro and Gomes (2012a). For models such that the third-order condi-
tion in (3) holds, with A and B given in (5), the asymptotic bias by, in (14), was
also derived in Caeiro and Gomes (2011). The asymptotic bias b

eacns i (15), was

given in Fraga Alves et al. (2003), and ezplicitly computed in Caeiro et al. (2009),
in (16),

was explicitly computed in Caeiro and Gomes(2012a), also for models with p possibly

for models with p possibly different from p'. Finally, the asymptotic bias b

CG’

different from p', with (p, p') the second-order parameters in (3).

4 Asymptotic comparison of the p-estimators

We shall now proceed to an asymptotic comparison of the estimators under study,
generally denoted p¢(k), not only for any general k, but also at optimal levels, i.e.,

at levels k = k} where the asymptotic mean square error of p? (k) is minimum.
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4.1 Asymptotic comparison at a level k

FAGH? in (1]-> and (12), re-
vV p <0, with

Regarding the asymptotic standard deviations o, and o

spectively, note that since p < 0, we have 0., < 0 cu>

Opn _ (1_2p)\/1_2p
g

FAGH (1—=p)/2p*>—2p+1

approaching zero, as |p| — oo, and equal to 1 for p = 0. Regarding the asymptotic

standard deviations o, and o, in (11) and (13), respectively, we have

cG)

Opn (1 — 2/0) 120(1 — 2p)

Tea  (2=p)B=2p)\/Ap? —dp+T

smaller than one for all p < 0, approaching zero, as |p| — oo, with a maximum close

to one at p = —0.725 and approaching the value v/210/21 as p approaches zero. In

Figure 1 we illustrate such a behaviour.

1.2 1.2
1.0 4 1.0
O'F[% O-FIV
0-8 1 OFAGH 0.8 | ocG
0.6 7 0.6 B
0.4 1 0.4
0.2 A 0.2
0.0 : ‘ Jp| 0.0 : : ol
0 5 10 1 0 5 10 15

Figure 1: Values of o, /0 (left) and oy, /oo (Tight) , as a function of |p|

FAGH

The other way round, if we think on the bias b,,, and b,,,,, given in (14) an (15),

respectively, we get the quotient

beacu (1 —2p)(1 —3p)? (TP(3 —p)(3—2p) 3p*(4p* —16p* +20p — 7)

by 3(26 1) 2(1 —p)* (1 —p)H(1 —2p)?
12p€(1 — p)
" (1—2p)? ) ’

and due to the fat that p < 0, if £ # 1/2, there is always a value of 7 that leads us to

b = 0. Such a value, given by

FAGH/bFH
~FAGH _ TFAGH(g p) = 6p(4p° — 16p° +20p — T)(1 — 2p) — 24¢(1 — p)°
¢ ’ (1-2p)*(3—p)(3—2p) ’

7

(18)



approaches 3(2 — £)/2, as p — —oo, and —8£/3, as p — 0. If we think on the bias

b, and b, given in (14) an (16), respectively, we get the quotient

FH

bee _ <(T—1)p p£(2—p)(3—2p)) 2(1—2p)(1 — 3p)?
b 2 (1-2p)(3—4p) ) (26 -1)(1-p)*
and due to the fat that p < 0, if £ # 1/2, there is also always a value of 7 that leads

FH

us to b, /by, =0, given by

2£(2 —p)(3 —2p)
CG _— _CG
T =T 57 p) = I- ) 19
a value that approaches —£/2; as p — —oo, and 1 — 4&, as p approaches zero. These
facts were already noticed in Caeiro and Gomes (2012b), where bias reduction is

considered.

One of the most typical values of £ is £ = 1, associated to models like the gener-
alised Pareto (GP) model, with d.f. F(z) =1 — (14 ~vz)~'7, 2 > 0, v > 0, and the
Burr model, with d.f. F(z) = 1 — (1 4+ 27 ?/)Y? 2 >0, v > 0. For a Fréchet par-
ent, another typical heavy-tailed model, we get ¢ = 10/6. Finally, for the Student’s

t,-model with v degrees of freedom, with a probability density function

fo ) = T((w+1)/2) (1 +2/v)" 2 )7 Tw/2), teR (v >0),

we get v = 1/v and p = p = —2/v. For an explicit expression of 3 and ' as a

function of v, see Caeiro and Gomes (2008). We have
E=0/8= 0 +4w+2)/(v+1)(v+4) e (05,1)

(see Caeiro and Gomes, 2011). In Figure 2 we represent graphically 7EACH (¢ p), in
(18), for a few values of £&. Similarly, in Figure 3 we represent graphically 75%(€, p),

in (19), for a few values of &.

The same values 78 49H (€, p) and 779 (€, p) are next presented at Figures 4 and

5, respectively, in the (&, p)-plane.
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Figure 5: Values 19 = 759(€, p) such that b, =0
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4.2 Asymptotic comparison at optimal levels

We shall next proceed to the comparison of the estimators under study at their
optimal levels. This is done in a way similar to the one used in de Haan and Peng
(1998), Gomes and Martins (2001), Gomes et al. (2005, 2007b), Gomes and Neves
(2008) and Gomes and Henriques-Rodrigues (2010) for the classical EVI-estimators,
in Gomes et al. (2007a) for MVRB maximum likelihood EVI-estimators, and in Caeiro
and Gomes (2011) for a larger set of MVRB EVI-estimators.

On the basis of the asymptotic distribution of p?(k), in (10), its asymptotic MSE
(AMSE) is given by
o, 2 42
AMSE, (k) = KA TE) + b5 A (n/k).
With the parameterisation in (5), we can write

2

AMSEL() = s tumy

+ b2 2% (n/k)*
1
,}/QﬁQ

The value k} := arg mingy AMSE, (k) is solution in k of the equation,

(Ufn_2pk2p_1 + b274ﬁ4n2pk‘_2p) )

_(1 _ 2[))0371_2[)/{:2’]_2 + (_2p)b27464n2pk_2p_1 —0.

We thus get
(1—2p)a]

(—=2p)b3y* 5
i.e. AMSE,(k) is minised at a level

n = (k)

0,2(1 o 2p) )1/(14P)
k? = arginf AMSE, (k) = | =—>~—+—"" n =4/ (1=4p) 20
o= arg ) = (Faren 2
Let us use the notation g3, := p5(k}), with &} given in (20).

On the basis of (20), we can write

—2p/(1-4
n 2p _ 02(1 —2p) p/(1—4p) o
K ooy 64(—2p) '

Let us use the notation

1 2/)) —(1=2p)/(1=4p) . (1 _ 2,0) —2p/(1=4p)

—2p —2p

e(p) = (
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We are now interested in the computation of

0.2

k1262 (n/ky)?

_ ( 252)1/ (1-4p) (Uf)—2p/(1—4p) (bf)(1_2p)/(1_4p)g0(,0)n

AMSE, (k?) = +02 V2B (n/ k)

2p/(1=4p)

Consequently, and with the notation AMSE(p?,) := AMSE, (k}), we can guaran-
tee that whenever b, # 0, there exists a function ¥(n) = ¥ (n,~, 5, p), such that

lim o(n) AMSE(33,) = (03) =% (82) % =: LMSE (5,)

n—oo

It is then sensible to consider the following definition of asymptotic root efficiency

(AREFF).

Definition 1. Given two biased estimators ,57(11)(/{2) and A(Z)( k), for which a distribu-
tional representation of the type of the one in (10) holds, with constants (o1, b1) and
(02,b2), by, be # 0, respectively, both computed at their optimal levels, the AREFF of

,57(110) relatively to /3220) is

by 12020\ =15
AREFF), = AREFF 1 o = 2 )

LMSE(p) _ <<@>_4p
LMSE(24) o1

b
Let us think on AREFF_ . ... Using the value FAGH in (18), we have
AREFF_, . en > 1 in a region 7 € TEAGH 4 oFAGH (¢ ) with
- - 1/(2(1-2p))
agAGH(§7 - 6]2¢ — 1| ((1 _ p)4(2 3p)(1 — 2p) 2(1+p)> 2 |
p[(1=3p)*(3 = p)(3 — 2p) (20 —2p+ 1)~

(21)

The values afACH (¢, p) are next presented at Figure 6, in the (£, p)-plane. See also

Figure 7, where we present the regions of the (£, p)-plane where 7FAGH — FAGH and

TEAGH 4 gFAGH are both non-negative, non-positive or with different signs. Note that

for values of p close to zero and £ # 1/2, the interval (7FAGH — oFAGH FAGH | (FAGIHT)

covers the value 7 = 0, a value commonly used in practice for the region |p < 1.

SImilarly, let us now think on AREFF_, .. Using the value 06 in (19), we
have AREFF > 1 in a region 7 € 5% £ af° (&, p), with

CG(7)|FH

1/(2(1-2
CLCG<§ ) — ‘25 - 1’(1 — p)2 ( (1 _ 2p)—2(1+p)120_2p ) /( ( p))
P =50 N2 ) B 20) (A g )

(22)
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0.4 0.5 0.6

O [ o] O

Figure 6: Values ag such that AREFF > 1 for 7 € (7FACH — g, 7FACH 4 qy)

FAGH(7)|FH

pg -1.0 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 04 05 0.6 0.7 08 09 1.0 1.1 1.2 13 14 15 16 1.7 1.8 19 2.0

| To—ap <0 ATy +ay >0 D To—ayp 20 ATy +ay 20 . To—ay <0ATy+ay <0

Figure 7: Signs of 774G — qq and 7fAGH 4 g
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The values a§“(€, p) are next presented at Figure 8, in the (&, p)-plane. See also

Figure 9, where we present the signs of 786 — a€C and 7€ + 4§C.
) p 0 0 0 0

-1.0 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 03 04 05 06 07 08 09 10 1.1 12 13 14 15 16 1.7 1.8 1.9 2.0

W = [ r=e=ed] 0 E==

B a7

Figure 8: Values ag such that AREFF > 1 for 7 € (78% — ap, 8¢ + ag)

CG(7)|FH

For models with £ = 1/2, pEl beats p,

parameter 75" (78¢) in (18) ((19)), i ﬁSSGH(TO) (hro (TO)). For the asymptotic

~FAGH(7FAGH) ~CG(T8)
comparison between pEfl, p, o and P,

HPAGH(7) ( ﬁCG(T)) unless we consider the tuning

in the region £ = 1/2 we should
consider a fourth-order framework, a topic out of the scope of this article. The same
comment applies to the asymptotic comparison at optimal levels, in the whole (&, p)-

FAGH cG
plane of the estimators ﬁigGH( and p ACG(TO )

> O
FAGH

for all p < 0. For any fixed 7 ¢ (7FAGH —
FAGH

As mentined before, o

FAGH FH’

abAGH 7FAGH 4 oFAGH) " with 7/ and a given in (18) and (21), respectively,
~FAGH(T)

pEEt beats p,, in a wide region of the (&, p)-plane, only with the exclusion of

values of p close to zero and a region around the line b = 0. See the region in

FAGH
Figure 10 associated with 7 = 0, a value commonly used in practice for models with

|p] < 1. A similar comment applies to the comparative behaviour of pEil and f)%} )

for any fixed 7 &€ (709 — afACH 786 + 459, with 789 and a§© given in (19) and (22),
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Figure 9: Values the signs of 7€ — ag and 78¢ + ag

respectively
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Figure 10: Values of AREFF for =0

FAGH(7)|FH
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'AGH CcG
For models with & # 1/2, ﬁ:ﬁGH(T‘)F ) as well as pos ), beat pFY for all
(&, p). Indeed, the same happens with ﬁngH(T) , T € (rFAGH — oFAGH FAGH 4 o FAGH)

with 7FAGH and ofACH given in (18) and (21), respectively, and with pog ',

7 € (159 — af9, 789 + afC), with 7§ and a§© given in (19) and (22), respectively.

Regarding the asymptotic comparison at optimal levels of ﬁiﬁGH(T) and oy ()

for a fixed 7, we next present in Figures 11, 12, 13, 14 and 15, the values of

AREFF for 7 = —1,—-0.5,0,0.5 and 1, respectively. Due to the fact that for

the most common models in practice £ > 0.5, we can say that for a fixed 7, ﬁ%GH(T)

(7)

FAGH(7)|G(7)

beats pog"), at optimal levels, in a wide region of the (£, p)-planc.
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. |AREFFFAGH(—I)ICG(—1) > 1| I:l |0»5 < AREFFpAGH (-1)CG(-1) € 1| I:l |AREFFFAGH(—])ICG(—]) <05

Figure 11: Values of AREFF for = —1

FAGH(7)|CG

In practice, it is however sensible the adequate choice of a value of 7 close to either
TEAGH or 7§89, To make such a choice we can use any heuristic algorithm based on
sample stability, like the one used in Caeiro and Gomes (2012b), similar in spirit to
the ones in Figueiredo et al. (2012) for value-at-risk-estimation and in Gomes et al.

(2011a,b) for estimation of the extreme value index.
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Figure 12: Values of AREFF
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