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Abstract The use of generalised and of random p-values is mandatory when dealing with meta analysis of
p-values to reach an overall conclusion on the result of independent tests on some issue. We explain the
concepts, we indicate how to construct generalised test variables, nuisance parameters being or not being a
concern, and present some examples. The Behrens-Fisher problem is revisited, providing an exact solution
that avoids the fiducial confusion and that is less complex than the Welch-Satterthwaitte solution.
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1 Introduction

Quite often decisions about a null hypotheses H0 are made on the basis of p-values. The ordinary p-value is
seen as a measure of evidence in favor of, or against, H0, in the sense that small values give evidence that H0
is false (or HA is true), while big values give evidence of the opposite. However, when nuisance parameters
are involved in testing problems, the p-value associated with a test statistic will usually depend on the
nuisance parameters, which obviously is an undesirable feature. In order to overcome such difficulty, Tsui
and Weerahandi [14] introduced the concept of generalized p-value, and by this eliminated the dependence
of p-values on nuisance parameters when these are present.
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Let X be a random variable whose distribution depends on the parameter of interest θ and the nuisance
parameter η (real or vector), and let X = (X1, . . . ,Xn) be a random sample from the population X , where
x = (x1, . . . ,xn) is the observed value of X . In order to compute a generalized p-value for the testing problem
H0 : θ ≤ θ0 vs. HA : θ > θ0, for example, we first need the concept of a generalized test variable.

A random variable of the form T = T (X ;x,θ ,η) is a generalized test variable for the parameter θ if it
satisfies the following properties: (i) the observed value of T (X ;x,θ ,η), i.e. t = T (x;x,θ ,η), is free of θ and
η ; (ii) when θ is specified, the distribution of T (X ;x,θ ,η) is free of η ; (iii) for fixed x and η , P(T ≤ u;θ)
is a monotonic function of θ for any given u. Therefore, the generalized p-value is computed on the basis
of a generalized test variable T as pG = P(T ≥ t|θ = θ0), if Pr(T ≤ u;θ) is stochastically increasing with
θ , with the assurance that pG does not depend on η .

On the other hand, an important aspect of p-values, which is often forgotten, is its stochastic behavior. In
practice, what is reported in scientific studies are the observed p-values. In fact, if F0 denotes the distribution
function of a test statistic T for θ under H0, and if large values of T give evidence in favor of HA being true,
then the observed p value is p ≡ p(x) = 1−F0(t). Thus, the random p-value associated with T is simply
defined by P≡ P(X) = 1−F0(T ), with P being a standard uniform random variable under H0.

Now many meta-analytical syntheses involve the combination of reported p-values (e.g. in Pestana [8]
various methods for combining p-values are indicated). The common thread amongst these methods is the
fact that the considered p-values are, under the overall null hypothesis, a observed sample from a standard
uniform distribution. Therefore, combining p-values methods and uniformity tests are closely related sub-
jects. But as emphasized by some authors (e.g. Kulinskaya et al. [7]), when faced with a significant number
of results that cast some doubt on the overall hypothesis, the correct approach to the problem should be to
combine statistical evidence under the alternative hypothesis. We shall see how the concepts of generalized
and random p-values can be used to deal with meta-analytical syntheses of evidence, specially in cases
showing grounds to reject the overall hypothesis.

2 p-Values and their Role in Meta Analysis

The concept of p-value was introduced by Sir Ronald Fisher. The p-value is the probability, under the
validity of H0, of observing a value as extreme as or more extreme than the one observed for the test
statistic, and therefore uses the data to assess the plausibility of a null hypothesis H0.

In some statistics text books the p-value is defined as

• the lowest significance level α that forces rejection of H0,
• and also the highest significance level α that allows for maintenance of H0.

The p-value is a measure of evidence in favor of, or against, H0, in the sense that:

• small values give evidence that H0 is false, while
• big values give evidence of the opposite.

More formally, let X = (X1, . . . ,Xn) be a random sample from a population whose distribution depends on
the parameter of interest θ .

A p-value p(X) is a test statistic satisfying 0≤ p(x)≤ 1 for every sample point x.

A p-value is valid if, for every θ ∈Θ0 and every 0≤ α ≤ 1,

Pθ

(
p(X)≤ α

)
≤ α .

For the testing problem
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H0 : θ ∈Θ0 vs. HA : θ ∈Θ −Θ0

if T = T (X) is a test statistic for θ , such that big values of T give evidence that HA is true, then for each
sample point x

p(x) = sup
θ∈Θ0

P
(
T (X)≥ T (x)

)
.

In Meta-Analysis the p-values play an important role in combining independent tests.
Suppose that k independent tests where performed for the same testing problem, i.e. suppose we have

H0i vs. HAi , i = 1, . . . ,k .

for which the p-value pi, i = 1, . . . ,n, is known.
A combined test considers the global null hypothesis

H∗0 : All H0i are true vs. H∗A : Some HAi are true.

Many methods for combining tests are based on p-values. All those methods are based on the fact that, under
the validity of H0, the observed p-values, (p1, . . . , pk), are a sample from a standard uniform population.

Therefore, the combination methods for p-values are based

• either on the properties of the uniform distribution,
• or on probability transformation methods.

2.1 Some methods for combining tests

• Tippett’s method [13], or minimum P method — rejects H0 at level α if

P1:k < 1− (1−α)1/k

• Fisher’s method [3] — rejects H0 at level α if

−2
k

∑
i=1

lnPi > χ
2
2k;1−α

• Stouffer’s method [12] — rejects H0 at level α if

1√
k

k

∑
i=1

Φ
−1(Pi)<−z1−α

• Geometric mean method [9], — rejects H0 at level α if

k
√

P1 · · ·Pk < Gk;α

where Gk;α is the solution of the equation xk
k−1
∑
j=0

(−k lnx) j

j! = α .

As an alternative to combining p-values, the combination of effect sizes from different studies is in most
circumstances advisable.

Suppose that
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• θ̂i is an estimate of the population effect size θi (e.g. θi = µi), obtained from population/study i= 1, . . . ,k,
and

• we are interested in combining the effect sizes θ̂i.

The combined estimate θ is given by the weighted combination of the θ̂i’s, i.e.

θ̃ =
∑

k
i=1 ωiθ̂i

∑
k
i=1 ωi

where the weights are reciprocal of variances ωi =
1

V̂ar(θ̂i)
, i = 1, . . . ,k, as in most uses of weighted statis-

tics.
Observe, however, that the pooling of statistical evidence from different studies makes sense only if the

homogeneity hypothesis
H0 : θ1 = . . .= θk = θ (1)

is not rejected.
There are many ways of verifying assumption (1), e.g. we can use Cochran’s asymptotic chi-square test

X2 =
k

∑
i=1

(θ̂i− θ̃)2

Var(θ̂i)
.

The hypothesis (1) is rejected at level α if X2
obs > χ2

k−1;1−α
.

2.2 Homogeneity of means (homocedasticity) tests

Let Xi j be the j-th observation of the i-th population/study, such that

E(Xi j) = µi and Var(Xi j) = σ
2
i

i = 1, . . . ,k and j = 1, . . . ,ni.

Some (approximate) tests for H0 : µ1 = . . .= µk are:

• Cochrans’s test (standard test for testing homogeneity in Meta-Analysis)
• Welch-Satterthwaite test
• Brown-Forsythe test
• Mehrotra (Modified Brown-Forsythe) test
• Approximate ANOVA F test
• Ajusted Welch-Satterthwaite test

This multiplicity of solutions stems out from the fact that in this celebrated Behrens-Fisher problem it
was observed, for the first time, that the frequentist and the bayesian methodologies could produce different
results. Public criticism of Fishers’ solution, made by Bartlett, that commented that the confidence coef-
ficient announced didn’t match the coverage probability of the regional estimator, irritated Fisher to the
extent of leading him to create the rather mysterious concept of fiducial inference, to completely disregard
Welch’s approximate solution, and to accept Jeffrey’s bayesian solution (coincidental with the one he had
derived) in the Annals of Eugenics
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For details, and comments on the revolutionary Scheffé’s [10, 11] randomised paired test, cf. [2]. In
Section 3 we present an example with an exact solution, easily extended to k comparisons, using generalised
statistics, cf. also [14].

3 Generalized p-Values

Simulation studies have shown that the Modified Brown-Forsythe and the Approximate F tests are more
robust for departures from normality with homogeneous variances.

When nuisance parameters are present, testing homogeneity can be somewhat challenging — the asso-
ciated p-value will depend on the nuisance parameters.

However, exact solutions can be found by simply using the concept of generalized p-value introduced
by Tsui and Weerahandi [14] in order to eliminate their dependence on nuisance parameters.

3.1 Generalized test variable and generalized p-value

A r.v. of the form T = T (X ;x,θ ,η) is a generalized test variable (g.t.v.) for the parameter θ if it satisfies
the following properties:

1. The observed value of T (X ;x,θ ,η), i.e. T (x;x,θ ,η), is free of θ and η ;
2. When θ is specified, the distribution of T (X ;x,θ ,η) is free of η ;
3. For fixed x and η , P(T ≤ t;θ) is a monotonic function of θ for any given t.

Let X be a r.v. whose distribution depends on the parameter of interest θ and the nuisance parameter η ,
and that we are interested in testing

H0 : θ ≤ θ0 vs. HA : θ > θ0 . (2)

If T (X ;x,θ ,η) is a g.t.v. stochastically increasing with θ , than the generalized p-value for problem (2)
is computed as

pG = P(T (X ;x,θ ,η)≥ T (x;x,θ ,η)|θ = θ0).

3.2 The Behrens-Fisher problem — an exact solution

Let X1 = (X11, . . . ,X1n1) and X2 = (X21, . . . ,X2n2) be independent random samples from the populations
X1 _ N(µ1,σ1) and X2 _ N(µ2,σ2), respectively.

We want to test H0 : µ1 = µ2 vs. HA : µ1 6= µ2.

Let

• X = (X1−X2,S2
1,S

2
2)

• x = (x1− x2,s2
1,s

2
2)

• θ = µ1−µ2 −→ parameter of interest
• η = (σ2

1 ,σ
2
2 ) −→ nuisance parameter

A generalised test variable for this problem is
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T = T (X ;x,θ ,η) =
X1−X2√

σ2
1

n1
+

σ2
2

n2

√
s2

1σ2
1

S2
1 n1

+
s2

2σ2
2

S2
2 n2

(3)

where Tobs = T (x;x,θ ,η) = x1− x2. and E(T ) increases with θ = µ1−µ2.

The variable (3) can be rewritten as

T = Z

√
(n1−1)s2

1
n1 Y1

+
(n2−1)s2

2
n2 Y2

where Z _ N(0,1), Y1 _ χ2
n1−1 and Y2 _ χ2

n2−1 are independent r.v.’s.
Therefore,

pG = P

∣∣∣∣∣∣Z
√

(n1−1)s2
1

n1Y1
+

(n2−1)s2
2

n2Y2

∣∣∣∣∣∣≥ |x1− x2|

∣∣∣∣∣θ = 0


= P

(
Z2
(
(n1−1)s2

1
n1Y1

+
(n2−1)s2

2
n2Y2

)
≥ (x1− x2)

2
)

that can be obtained by simulation.

Example 1: (Yield of corn from two hybrids)

Hybrid ni xi si
A 6 6.75 0.435
B 5 7.02 0.172

(Hartung et al., [5], p. 69)

• Generalized p-value
pG = P

(
Z2( 0.158

Y1
+ 0.024

Y2

)
≥ 0.0729

)
= 0.238

(based on 5 000 runs)

• Cochran’s test
µ̃ = 6.977 −→X2

obs = 1.946 −→ p = 0.163

3.3 A useful recipe for obtaining generalized test variables

Suppose that the parameter of interest is θ = f (θ1, . . . ,θk), where the θi’s are unknown parameters. Fol-
lowing [6], a general methodology for constructing a generalised test statistic is as follows:

1. Find a set of (sufficient) statistics (U1, . . . ,Uk) and a set of invertible pivots (V1, . . . ,Vk) relating
(U1, . . . ,Uk) to (θ1, . . . ,θk);

2. Express θ = g(U1, . . . ,Uk,V1, . . . ,Vk);
3. T = θ −g(u1, . . . ,uk,V1, . . . ,Vk) is a generalized test variable, stochastically increasing with θ .
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Example 2:
Let X1 and X2 be two independent random samples, respectively from the populations X1 _ Exp(λ1,δ1)
and X2 _ Exp(λ2,δ2).

We are interested in testing

H0 : λ1−λ2 ≤ θ0 vs. HA : λ1−λ2 > θ0 . (4)

As

• θ = λ1−λ2 −→ parameter of interest
• η = (δ1,δ2) −→ nuisance parameter

(X1,X2,X1;1:n1 ,X2;1:n2) is a vector of sufficient statistics for (λ1,λ2,δ1,δ2).

• V1 =
X1;1:n1−λ1

δ1
_ Gamma(1,n−1

1 )

• V2 =
X1−X1;1:n1

δ1
_ Gamma(n1−1,n−1

1 )

• V3 =
X2;1:n2−λ2

δ2
_ Gamma(1,n−1

2 )

• V4 =
X2−X2;1:n2

δ2
_ Gamma(n2−1,n−1

2 ),

solving with respect to the unknown parameters:

• λ1 = X1;1:n1 − (X1−X1;1:n1)
V1
V2

• δ1 =
X1−X1;1:n1

V2

• λ2 = X2;1:n2 − (X2−X2;1:n2)
V3
V4

• δ2 =
X2−X2;1:n2

V4
.

Applying Hanning et al. [6] methodology to problem (4), we get

T = θ − (x1;1:n1 − x2;1:n2)+(x1− x1;1:n1)
V1
V2
− (x2− x2;1:n2)

V3
V4

= θ − (x1;1:n1 − x2;1:n2)+
(x1−x1;1:n1 )

n1−1 Y1−
(x2−x2;1:n2 )

n2−1 Y2

with Y1 _ F2,2(n1−1) and Y2 _ F2,2(n2−1) independent r.v.’s.
As Tobs = 0,

pG = P
(
(x1−x1;1:n1 )

n1−1 Y1−
(x2−x2;1:n2 )

n2−1 Y2 ≥ x1;1:n1 − x2;1:n2 −θ0

)
.

4 Random p-Values

We often forget that p-values have a stochastic behavior.

Let

• T be a continuous test statistic for testing hypotheses about θ ;
• F0 be the df of T under H0;
• Fθ be the df of T under some alternative HA.
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If large values of T give evidence in favor of HA, then the observed p-value is given by

p = P(T ≥ t|H0) = 1−F0(t) .

Therefore, the random p-value associated with the test is the r.v.

P = 1−F0(T )

where P _U(0,1) under H0.
On the other hand, the df of P under HA is given by

P
θ
(P≤ p) = Pθ (1−F0(T )≤ p)

= 1−Fθ (F−1
0 (1− p)), 0 < p < 1.

(5)

4.1 Why should we bother with random p-values?

When faced with a significant number of results that cast some doubt on the global hypothesis, the correct
approach should be to combine evidence under the alternative hypothesis.

Some authors recommend the use of the expected p-value, EPV, under HA, as a measure of performance
of a test — the smaller the value, the better the test.

Advantages:

• it depends on the alternative, not on the significance level;
• it allows to determine the sample size;
• it allows to determine which alternative the observed p-value represents.

Disadvantages:

• the distribution of P under HA is usually highly skewed, and therefore the EPV is not a good measure to
represent its distribution.

Example 3
Let us consider the family of pdf’s

fm(x) =
(
mx− m−2

2

)
I(0,1)(x) , m ∈ [−2,0]

(Gomes et al., [4]), and the testing problem

H0 : m = 0 (uniformity) vs. HA : m ∈ [−2,0) .

Let us also consider Fisher’s test statistic for combining p-values, i.e.

Tn =−2
n

∑
i=1

lnPi .

Under HA, the random p-value P associated with Fisher’s test has pdf
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fP(p) =
fm(χ

2
2n;1−p)

f0(χ2
2n;1−p)

, 0 < p < 1.

Fig. 1 Probability density function of P associated with T3 under some alternatives
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5 Conclusions

Generalised test statistics and the ensuing generalised p-values are a sharp instrument in inference when
nuisance parameters preclude the use of traditional methods. In more general settings, those tools can im-
prove accuracy or power.

Random p-values bring in a deeper understanding of inferential procedures, since statistical analysis
must be followed by a critical appraisal of conclusions drawn from the statistical evidence. Moreover, testing
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Fig. 2 EPV under the alternative hypothesis using Fisher’s test statistic
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overall composite hypothesis must always have in focus the consequences of a true alternative hypothesis
in some of the experiments.
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