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consider the use of two heuristic algorithms, both based on bias stability. Trivial adapta-
tions of these algorithms make them work for a similar estimation of other parameters of
extreme events, like the Value-at-Risk at the level p, the size of the loss occurred with a
small probability p, and the probability of exceedance of a high level x, among others. Ap-

plications to simulated data sets and to real data sets in the field of finance are provided.
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1 Introduction and scope of the article

For heavy right tails, i.e., for models F' in the domain of attraction for maxima of

an eztreme value (EV) distribution function (d.f.),
EV,(z) =exp (- (1—1—737)’1/7), x> =1/, (1.1)

with (> 0) the so-called extreme value index (EVI), we first refer the classical EVI-
estimators, the Hill estimators, derived and studied in Hill (1975). Given a random
sample X, = (X1,...,X,,) and the associated sample of ascending order statistics
(0.8.8), (X1 < -+ < Xn), Hill estimators are defined for £ =1,2,...,n — 1, and

are given by

k
1
H(k) = H(k:X,) = ¢ > X i — In X g}, (1.2)
=1

being consistent for the estimation of v provided that k is intermediate, i.e., provided
that

k=k,— oo and k/n— 0, asn — oc. (1.3)

Due to the high bias of the Hill estimators, in (1.2), for moderate up to large k,
several authors have been dealing with bias reduction in the field of extremes. We
refer the pioneering articles by Beirlant et al. (1999), Feuerveger and Hall (1999)
and Gomes et al. (2000), as well as the most recent second-order minimum-variance
reduced-bias (MVRB) EVI-estimators in Caeiro et al. (2005) and Gomes et al. (2007,
2008b). The simplest class of second-order MVRB EVI-estimators is the one in
Caeiro et al. (2005). This class, denoted H = H (k), depends upon the estimation of
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the second-order parameters (3, p), 8 # 0, p < 0, in the function A(t) = vyft”, which
measures, in an adequate sense, the rate of convergence of the sequence of maximum
values, X,,.,, linearly normalized, towards a non-degenerate random variable (r.v),
with a d.f. necessarily of the type of the EV d.f. in (1.1). With the notation F*~(x) :=
inf{y : F(y) > x} for the generalized inverse function of F', the function A(-) appears
then in the reciprocal quantile function U(t) := F*~(1 — 1/t), which can be written

as

U(t)=Ct" (1+ A(t)/p+o(t’)), A(t) =B’ (1.4)
The functional form of those EVI-estimators is

H(k)=H(k:X,) = Hy (k) = HB)(1 - Bn/kV/(1— 7)), (L5)

with H (k) the Hill estimator in (1.2), and where (£, 5) needs to be any adequate

consistent estimator of (3, p).

The estimators in (1.2) and (1.5) are scale-invariant, but not location-invariant,
as often desired, and this contrarily to the PORT-Hill estimators, introduced in
Aratjo Santos et al. (2006) and further studied in Gomes et al. (2008a), with PORT
standing for peaks over random thresholds. The class of PORT-Hill estimators is
based on a sample of excesses over a random threshold X, .., nq := [ng] + 1, where

[z] denotes, as usual, the integer part of z, i.e., it is based on
X(q) = (Xnn - an:na s 7an+1:n - an:n)~ (16)

We can generally have 0 < ¢ < 1, for d.f.’s with finite or infinite left endpoint
x, = inf{x : F(x) > 0} (the random threshold is an empirical quantile), and g = 0,
for d.f.’s with finite left endpoint z,. (the random threshold is the minimum). In
this article, we shall work with the EVI-estimators, already considered in Gomes et
al. (2010a), the so-called PORT-MVRB estimators. They have the same functional
form of the MVRB estimators in (1.5), but with the original sample X, replaced



everywhere by the sample of excesses X;q), in (1.6). Consequently, with (Bq, pq) any
adequate estimator of (3, p), based on the sample X&q), such estimators are given

by the functional equation,

A (k) i= H (ks X (1= By (n/R)" /(1= ). (17)

with H(k;X,) and X9 given in (1.2) and (1.6), respectively. These estimators are
now invariant for both changes of location and scale, and depend on the tuning pa-
rameter ¢, which only influences their asymptotic bias, making them highly flexible,
and able to compare favourably with the MVRB estimators in (1.5), for a large
variety of underlying models in the domain of attraction for maxima of the EV d.f.,

n (1.1). See Gomes et al. (2010a).

Section 2 of this article is dedicated to data-driven choices of the tuning pa-
rameters under play, after a brief review, in Section 2.1, of the estimation of the
second-order parameters (3, p), in (1.4). In Section 2.2, due to the reasonably high
stability on k of the MVRB estimates H, in (1.5), and ﬁ(q), in (1.7), for adequate
values of ¢, we propose a first algorithm for the choice of k, whenever we use H,
in (1.5), as well as for the choice of k& and ¢, whenever we use ﬁ(q), in (1.7), as
estimators of the EVI. Such algorithm is based on the bias pattern of the estimators
themselves as a function of k, and it is similar to the ones used in Figueiredo et
al. (2010) for a data-driven estimation of the Value-at-Risk, and in Gomes et al.
(2010a), for a data-driven choice of the EVI. We have also decided for a second
algorithm, described in Section 2.3, easier to implement computationally than the
one in Section 2.2. Such an algorithm is also based on bias patterns of the estimates,
but after a simple smoothing operation, which cuts the small “ups” and “downs” in
the stability region of the estimates, as function of k, simplifying the identification
of “runs”. In Section 2.3.1, we illustrate the behaviour of these modified estima-
tors through a Monte-Carlo simulation related with a Student underlying parent.

Finally, in Section 3, and prior to some final comments, in Section 3.6, we provide
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applications of the adaptive methodologies to data in the fields of finance, as well
as to simulated samples from a Student underlying parent. The illustration of the
performance of the algorithms is done here through the EVI-estimation, but trivial
adaptations make them work for the associated estimation of other parameters of
extreme events, like the Value-at-Risk at the level p, the size of the loss occurred
with a small probability p, and the probability of exceedance of a high level z, among

others.

2 Second-order parameters estimation and data-
driven choices of tuning parameters

Similarly to Figueiredo et al. (2010) and Gomes et al. (2010a), we shall use the
notation Xo., = 0, so that with H and ﬁ(q), given in (1.5) and (1.7), respectively,
we can consider that H = H " for g = —1/n (ny, = 0). Our interest lies then
on the estimation of v through ﬁ(q), in (1.7), also including H, in (1.5). We first
review, in Section 2.1, the kind of estimation of second-order parameters used in this
article. Next, in Section 2.2, a heuristic method of the type of the ones proposed
in Figueiredo et al. (2010) and Gomes et al. (2010a), is written algorithmically. In
order to simplify the computational counting of “largest runs’, we next propose, in
Section 2.3, a second adaptive heuristic estimation of ~, where we slightly modify
the pattern of the PORT-MVRB EVI-estimates, as function of k. On the basis
of a small-scale Monte-Carlo simulation, the main properties of such a modified

EVlI-estimator are provided in Section 2.3.1.

2.1 Estimation of second-order parameters

Up to now, the most commonly used estimators of § and p, also considered in this
article, are the ones introduced in Gomes and Martins (2002) and Fraga Alves et

al. (2003), respectively, briefly introduced in the sequel. Given the sample X, , the



p-estimators in Fraga Alves et al. (2003) are dependent on the statistics
(M 0sx,)) = (P (k:x,)/2) "

(ki X,) := (P wix,)/2) " = (P ix, ) 6) (2.)

defined for any tuning parameter T € R, provided that we consider the usual notation
a’ = blna if 7 =0, and where
A 1< .
MY (k) = - > X — X}, =123

i=1
Under mild restrictions on k, the statistics in (2.1) converge towards 3(1—p)/(3—p),

independently of the tuning parameter 7, and we consequently have the p-estimators,

T.(hX,) -3 ) | 22)

pr(8) = (85X, o= i (0.

Under adequate general conditions, and for an appropriate tuning parameter 7, the
p-estimators in (2.2) show highly stable sample paths as functions of k, the number
of top o0.s.’s used, for a range of large k-values (see, for instance, the pattern of
po(k) in Figure 4). It is sensible to advise practitioners not to choose blindly the
value of 7 in (2.2): sample paths of p.(k), as functions of k, for a few values of 7,
should be drawn, in order to elect the value of 7 which provides higher stability
for large k, by means of any stability criterion. The value 7 = 0, considered in the
description of the algorithms, is however the most adequate whenever we are in the
region |p| < 1, a quite common region in applications and the region where bias
reduction is indeed needed. Distributional properties of the estimators in (2.2) can
be found in Fraga Alves et al. (2003). Consistency is achieved for the class of models
in (1.4), for intermediate k-values, i.e., k-values such that (1.3) holds, and also such
that vk A(n/k) — oo, as n — oo. Interesting alternative classes of p-estimators
have recently been introduced in Goegebeur et al. (2008, 2010) and in Ciuperca and
Mercadier (2010).

For the estimation of the scale second-order parameter (3, and given the sample



X,,, we shall here consider again the estimator in Gomes and Martins (2002),

k)P dy(k) Do(k) — Dy(k) (2.3)

ﬁﬁ(k‘) = Bﬁ(k‘SXn) = (_ ds(k) Ds(k) — Dap(k)’

n

dependent on an adequate p-estimator, p, and where, for any a < 0,

da(k) = %zﬁ; (%)a and Do (k) = %2; (%)a Ui,

with

Xn—i m .
Ui::z’<lnX—+l'>, 1 <1<k,

the scaled log-spacings associated with the sample X,. It has been advised the

computation of these second-order parameters’ estimators at a k-value given by
ki=[n'""], e=0.001. (2.4)

The estimator p, used in (2.3), is thus p = p,(k1;X,,), with p.(k; X,,) and k; given
in (2.2) and (2.4), respectively. With the choice of k; in (2.4), we have obviously the
validity of condition (1.3), and whenever v/k; A(n/k;) — oo (an almost irrelevant
restriction, from a practical point of view), we get p — p := p, (k1) — p = 0,(1/Inn),
a condition needed, in order not to have any increase in the asymptotic variance
of the new bias-corrected Hill estimator in equation (1.5), comparatively with the
one of the Hill estimator, in (1.2). Details on the distributional behaviour of the
estimator in (2.3) can be found in Gomes and Martins (2002) and more recently
in Gomes et al. (2008b) and Caeiro et al. (2009). Again, consistency is achieved
for models in (1.4), and k values such that (1.3) holds and vk A(n/k) — oo, as
n — oo. Alternative estimators of 3 can be found in Caeiro and Gomes (2006)
and Gomes et al. (2010b). Algorithms for the estimation of (3, p) are provided in
Gomes and Pestana (2007a,b), among others. Due to the fact that 3 = (,(k;) and
p = pr(ky), with p,(k), Bﬁ(k,‘) and k; given in (2.2), (2.3) and (2.4), respectively,
depend on 7 € R, we shall use the notations H, = H and H(Tq) = H(q), if needed.
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2.2 A first algorithm for the heuristic choice of k£ and ¢

As mentioned before, the first algorithm, Algorithm I, is quite similar to the ones in
Figueiredo et al. (2010) and Gomes et al. (2010a). Essentially, we only slight change
Step 7., choosing a larger value for k*, the maximum of the set K*, defined in Step
6. of the algorithm, instead of the minimum, as suggested before. The reason for
such a decision is just to make the choice compatible with the one considered in the
algorithm proposed in this article (Algorithm I1). The algorithm is written for the
choice 7 = 0, in (2.2), but can obviously be used for another fixed choice of 7, as
well as a data-driven choice of 7 provided by any of the algorithms in Gomes and

Pestana (2007a,b), among others.

Algorithm T .

1. Given an observed sample (x1, s, ..., x,), consider, for ¢ = —1/n, 0(0.05)0.5,
the observed sample of excesses, gf{]), with Xff) given in (1.6), and compute
P = hoq = polk;xi?) and 5 = fog == Bao (ki xi?), pr(k), Gp(k) and ky given
in (2.2), (2.3) and (2.4), respectively.

2. Next compute, for £ = 1,2,...,n — [ng] — 1, the observed values of ﬁéq)(k),
with ﬁ(()q)(k;) = ﬁ(q)(k:) given in (1.7) (note that, as mentioned before and
with H = H, given in (1.5), Fi_l/n) =H,).

3. Obtain jj, the minimum value of j, a positive integer, such that
al?(j) = [ﬁ(()q)(k) x 107], k =1,2,--- ,n — [ng] — 1, has distinct elements (in
the applications provided in Section 3, we were led to j, = 1 for all data sets

considered).

4. For each ¢ and for k > kT, with kl/ given by

N 1 — p)2n=2°\ 1/(1-2p)
= (%) " (2.5)
—2p[3?



the estimate of k{! := argmin MSE(H (k)) in Hall (1982), consider as an esti-
mate of v the equal consecutive values ﬁ((]q)(k), ke KC,, with IC, = [k(Q) kﬁg()m],

to which is associated the largest size [, := kD, — k‘fgzn
5. Choose next ¢* := argmax, l,.

6. Consider all those estimates, ﬁ(()q*)(k), kfg”z < k < k%), now with an extra
decimal place, i.e., compute H(()q*)(k) — a,(f*)(jo +1)/10%*, Count the fre-
quencies associated to those estimates and obtain the mode n* = 7, of these

values. Let us denote K* the set of k-values corresponding to those estimates.

7. Take k* as the maximum of £* and the adaptive EVI-estimate 4, = ﬁ[()q*) (k*).

Approximate confidence intervals (CI's) for v can be easily obtained on the basis of
the asymptotic behaviour of the estimators under consideration. See, for instance,
Gomes and Pestana (2007b), for an explanation of the results stated in the two

following remarks.

Remark 2.1. With the notation by, , =1+ 3(n/k)’/(1 —p), and provided that
VEk (n/k)r — X, finite, VE{H(k)/y — byn,} is approzimately Normal(0,1). We
can then get approximate 100(1 — «) % CIU's for v, given by

H(k) H(k)

£l—o¢/2 ! 51—(1/2
bkﬂ%ﬁ + \/E bk7n7p - \/E

: (2.6)

where &, denotes the quantile of probability p of a standard normal d.f. If X = 0,
we can replace in (2.6) the bias summand B(n/k)? /(1 —p) by 0, i.e., we can take

Bomp = 1.

Remark 2.2. If we consider a second-order MVRB EVI-estimator, and levels k
such that Vk (n/k)? — X, finite, we can also easily get even simpler approrimate

100(1 — )% CIs for v. On the basis of the statistic H in (1.5), or even H(Tq) =



H(q), in (1.7), for adequate values of T and q and for the same k-levels, we get the
following 100(1 — ) % approzimate CI for -,

H(k) H(k)

E1—ay2’ _ &i—aye
1+ Ev 1 v

(2.7)

2.3 A second algorithm for the heuristic choice of £ and ¢

Alternatively, and in order to simplify the computational procedure of identification
of “runs”, we now suggest the replacement of steps from 3. up to 7. by:

Algorithm 11.

3’. In order to detect the sign of the trend in the EVI-estimates, and for the same
values of ¢ as in Step 1., compute Fé@([no'%]) — ﬁéQ)([nO'OE’}). We shall now

suppose that such a sign is positive, the most common situation in practice.
4. For k > kI /2, with k! given in (2.5), modify the patterns of the estimates,

in the following simple way:

77(@) . 7

_ H," (k) it k<kl)2

HP(k)=q T (2.8)
max (Hy" (k — 1), Ho(k)) if k> k{'/2.

5’. For each ¢, compute the estimate that provides the “largest run” of estimates
equal consecutive estimates), sa a9k 1), with a size m, = k,o — kg1 + 1
Y Ho (R, q a, 4,

(this means that I:Téq)(k’q’l) = ﬁéq)(k%l +1)=---= ]TISQ)(IC%Q)).
6’. Choose ¢ := arg max, m,.

7°. Consider k** = kg 2, and the adaptive EVI-estimate, 45 := H (k).

Remarks

e If in Step 3’., ﬁéq)([no'%]) — ﬁ((f)([no'%]) is negative (a negative trend in k),

the operator max, in equation (2.8), should be replaced by the operator min.
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o [f there are negative elements in any sample, the sample size should be replaced

everywhere in the algorithms by the number of positive elements in the sample.

Before the application, in Section 3, of these two algorithms to real and simulated
samples, we shall proceed, in Section 2.3.1, with a small-scale simulation study of

the modified EVI-estimators, in (2.8).

2.3.1 A small-scale Monte Carlo simulation of the modified EVI-

estimators

On the basis of a Monte-Carlo simulation with 5000 runs, we present in Figure
1 the simulated patterns of expected values, E(e), and root mean squared errors,
RMSE(e), of the following EVI-estimators: H (k), ﬁ(()q)(k) and ﬁéq)(l@), in (1.2), (1.7)
and (2.8), respectively, for ¢ = 0.1, 0.2 and a Student ¢4 underlying parent. For the
sake of simplicity, we denote these estimates by H, Hy|q and ffo\q respectively. The
probability density function of a Student’s t,-model with v degrees of freedom, is
given by

fu(t) = % (1+22/) "2 teRrR (v>0).

For such a model, we get v =1/v and p = —2/v.

The Student £, model was chosen merely as an illustration, and similar results

were obtained for other simulated models.

As expected, and mainly due to the stochastic fluctuations of l;:é{ , in (2.5), the
modified estimators, in (2.8), have often a slightly larger MSE than the original
PORT-MVRB estimators, in (1.7), but the increase is not drastic, and like the
PORT-MVRB, the modified PORT-MVRB estimators perform better than the
Hill for all k-values. The potential loss of efficiency of the modified estimator
f[éq)(k), in(2.8), comparatively with ﬁéq)(k), in (1.7), both computed at optimal

levels, in the sense of minimum RMSE, denoted RM SES, can be measured by the
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Figure 1: Comparative behaviour of the PORT-MVRB estimators in (1.7) and their modified versions in (2.8):
patterns of mean values (left) and RMSEs (right), as functions of k, for an underlying Student ¢4 parent (v = 0.25
and p = —0.5).

indicator (1 — RM SEOH0 /RMS Eglo), and it is never bigger than 40%. Indeed, and
at optimal levels, the modified EVI-estimators can even beat the original estimators,
as we could already have noticed in Figure 1, and can see in Figure 2 and Figure
3, where we picture Ej, the mean values of the estimators at optimal levels, and
RMSES, respectively, as a function of the sample size n. These indicators were

based on a multi-sample simulation, of 20 replicates with 5000 runs.

] °
EO EO
0.30 —— 0.30
H H
0.29 H, 0.29 4 7
Hy
0.28 0.28 1
0.27 1 0.27 4
0.26 , 025 0.26
H,0.1 H
0.25 {- 0.25 4
y=0.25
0.24 . . . . n 0.24 ; . : : n
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

Figure 2: Mean values at optimal levels of the PORT-MVRB estimators in (1.7) (left) and their modified versions

in (2.8) (right), for an underlying Student ¢4 parent.
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Figure 3: RMSEs at optimal levels of the PORT-MVRB estimators in (1.7) (left) and their modified versions in
(2.8) (right), for an underlying Student ¢4 parent.

3 Case studies and simulated samples

We shall now consider the performance of Algorithm 1 and Algorithm 11, provided
in Section 2.2 and Section 2.3, respectively, when applied to the analysis of the
log-returns associated with two of the four sets of finance data considered in Gomes
and Pestana (2007b). Those data sets, collected over the same period, i.e. from
January 4, 1999 through November 17, 2005, were the daily closing values of the
Dow Jones Industrial Average In (DJI), and Microsoft Corp. (MSET), to be analyzed
in Section 3.1 and Section 3.2, respectively. Note that the MSF'T data has already
been analysed, through the use of an algorithm similar to Algorithm I, in Gomes et
al. (2010a). Additionally, we have considered over the same period, and in Section
3.3, the Euro-GB Pound (EGBP) daily exchange rates, also partially used in Gomes
et al. (2008c). All these samples have a size n = 1762. In Section 3.4, we have
dealt with the data already analysed in Drees (2003) and later in Araijo Santos
et al. (2006), the daily log-returns of NASDAQ (NASD) index from 1997 to 2000,

which corresponds to a sample size n = 1037. Although there is some increasing
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trend in the volatility of all these log-returns, stationarity and weak dependence
are assumed, under the same considerations as in Drees (2003). In Section 3.5,
we consider the simulated Student sample in Gomes et al. (2010a) and two other
sequentially simulated samples, all with a size n = 1762 and from a Student %,

model with v = 4 degrees of freedom.

3.1 DJI data

For this first data set, we present two figures. In the first one, Figure 4, we picture,
at the left, a box-and-whiskers’ plot of the available data. At the right we present,
for the original sample, the sample path of the p,(k) estimates in (2.2), as function
of k, for 7 = 0 and 7 = 1, together with the sample paths of the (-estimators in
(2.3), also for 7 =0 and 7 = 1.

2.5 k

Figure 4: Box-and-whiskers plot (left) and estimates of the shape second-order parameter p and of the scale
second-order parameter 3 (right) for the DJI data.

From Figure 4, left, we immediately see that the underlying model has heavy left
and right tails. Indeed, this happens for all log-returns’ data sets and it is the reason
why we have eliminated in all these case-studies the estimators associated with
g = 0, due to their inconsistency (see Gomes et al., 2008a, for details). The number

of positive elements in the available sample of DJI log-returns is ny = 867. We have
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been led to the p-estimate p = py = —0.72, obtained at the level k; = [n)9%] = 861.
The associated B-estimate is 3 = 3, = 1.03 (see Figure 4, right). Note that the
sample paths of the p-estimates associated with 7 = 0 and 7 = 1 lead us to choose,
on the basis of any stability criterion for large k, the estimate associated with 7 = 0.

This happens not only for this sample but for all samples studied in this section.

Finally, in Figure 5, we present the adaptive and non-adaptive estimates esti-
mates of -y, provided by H and F(()Q) (left) and by H and f]éq) (right), g = —1/n, 0.1
and 0.3 (A /™ = Hy=H and Y™ = Hy = H), with H, B = " and H?
given in (1.2), (1.7) and (2.8), respectively.

0.5

0.4 -

0.3 +

0.2

= HOD(265)=0.194 7, = HY""(297)=0.200

0.1 4 k 0.1 k
0 400 800 0 400 800

1 . Non-adaptive -Estimates for the ata and adaptive estimates obtained throug gorithm
Figure 5: ~ d EVI-E for the DJI d d ad b d th h Al hm 1
(left) and through Algorithm II (right).

Note that the Hill estimator H(k), in (1.2), is unbiased for the estimation of the
extreme value index 7 only when the underlying model is a strict Pareto model.
Otherwise, i.e. when we have only Pareto-like tails, as surely happens here and
can be seen from Figure 5, it exhibits a quite relevant bias. The PORT-MVRB
estimators, F(Q), in (1.7), or their modified versions H@, in (2.8), based on shifted

MYV RB EVI-estimators, which are “asymptotically unbiased” for adequate values

of ¢, have a smaller bias, exhibit more stable sample paths as functions of k£, and
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enable us to take a decision upon the estimate of v and other parameters of extreme
events to be used, with the help of any heuristic stability criterion, like the “largest
run” method suggested in Gomes et al. (2005), and the ones written algorithmically

in Section 2.2 and Section 2.3, regarding adaptive EVI-estimation.

e In Step 5. of Algorithm I, we have been led to the choice ¢* = 0.1, associated
with a run of size 610 of a y-estimate equal to 0.2. In Step 6., we have got
a mode n* = 112 for the ~v-estimate 0.19, k* = 265 and the adaptive PORT-
MVRB estimate is 4; = 0.194. The associated 99% MVRB-confidence interval
for v, based upon (2.7), is (0.167,0.230), with a size equal to 0.063.

e The largest run, in Step 5°. of Algorithm 11, has a size equal to 140 and was
attained by the estimate 45 =0.200, and values of k such that 158 < k <
297. We have then been led to the choice ¢** = 0.1 and k** = 297. The
associated 99% MVRB-confidence interval for -, based again upon (2.7), is
then (0.174,0.236), with a size equal to 0.061, slightly smaller than 0.063.

e The estimate of k| in (2.5), is 71 and H(71) = 0.264. The approximate 99%
confidence interval for -y, given in (2.6), is then (0.193,0.350), with a size equal
to 0.157.

3.2 MSFT data

Figure 6 is similar to Figure 5, now for the MSF'T data.

e The number of positive elements in the available sample of log-returns is now
ng = 882. We were led to the p-estimate p = pyg = —0.72, obtained at the
level ky = [n3999] = 876. The associated [-estimate is 3 = 3, = 1.02.

e In Step 5. of Algorithm 1, we have been led to the choice ¢* = 0.1, associated
with a run of size 810 of a y-estimate equal to 0.2. In Step 6. of Algorithm 1, we
have got a mode n* = 402 for the vy-estimate 0.24, £* = 808 and the adaptive
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Figure 6: Non-adaptive EVI-Estimates for the MSFT data and adaptive estimates obtained through Algorithm
I (left) and through Algorithm I (right).

PORT-MVRB estimate 43 = 0.244. The associated 99% MVRB-confidence
interval for v is (0.223,0.268), with a size equal to 0.045.

e The largest run, in Step 5°. of Algorithm 11, has a size equal to 713 and was
attained by the estimate 45 =0.243, for 73 < k£ < 785, as can be seen in Figure
6, right. We have then been led to the choice ¢** = 0.1 and £** = 785. The
associated 99% MVRB-confidence interval for 7 is then (0.223,0.268), with a

size also equal to 0.045.

e The estimate of k| provided in (2.5), is k¥ = 71 and H(71) = 0.391. The
approximate 99% confidence interval is then (0.286,0.518), with a size equal
to 0.232, and including neither 4; nor As.

3.3 Euro-GBP (EGBP) data

Figure 7 is again similar to Figure 5, now for EGBP data, and similar conclusions

can be drawn.

e The number of positive elements in the available sample of log-returns is now

no = 835. We have then be led to the p-estimate p = pg = —0.67, obtained at
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Figure 7 Non-adaptive EVI-Estimates for the EGBP data and adaptive estimates obtained through Algorithm
I (left) and through Algorithm I (right).

the level ky = [n99%] = 829. The associated B-estimate is § = (G = 1.03.

e In Step 5. of Algorithm 1, we have been led to the choice ¢* = 0.1, associated
with a run of size 603 of a y-estimate equal to 0. In Step 6., we got a mode
n* = 144, k* = 475, and the adaptive PORT-MVRB estimate is 4; = 0.225.
The associated 99% MVRB-confidence interval for « is (0.201,0.255), with a
size equal to 0.054.

e The largest run, in Step 5’. of the Algorithm, has a size equal to 135 and was
attained by the estimate 45 =0.199, for 85 < k < 220. We have then been led
to the choice ¢** = 0.1 and £** = 220. The associated 99% MVRB-confidence
interval for v is then (0.170,0.241), with a size 0.071, now slightly larger than
0.054.

e The estimate kY, provided in (2.5), is ki = 62 and H(62) = 0.281. The
approximate 99% confidence interval is then (0.202,0.380), with a size equal
to 0.178, now including 47, but not including 4,.
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3.4 NASDAQ (NASD) data

Figure 8 is again similar to Figure 5, now for NASD data, and similar conclusions
can be drawn. For a deeper analysis of both tails of the model underlying this

sample, see Araijo Santos et al. (2006).

0.5

0.4 4

0.3

0.2 4 ° 0.2 4

7 = H"D(550)=0.224
0.1 : k 0.1 : k
0 400 800 0 400 800

7, = H"D(672)=0276

Figure 8: Non-adaptive EVI-Estimates for the NASD data and adaptive estimates obtained through Algorithm
I (left) and through Algorithm II (right).

e Working with the ny = 570 positive values of the log-returns on NASD data,
we got pg = po(566) = —0.73. The use of the [-estimate suggested before
leads us to the estimate Bo = 1.02.

e In Step 5. of Algorithm 1, we have been led to the choice ¢* = 0.1, associated
with a run of size 542 of a y-estimate equal to 0.2. In Step 6., we have got
a mode n* = 211 for the y-estimate 0.22, k* = 550, and the adaptive PORT-
MVRB estimate is 4, = 0.224. The associated 99% MVRB-confidence interval
for ~ is (0.202,0.252), with a size equal to 0.050.

e The largest run, in Step 5. of the Algorithm, has a size equal to 641 and was
attained by the estimate 45 =0.276, for 32 < k < 672. We have then been led
to the choice ¢** = 0.1 and k** = 672. The associated 99% MVRB-confidence
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interval for y is then (0.251,0.306), with a size 0.055, again slightly larger than
0.050.

e The estimate of k| provided in (2.5), is k' = 57 and H(57) = 0.400. The
approximate 99% confidence interval is then (0.283,0.548), with a size equal
to 0.265, and including neither 47 nor As..

3.5 Simulated Student samples

Due to the specificity of the analysed real data sets, and to the fact that log-returns
have often been modelled by a Student-t or its skewed versions (see Jones and Faddy,
2003, among others), we have simulated 3 random samples of size n = 1762, from a

Student’s t,-model with v = 4 degrees of freedom.

e In the first sample, the number of positive elements was ng = 904. We have
been led to p-estimate p = py = —0.72, obtained at the level k; = [nJ9%] =

897. The associated (-estimate was B = BO = 1.02.

e In the second sample, the number of positive elements was ny = 859. We
have been led to the p-estimate p = pg = —0.73, obtained at the level k; =
[n0999] = 853. The associated (-estimate was § = (y = 1.02.

e In the third sample, the number of positive elements was ng = 904. We have

0.999] —
0

been led to the p-estimate p = py = —0.72, obtained at the level k; = [n
897. The associated (-estimate was B = Bo = 1.02.

Figure 9 is equivalent to Figure 5, left, but for the three sequentially generated

Student ¢, samples, with v = 4 degrees of freedom (v = 0.25 and p = —0.5).

Regarding the PORT EVI-estimation, performed through Algorithm I, we have got
the following results:
e For the first sample, and in Step 5., we have been led to the choice ¢* = 0.1,

associated with a run of size 702 of a y-estimate equal to 0.2. In Step 6., we
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Figure 9: EVI-Estimates associated with an underlying Student ¢4 model and Algorithm 1.

have got a mode n* = 371 for the vy-estimate 0.24, k* = 738 and the adaptive
PORT-MVRB estimate is 4; = 0.244. The associated 99% MVRB-confidence
interval for v is (0.222,0.269), including the true value of the EVI, v = 0.25,

and with a size equal to 0.047.

e For the second sample, and in Step 5., we have been led to the choice ¢* = 0.1,
associated with a run of size 591 of a ~y-estimate equal to 0.2. In Step 6., we
have got a mode n* = 223 for the vy-estimate 0.24, £* = 634 and the adaptive
PORT-MVRB estimate is 4; = 0.244. The associated 99% MVRB-confidence
interval for v is (0.221,0.272), again including v = 0.25, and with a size equal
to 0.051.

e For the third sample, and in Step 5., we have been led to the choice ¢* = 0.1,
associated with a run of size 694 of a y-estimate equal to 0.2. In Step 6., we
have got a mode n* = 229 for the vy-estimate 0.21, £* = 459 and the adaptive
PORT-MVRB estimate is 4; = 0.215. The associated 99% MVRB-confidence
interval for 7 is (0.192,0.244), below the true value of v, i.e., under-estimating

the EVI, and with a size equal to 0.052.

e For this third sample, Algorithm 1 fails, in the sense that the 99% CI for ~

does not cover the true value of v, equal to 0.25.
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Similarly, Figure 10 is equivalent to Figure 5, right, again for the same Student %4

samples.

q=0.1
s ] y=025 o
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0.1 ; — k01 ; — k01 ; —
0 400 800 0 400 800 0 400 800

Figure 10: EVI-Estimates associated with an underlying Student t4 model and Algorithm II.

Regarding the PORT EVI-estimation, performed through Algorithm 11, we have got
the following results:
e For the first sample, the largest run, in Step 5’. of the Algorithm in Section
2.3, has a size equal to 683 and was attained by the estimate 4o = 0.251, for
108 < k£ < 790. We have then been led to the choice ¢** = 0.1 and £** = 790.
The associated 99% MVRB-confidence interval for v is then (0.230,0.276),
with a size equal to 0.046.

e For the second sample, the largest run, in Step 5°. of the Algorithm in Section
2.3, has a size equal to 525 and was attained by the estimate 4o = 0.239, for
36 < k < 560. We have then been led to the choice ¢** = 0.1 and £** = 560.
The associated 99% MVRB-confidence interval for v is then (0.216,0.269),
with a size equal to 0.053.

e For the third sample, the largest run, in Step 5’. of the Algorithm in Section
2.3, has a size equal to 481 and was attained by the estimate 4, = 0.225, for
50 < k < 530. We have then been led to the choice ¢** = 0.1 and £** = 530.
The associated 99% MVRB-confidence interval for v is then (0.200,0.256),
with a size equal to 0.056.
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e The true value of the EVI, v = 0.25, is inside any of the three 99% CI’s. The
sizes of those CI’s are quite similar to the ones we have got through Algorithm

I, as expected.

Finally, regarding the adaptive Hill estimation:

e For the first sample, the estimate of kf, in (2.5), was ki = 73 and H(73) =
0.359. The approximate 99% confidence interval is then (0.257,0.452), above

the true value of ~, with a size equal to 0.195.

e For the second sample, we have got k = 71 and H(71) = 0.304. The ap-
proximate 99% confidence interval is then (0.217,0.384), with a size equal to
0.167.

e For the third sample, we have got kY = 70 and H(70) = 0.310. The ap-
proximate 99% confidence interval is then (0.216,0.406), with a size equal to
0.190.

In this case we know the true value of v, the value 0.25, and we see that such a
value belongs to all 99% CI’s, but the one associated with the third sample and
Algorithm 1, as well as the one associated with the first sample and the adaptive
Hill’s estimate. Moreover, the fact that the sizes of the MVRB-CI’s are always
smaller than the corresponding sizes of the Hill-CI’s, even when we consider both
the classical and the PORT-MVRB estimators at the same level kY, in (2.5), neatly
favours the new methodology. The two algorithms in this article provide quite
similar results, but Algorithm II is easier to implement not only in simulations but
also for a single observed sample, and seems to provide slightly better results than
Algorithm 1, deserving thus a thorough computational Monte-Carlo study, a topic

out of the scope of this article.
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3.6 A general summary of the performed data analysis and

final comments

In Table 1 and Table 2, we present a summary of the data analysis performed. In
Table 1, apart from an indication of the sample size n, the number ngy of positive
elements in the sample, and the estimates (B , p) of the vector of second-order param-
eters (3, p), in (1.4), associated with the available original samples, we provide the
values of (k, q) obtained through the implementation of the two algorithms consid-
ered, and the estimates of k for the adaptive Hill EVI-estimation, i.e., the estimates
kH in (2.5). In Table 2, we provide the adaptive Hill-estimates, 47 := H(kH), as
well as the adaptive EVI-estimates provided by Algorithm 1, in Section 2.2, and Al-
gorithm 11, in Section 2.3, related with the PORT-MVRB EVI estimators discussed

in this article.

Data | n | no (8, 5) (@ k") | (g k™) | &
DJI | 1762 | 867 || (1.03,—0.72) || (0.1, 265) | (0.1,297) | 71
MSFT || 1762 | 882 || (1.02,—0.72) || (0.1, 808) | (0.1, 785) | 71
EGBP | 1762 | 835 || (1.03,—0.67) || (0.1, 475) | (0.1,220) | 62
NASD | 1037 | 570 || (1.02,—0.73) || (0.1, 550) | (0.1, 672) | 57
STU1 || 1762 | 904 || (1.02,—0.72) || (0.1,738) | (0.1, 790) | 73
STU2 || 1762 | 859 | (1.02,—0.73) || (0.1, 634) | (0.1, 560) | 71
STU3 || 1762 | 904 || (1.02,—0.72) || (0.1, 459) | (0.1, 530) | 70

Table 1: Values of n and ng, estimates (B, p) associated with the originl samples, and
adaptive estimates of the tuning parameter ¢ and threshold k, for the different data sets

under analysis.

Overall comments

e For all data sets, the adaptive Hill EVI-estimate is even above the upper limit
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Data | 47 = H(k) Go= T ) | A= B ()
26

DJI 0.193, 0.350) || 0.19 (0.167, 0.230) || 0.20 (0.174, 0.236

MSFT || 0.39 (0.286, 0.518) || 0.24 (0.223, 0.268) || 0.24 (0.223, 0.268

EGBP || 0.28 (0.202, 0.380) || 0.23 (0.201, 0.255) | 0.20 (0.170, 0.241

STUL || 0.36 (0.257, 0.452) || 0.24 (0.222, 0.269) || 0.25 (0.230, 0.276

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
NASD || 0.40 (0.283, 0.548) || 0.22 (0.202, 0.252) | 0.28 (0.251, 0.306)
( ) ( ) ( )
STU2 || 0.30 (0.217, 0.384) | 0.24 (0.221, 0.272) || 0.24 (0.216, 0.269)
STUS3 || 0.31 (0.216, 0.406) | 0.22 (0.192, 0.244) ( )

0.23 (0.200, 0.256

Table 2: Adaptive EVI-estimates obtained through Hill estimators at estimated optimal

A, Algorithm1 (41) and Algorithm 11 (42), for the different data sets under analysis.

of the 99% CI associated with the adaptive PORT-MVRB EVI-estimates,
obtained through either Algorithm I or Algorithm I1.

The other way round, the adaptive PORT-MVRB EVI-estimates are often
below the lower limit of the 99% CI associated with the Hill EVI-estimate.

For one of the generated Student samples, the first one, the true value of v does
not even belong to the 99% CI associated with the adaptive Hill EVI-estimate.
It is thus clear that Hill’s estimation leads to a strong over-estimation of the

EVI

The PORT-MVRB estimation can lead in some situations to a slight under-
estimation of the EVI, but the results presented clearly indicate an overall best
performance of any of the data-driven methods provided. Moreover, for all
simulated samples, the true value of the EVI belongs to the 99% CT associated
with the adaptive estimation provided by Algorithm 11, a point in favour of

this algorithm.

e These case studies claim obviously for a comparative simulation study of Algo-
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rithm I and Algorithm 11, presented in Section 2.2 and Section 2.3, respectively,
or at least for a thorough computational Monte-Carlo study of the properties
of the adaptive estimates provided by Algorithm II, but these are topics out

of the scope of this article.
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