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1 Introduction and preliminaries

Let X1, Xo,..., X, be independent, identically distributed (i.i.d.) random vari-
ables (r.v.’s) with common distribution function (d.f.) F, with a Pareto-type
tail, i.e., let us assume that there exists a positive constant -, such that for large

z, the tail function

F(z):=1-F(z) = 2 Y7 L(x),
where L(z) is a slowly varying function at infinity, i.e., for every = > 0,
L(tx)/L(t) — 1 as t — 0.

Consequently, F € RV_, /v» where RVj stands for the class of regularly varying
functions at infinity with index of regular variation equal to [, i.e., measurable
functions g with infinite right endpoint, and such that tlgélo g(tz)/g(t) = 2P, for
all z > 0. F is thus in the max-domain of attraction of an Extreme Value (EV)
d.f.,

EV,(x) := exp {—(1 + yx)_lm} , v >—1/y, v>0.

We denote such a fact by F' € Dy(EV,).

Then the scaled log-spacings
Ul‘ = i{lan_i+1;n - lan—i:n}a 1 S 1 S k, (11)

are approximately distributed as k independent exponential r.v.’s, with mean

value equal to . This leads to the well known Hill estimator for v (Hill, 1975),
k
1
“r U

the average of the scaled log-spacings in (1.1), and we may think, more generally,

on the following generalization of the Hill estimator,

k N
A(a) — %Z < > 1 U a>1 [A(l) _;?H] (1.2)



We shall here also work with the class of estimators,

Oé2 k i a—1 i
%(za)(k) = - Z (E) In <E> U;, a>1. (1.3)
=1

Apart from the first order condition,
FeDu(EVy) (v>0) iff 1-FeRV,, iff UeRV, (1.4)
where
Ut):=F(1-1/t), t>1, F~(u) =inf{z: F(z) > u},

we shall assume, in order to be able to derive the asymptotic normality of the
estimators under study, the validity of a second order condition. More specifi-
cally, we shall assume that there exists a function A(-) and a parameter p < 0
such that, for every x > 0,

. InU(tz) —InU(t) —ylnzx 2f—1
lim = .
t—00 A(t) p

(1.5)

This condition has been widely accepted as the appropriate condition to
specify the tail of a Pareto-type distribution. It holds true for most common
heavy-tailed models, like the Fréchet, the Generalized Pareto, the Burr and the
Student’s t.

In section 2 of this paper we deal with the asymptotic behaviour of the
classes of estimators in (1.2) and (1.3) and compare them asymptotically at
their optimal levels. The value o = 1 in (1.2), i.e., the Hill estimator, provides
the optimal results within such a class. The estimators in (1.3) may perform
better than the Hill estimator, but the improvement is not at all significant.
This led us to the introduction, in section 3, of Generalized Jackknife estimators
of v associated to any pair of estimators in (1.2) and/or in (1.3). We finally

come to a general class of Generalized Jackknife r.v.’s, dependent on a tuning



parameter o and on the second order parameter p in (1.5). Such a second order
parameter is either adequately estimated through p, to be explicited later on, or
misspecified at p = —1. We advance with different classes of reduced bias tail

index estimators, but the one we consider to be more relevant is given by
=~ ) 1 (e ~ ~(a
WO ®) = 5 {a A0 ~ (0= 7 AW} (1.6)

with :y\,(La)(k) and i,ga)(k) given in (1.2) and (1.3), respectively. Indication on
the choice of a in (1.6) is provided and the case p = —1 in (1.6) is also con-
sidered. In section 4, we proceed to a comparison of the proposed estimators,
for finite samples, through the use of Monte Carlo techniques. In section
5, we use the developed estimators for the analysis of real data in the field

of finance. Proofs of the results in sections 2 and 3 will be postponed to section 6.

2 The asymptotic behaviour of the initial classes of

tail index estimators

2.1 Asymptotic comparison at the same threshold &

The main result of this section is given in the following:

Theorem 2.1. Under the first order condition in (1.4), and for k = ky,, an

intermediate sequence of integers between 1 and n, i.e., such that
k=k,— oo, k=o(n), asn— oo,

the statistics ’y\,ga)(k) and %a)(k) in (1.2) and (1.3), respectively, are weakly
consistent for the estimation of the tail index v. Moreover, under the second

order framework in (1.5), we have the validity of the asymptotic distributional

representations
~(a d Yo «a (6%
W) St o B o, AR L o). (2D



and

where

and
() Qa— Dk (1= i\ (i 1
Q) =(a -1\ 5 <% Z <E> In <E> E; + @> (2.4)
are asymptotically standard normal r.v.’s.
Remark 2.1. Note that, asymptotically, we may proceed to the comparison of

the two classes of estimators at the same level k and for the same value of «.

Indeed, we have the following approximations for bias and variance:

Biass |3 (k)] = “222 (;4(_”2 D Vore G )] = %
Biass [Néa)(k)} = 4a(2afl(7;;;€)7 Vars [%(La)(k)} = %‘

Consequently, for every a > 1 and p <0,
‘Biasoo [%ﬁ(k)” < ‘Biasoo [a,@(k)} ’ .

Fl<a<?2(forallp<0) orifa>2andp< —ala—2), we get

‘Biasoo h(f)(k)” < |Biass [FH (k)] | < ‘Biasoo h}f)(k)] ‘ .
Fa>2and —ala—2) < p<0,

| Biasee 72 (K)]| < ‘Bmsm [%L@(k;)” < ‘Biasoo [ﬁ,(f)(k:)] ‘ .
Concerning the variance, we get, for 1 < o < 14 /2/2,

Varss 7/ (k)] < Vare [76 ()] < Vars [76 (k)] .
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and

Varse [/ (0)] < Varse [7(0)] < Varss [300)]

fora>1++/2/2.

2.2 Asymptotic comparison at optimal levels

We now proceed to an asymptotic comparison of the estimators at their optimal
levels in the lines of de Haan and Peng (1998). Suppose 77 (k) is a general semi-

parametric estimator of the tail index, for which the distributional representation

T Zn+be Aln/k) + 0p(A(n/K) (2.5)

holds for any intermediate k£, and where Z? is an asymptotically standard normal

Talk) =7+

r.v. Then we have
\/EW;(@ -] 4 N(Abs,02), as n — oo,

provided k is such that vk A(n/k) — )\, finite, as n — oo. In this situation
we write Biass [Y5(k)] := be A(n/k) and Vares 78 (k)] := 02/k. The so-called
Asymptotic Mean Squared Error (AMSE) is then given by

AMSE [32 (k)] := %2 + b2 A% (n/k).

Using regular variation theory, it may be proved that, whenever b, # 0, there
exists a function ¢(n), dependent only on the underlying model, and not on the

estimator, such that

— 2p 1
lim (n) AMSE [F] = 21 (62) ™% (1) 7% — LMSE[y], (2.6

n—oo 2p

where 77 := 7 (k§(n)) and k§(n) := arginf AMSE [}, (k)].
k

It is then sensible to consider the following:



Definition 2.1. Given two biased estimators 37(11)(14:) and ;)/\7(12)(]{), for which dis-
tributional representations of the type (2.5) hold true, with constants (o1,b1)
and (o2,b2), b1,ba # 0, respectively, both computed at their optimal levels, the
Asymptotic Root Efficiency (AREFF) of ‘yﬁ)) relatively to ?7(1%) is

AREFF)jy = AREFF_ () _(» =
Tno |'Yn0

with LM SE given in (2.6).

Remark 2.2. Note that this measure was devised so that the higher the
ARFEFF measure, the better the estimator is.

Proposition 2.1. For every o > 1, if we compare the estimators within the

class 37({1), in (1.2), with the Hill estimator, which is associated to o = 1 in

(1.2), we get

1
BEF (@ = p)(2a —1)7Py 1=
AREFF,y = ( 0oy o <1

More than this: both the asymptotic bias and the asymptotic variance ofﬁ,(f)(k),

a > 1, are bigger than the asymptotic bias and the asymptotic variance, respec-

tively, of the Hill estimator. If we compare ﬁ,(la) in (1.3) with the Hill estimator,

the best estimator within the class ‘y}(La) in (1.2), we get

1
— (0= p)A(20 — )90\ 75

This AﬁfF o/g measure is presented in Figure 1, being there denoted
AREFF p, for sake of simplicity. As may be seen from Figure 1, the gain in
efficiency is smaller than 1.05, when we consider %(La) in (1.3) instead of the Hill

estimator. Consequently, in the following section, we are going to consider, for



real tuning parameter o, B > 1, Generalized Jackknife estimators associated

to any pair (34, 717

, a # 3, in a way similar to the one considered in
Gomes et al. (2005), as well as to any of the pairs ’}(La), ;%(Lﬁ) ,a, 3>1, and

%(La), ~§f ) , a # [, with %(La) and %(La) given in (1.2) and (1.3), respectively.
For details on the Generalized Jackknife estimation see Gray and Schucany

(1972).

2 2 %% 8§89 98] % 88212 g 88 %S E 2R RE LS YR
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Figure 1: Asymptotic relative efficiency of ~T(L%) relatively to 7.

3 Generalized Jackknife estimators of the tail index

For real values o, 8 > 1, let us think on the pairs, AT(ZQ)(k;), ’y\éﬂ)(k) , B # «,
k), A (k))  and (557 (k), 3 (k) , B # a, with 7 and 31" given in
(1.2) and (1.3), respectively.



The quotients between the dominant component of bias of the estimators in

these pairs are given by

_ 2
a\h(p) = %, a# B, ) = %
and
@, \_ @(B—p)
qa,g(P) = ma o # f,

respectively, all dependent on p, unknown. We may thus estimate p adequately,
either internally, at the same level k used for the estimation of 7, as done in
Beirlant et al. (1999) and Feuerverger and Hall (1999) or externally, at a larger
level than the one used for the estimation of 7, as done successfully in Gomes and
Martins (2002), Beirlant et al. (2002), Caeiro and Gomes (2002b) and Gomes
et al. (2004), through any of the p-estimators available in the literature, like
the ones in Gomes et al. (2002a) and Fraga Alves et al. (2003). We may also
misspecify p, for instance in —1, a central and proeminent value of this second
order parameter, or in p = —v, like happens for the Generalized Pareto models,
as done before in several papers, among which we mention Feuerverger and Hall
(1999), Gomes et al. (2000, 2002b), Caeiro and Gomes (2002a) and Gomes and
Martins (2004).

3.1 Estimation of p

Let us assume first that we estimate p through an estimator p, adequately chosen
so that p— p = op(1) at any of the levels on which we are going to base the
estimation of the tail index . We thus get the Generalized Jackknife classes of

estimators, dependent on the tuning parameters « and 5 (o, 8 > 1):

_Gn) 7 (k) — a5 (@) 3 (k)
Tnag (k) 1= 10~
1—- qa,g(/))
_ 75 ’\7(10‘) k) — o /\7(15) k



5GP () %‘”‘)(k)—qg)g(ﬁ) 0 (k)

1-— qf,)g(ﬁ)

B a—p) AW (k) — a8 - p)* 73 (k)

p(2a8 — 0% — ap) (3.2)
and
oy = ) ) 3 (k)
e 1-¢()
C Ba =2 k) — (8- ) A ()
T e geapary 07 G

Remark 3.1. For p we may choose the estimator first used in Gomes and Mar-
tins (2002), which is based on the class of estimators in Fraga Alves et al. (2003).

More specifically, we shall here consider, for any T > 0, the estimator

@l -v| 2n
ey | om0
where
(M) -(P )"
0
(P wy/2)" = (M k) 6) e
quT)(k) == ’
(P w)-gm(MPw2)
3 (M (k)/2) 5 1n (M) (k) /6) s
with

1< j
MY (k EZ< ’”“”), j=1,2,3.

nkn

We have p; — p = O, (1/ (Vk1 A(n/k1))) = op (\/E A(n/k‘)) for any T and for
any level k such that 'k A(n/k) — X, finite. Indeed, we may even go further
on, and consider adequate levels k such that 'k A(n/k) — oo, as n — oo. The

complete study of the estimators under this context would then imply the need of
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a third order framework, like the one considered in Gomes and de Haan (1999),
Caeiro and Gomes (2002b), Gomes et al. (2002a), Fraga Alves et al. (2003) and
Gomes et al. (2004).

Theorem 3.1. Let us assume that we are under the conditions of Theorem 2.1,

and consider p replaced by p in (3.1), (3.2) and (3.3). We have, fori=1,2,3,

GJi(p)
~GJ; d Y O, GJ;
T (0) S+ —22— Z700 + o (Aln/R), (35)

with Zgifép ) asymptotically standard normal. The asymptotic standard devia-

tions are given by

(1)
Ghp) _ o 3 dy 5(P)
%as T lB-a) J Ga-D@B-Da+s-1n Y
GG _ a d%(p)
o p(6% =23+ ap)| (26 —1)(a+—-1) \ 2a—-1)(26-1)
(3.7)
and
SCalo) _ V2a? 2 ¥ (p)
o 1(8 — )20 — pla+ ) \ 2a—1)3(28 —1)3(a+ 5 - 1)3
(3.8)
where

dY(p) = (@ = (28— (a+B— 1)+ (8- p)*2a— 1)(a+ S - 1)
—2(a—p)(B—p)(2a—1)(28-1),

d2i(p) = (a— p)* (28— 1*(a+ B - 1)2 +2(8 - p)(2a — 1)(a + - 1)°

= 2(a = p)(B—p)*(2a - 1)(26 - 1)°

11



and

d2(p) = (a = p)* (26— 1) (a+ B —1)° + (8- p)*(20 — 1)*(a+ 5 —1)°

—2(a = p)*(B— p)*(2a — 1)*(26 — 1)*.

The same distributional results in (3.5) hold true for the tail index estimators
in (3.1), (3.2) and (3.3), if we use an estimator p like the ones in (3.4), i.e.,
such that p— p = 0,(1) for levels k such that Vk A(n/k) — X, finite.

In Figures 2 and 3, we present the asymptotic standard deviations in (3.6)
and (3.7), respectively, for p = —1. Similar patterns have been obtained for

other values of p.

If we look at the Figures 2 and 3, we notice that the use of the GJ; and
the G.Js statistics enables us to reach, for \/E(‘y\filﬁ(k) —7), i = 1,2, an
asymptotic standard deviation equal to 2.00, for v = 1 and p = —1. The use
of the G J3 statistic does not enable us to reach such a value: this is the reason
why we have decided not to present a figure with the standard deviation in (3.8)
and why this estimator has been discarded from this study. In the following,
due to the previous considerations and in order to work only with one tuning
parameter, instead of two, we are going to consider the following particular cases
of the classes of estimators in (3.1) and (3.2):

—5) A (k)
) )

~GL® _ _anp _ (a—p) A(k) — af
Yn.a = Ina,l - -~
P sy p (O[ — 1

a>1, (3.9)

and

2602(0) _ ~qJy(p)
Tn,a = "In,a,a

(a30®) - (= FD®), a=1. (310

)=

Remark 3.2. Note that under the conditions in Theorem 2.1, and whenever

Vk A(n/k) — X, finite, not necessarily null, we get a limiting normal behaviour,
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Figure 2: Asymptotic standard deviation of ﬁg ilé_l).

~GJ;(p
with null mean value, for vk Y, (p)(k‘) —~ |, i=1,2. We may then slightly

simplify the formulas in (3.6) and (3.7), getting the asymptotic standard devia-

tions,
GJ _ GJi(p) _ a(a—2p(1 —,0))
and
2
oGR(p) = ;GIap) — _ T @ (202 —2a +2p2 —2p+1) (3.12)
@ Lo (2a — 1) p?(2a — 1) ’
respectively.

Remark 3.3. If we consider the minimization of the variance term in (3.11),

we get a(()l) = arg min Ji‘{l(p)

«

1 — p. This suggests the consideration of
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Figure 3: Asymptotic standard deviation of ’7\5 ‘07224)_
an estimator derived from (3.9), where we plug in this value a(()l), i.e., of the

estimator

~en®  (1—p)2 AV (k) — (1 —2p) 35 Pk _ _
%,alg(ﬁ) _ (=0 (F) ,32( p) n )7 where & = 1— 7, (3.13)

for which the distributional representation in Theorem 3.1 holds true. We then

have o7 =+ (1= p)/p.

Similarly, let us consider the minimization of the variance term in (3.12),
i.e., the value

ot (202 — 20+ 2p* = 2p + 1)
(2a—1)3

o Za(2) = ar i
0=y = gm&n

—  3af—5ak+a(p®—p+3)— (20 —2p+1)=0.
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With the obvious notation & = Qg = a((f), it 1s thus sensible to consider, now on

the basis of the estimator in (3.10), the estimator

~GJ2(p) 1/ @ SN
Tna () =5 (@A F) - @) AVE)

a:3a°—5a2+a(p’—p+3) —(20°—20+1)=0, (3.14)

for which the distributional representation in Theorem 3.1 also holds.
In Table 1, we present the value cg = ozgz), associated to the minimum
possible asymptotic variances of the estimators in (3.10), for a few values of

p. For vy =1, we also present the values of agoh(p) and af‘];(p) =~(1—p)/p,

which are very close to each other, showing that there is practically no difference
between the asymptotic variances of the two estimators in (3.9) and (3.10), when

we choose the a-values that minimize the corresponding asymptotic variances.

Table 1:

p —-0.1 -0.2 -0.3 —-0.4 —-0.5 —1.0 —-1.5 —-2.0

ag = a(()2) 1.0477 | 1.0913 | 1.1314 | 1.1687 | 1.2034 | 1.3476 | 1.4571 | 1.5428

05(572(0) 11.0000 | 6.0002 | 4.3337 | 3.5008 | 3.0013 | 2.0048 | 1.6758 | 1.5137

(1—p)/p | 11.0000 | 6.0000 | 4.3333 | 3.5000 | 3.0000 | 2.0000 | 1.6667 | 1.5000

Remark 3.4. As mentioned before, for the class of estimators in (3.9), we are
indeed able to reach an asymptotic variance equal to (v(1 — p)/p)?, the minimal
asymptotic variance of an “asymptotically unbiased” estimator in Drees’ class
of functionals (Drees, 1998). For the class in (3.10) we are able to reach an
asymptotic variance quite close to (v(1— p)/p)?, as may be seen from Figure 4,
where we present the asymptotic standard deviations in (3.11) and (3.12), for

p=—1andy=1.

Remark 3.5. Note that the choice a« = 1 — p and the consideration of the

~GJi(p) . . L, .
tail index estimator 7 al((ll))) in (3.13), leads us to the asymptotic distributional
=)
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1.9 . ‘ . a

. . e ~GJ1(-1) 2GJ2(-1)
Figure 4: Asymptotic standard deviation indicators of 7, , ,fory =1.

n,o

representation,
GJ1(p)
~CH () d v (L=p) Zhan
’yn,aél) =7 + ‘P’ \;E + OP(A(n/k)v

for levels k such that vk A(n/k) — X, finite, as n — oo, and whenever p is
under the conditions of Theorem 3.1.

Consequently, the estimator with smallest asymptotic variance in the class
of estimators in (3.9), i.e., the estimator in (3.13), has the same asymptotic
variance and second order bias of the “Maximum Likelihood” estimator studied

in Gomes and Martins (2002), and given by
kN [/ k ko
() (5m) +(z)
i=1 i=1 =1
. U, . -~

1
where U;, 1 <1 <k, are the scaled log-spacings in (1.1).

k k
N 1 1 .
~ML(p) L (L R
A2 (k) = ? ;1 U; (k: E ) Uz>

=1

3.2 Mispecification of p

If we misspecify p = —1, we have the bias’ quotients

M = My = aB+1) (2 _ @ (—1) = a(f+1)?

Yo, = 9o, - Bla+ 1)’ Ya,8 = 90,8 - B(a+1)
2 2
3 _ 3 _af(f+1)
9ap = a1 = B(a+1)2
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and we thus get the Generalized Jackknife classes of estimators ﬁf ii%_l)(k),

i=1,2,3, given in (3.1), (3.2) and (3.3), respectively, with p replaced by —1.

We shall also consider the particular cases in (3.9) and (3.10), but now with

p replaced by —1, i.e., we shall consider,

2GH(1) _ _ann) _ 200900 (k) = (a+1) 75 (k)

= 1 1
Ao o = , a>1, (3.15)
and
2GJ2(—1 ~ _ ~ ~
Yn a2( )(k’) = 77?i2c(v Vi=—a ’Yy(za)(k’) + (a+1) %(za)(k)a a> 1. (3.16)

)

On the basis of Theorem 3.1, we get straightforwardly the general dis-
tributional behaviour of the new estimators ’7\5 i’,éfl)(k;). Indeed, with the
misspecification of p at —1, we are going to have no change in the asymptotic
variances, which are given by the expressions in (3.6), (3.7) and (3.8), with
p = —1, but whenever p # —1, we get a dominant component of bias of the

order of A(n/k), like in the classical tail index estimators. We may state the

following result:

Theorem 3.2. Under the conditions of Theorem 2.1 and with the same notation

of Theorem 3.1, we get the following asymptotic distributional representations:

gy ooy aB(1+ p)
~GJi(—1 a, GJi(—1
n,al,,é’ )<k'):’)/+7\/% Zk,oj,é’ )+m A(n/k)(l—i—op(l)),
4 ~y O_GJQ(*].)
~GJa(—1 a,f GJ2(—1
n,ojé )<k) =7+ \/E Zk,a?[g )
(1 +p) (alp =) =206+ 5 +p) 4, ay)
p

(82 = 208 — a) (a — p)(B — p)?

17



and

~ UGJ3(—1)
~GI3(=1) 1y 4 o8 GJs(—1)
n,a, 3 <k) =7+ \/E Zk,a,ﬁ
a?B2(1 + p)(208 + (1 - p)(B +a) — 2p)
A(n/k)(1 1)).
- e (n/])(1 + 0p(1)
For the particular case 8 = 1 in ?Siléfl), we are dealing with the class of
estimators in (3.15), and we get,
2GI(-1) - d ala+4)  Lan(-
k) = —
rVn,a ( ) ry + ’y (20& o 1) k k7a71
a(l+p)
————— A(n/k)(1 + 0,(1)),
For the particular case o = 3 in :y\giféfl), we are dealing with the class of
estimators in (3.16), and we get,
GJa(—
2GJa(-1) 4 n v a? 202 — 200+ 5 Zk,of(i Y
Tne T T 90 ) 2 — 1 NG
o®(1 + p) A(n/k)
1 1)).
(Oé—p)2 ( +OP( ))

Remark 3.6. The estimator with smallest asymptotic variance in the class of

estimators herewith considered, i.e.,

~GJi(-1) R _ N R
Tz R =35V = B (k) - 352 (k)

18, as expected from the result in Remark 3.5, asymptotically equivalent to the
“Maximum Likelihood” estimator studied in Gomes and Martins (2004), and

given by

k 9
i(2i — k — 1)U;
=1

<1k ) i@ww—nm

where U;, 1 < i < k, are the scaled log-spacings in (1.1), i.e., both estimators

have the same asymptotic variance and second order bias.

18



S 22 2 %3 88 % 3% 2 8 %382 2388 838 S 92 L8 83 9 B
(=TT e T s S S S B A SN S S S S SR R N R N S
p

0.00 1.00{1.00/1.00{1.001.00J1.00{1.00]1.00{1.001.00{1.00{1.00]1.00{1.00/1.00{1.001.00]1.00{1.00/1.00{1.00J1.00{1.00{1.00]1.00{1.00/1.00{1.00/1.00{1.00{1.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45
-0.50
-0.55
-0.60
-0.65
-0.70
-0.75
-0.80
-0.85 1.53[1.53|1.54|1.54|1.54|1.54|1.54[1.53|1.53(1.53|1.53|1.52|1.52|1.52]1.51|1.51{1.50[1.50|1.50
-0.90 1.71(1.71 1.72J_1.72 1.72]1.72(1.72 1.72J_1.71 1.71]1.71{1.70/1.70{1.701.69]1.69 m_ﬂf 67[1.67]1.66[1.66(1.66]1.65[1.65]|1.64[1.641.63]1.63[1.62]1.62
-0.95 2.09]2.10]2.102.10]2.11(2.112.10|2.102.10|2.10{2.092.09|2.08(2.08|2.07[2.07|2.06|2.06(2.05|2.05[2.042.03|2.03(2.02|2.02|2.01|2.01|2.00(1.99|1.99|1.98
100 ool cof cofco] ool cof cof co] ool cof cof cof oo cof cof cof cof cof cof co] ool cof o] cof cof cof o] cof cof cof co
-1.05 1.92(1.93]1.94[1.941.94]1.94(1.94|1.94(1.941.93]1.93(1.93]1.921.92|1.91{1.911.90]1.901.89|1.89(1.88|1.88(1.871.87|1.86(1.86/1.85[1.85|1.84|1.84(1.83
-1.10 1.49(1.50|1.50{1.50(1.51]1.51{1.51|1.50{1.50(1.50]1.50{1.50
-1.15
-1.20
-1.25
-1.30 0.980.99]0.99 0.99]0.99/0.99]0.99(0.99]0.98/0.98/0.98|0 96]0.96]0.96(0.95]|0.95[0.95/|0.95
-1.35 0.93]0.94]0.940.94]0.94(0.94]0.95[0.940.94]0.940.94]0.94(0.94]0.94]0.93|0.93]0.930.93]0.93|0 91]0.91]0.91(0.90]0.90{0.90/0.89
-1.40 0.89]0.89]0.890.90]0.90(0.90]0.90{0.90/0.90[0.900.90/0.90(0.90]0.89/0.89/0.89]0.89(0.89]0.880 87]0.87]0.86(0.86/0.86(0.86/0.85
-1.45 0.850.85]0.86/0.86]0.86(0.86)0.86[0.86/0.86]0.86/0.86|0.86[0.86]|0.86|0.86/0.85|0.85(0.85]0.85[0 83]0.83]0.83(0.83]0.82(0.82|0.82
-1.50 MR 0.83]0.83[0.83]0.83]0.83(0.83]0.83[0.83]0.83]0.83(0.83]0.83|0.83]0.82|0.820.82]0.82|0 80]0.80/0.80/0.80{0.80[0.79]0.79
-1.55 0.79]0.80/0.80/0.80]0.80(0.81)0.81{0.810.81]0.810.81]0.80(0.80]0.80{0.80/0.80]0.800.79]0.790 7810.78]0.77(0.77]0.77(0.77]0.77
-1.60 0.77/0.77]0.78[0.780.78]0.78[0.78]0.78|0.78|0.78/0.78|0.78(0.78/0.78]0.78(0.78/0.77]0.77(0.77 |0 76]0.76[0.75/0.75]0.75[0.75/0.74
-1.65 0.75]0.75]0.760.76]0.76(0.76]0.76[0.76|0.76]0.76/0.76]0.76[0.76]0.76]0.76|0.76]0.75(0.75]0.75[0 74]0.74]0.73(0.73]0.73[0.73|0.73
-1.70 0.73]0.74]0.740.74]0.74(0.75]0.75[0.75]0.75]0.75/0.75]0.74(0.74]0.74]0.74|0.74]0.74(0.74]0.73 [0 72]0.72]0.72(0.72]0.71{0.71]0.71
-1.75 0.71]0.72]0.72/0.73]0.73(0.73]0.73[0.73/0.73]0.730.73]0.73[0.73]0.73|0.73/0.72]0.72(0.72]0.72|0 71]0.71]0.70(0.70/0.70{0.70/0.70
-1.80 0.70]0.70 0,71071071072ﬁ.72 0,72072072072ﬁ 71]0.7110.71/0.71]0.71(0.71]0.71[0.71|0 69]0.69]0.69(0.69]0.69(0.68|0.68
-1.85 0.69]0.69[0.700.70]0.70(0.70]0.70{0.70]0.70]0.700.70]0.70(0.70]0.70{0.70|0.70]0.700.69]0.69 [0 68]0.68[0.68/0.68[0.67[0.67]|0.67
-1.90 0.67/0.68/0.68[0.69/0.69]0.69[0.690.69]0.69[0.69/0.69]0.69[0.69/0.69]0.69(0.69]0.69]0.68[0.68|0 67]0.67]0.67(0.67]0.66[0.66/0.66
-1.95 0.66/0.67]0.67/0.68]0.68(0.68)0.68[0.68|0.68|0.68/0.68|0.68(0.68]0.68|0.68|0.68|0.68(0.67]0.67 [0 660.66]0.66(0.66]|0.65[0.65]|0.65
-2.00 0.65]0.66]0.66/0.67]0.67(0.67]0.67[0.67]0.67]0.67/0.67]0.67[0.67]0.67]0.67]|0.67]0.67(0.66]0.66 [0 65]0.65]0.65/0.65[0.65(0.64)0.64

[AREFFG, 5 2 2

~GJp(—1
Figure 5: Asymptotic efficiency of ﬁn’al( ) relatively to the Hill estimator, at their
optimal levels.

(-1

2GJe . . ~
An asymptotic comparison of 7, and the Hill estimator, 3, computed

at their optimal levels, enable us to state the following result:

(=1

2GJ; . .
Theorem 3.3. For p # —1, we get for 7, , , 1 =1,2, the following asymp-

totic efficiencies relatively to the Hill estimator:

(a—p)(20—1)° \T%
T+ plat—r(a+ 4)

)

AREFFGJHH(O‘) =

1 202 —2a+5\"  (a—p)? 2
>\ (20=13 ) (1-p)[1+p]

AREFFGJ2|H(04) =

These two AREF F-measures are presented in Figures 5 and 6.
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Figure 6: Asymptotic efficiency of ﬁn’;( ) relatively to the Hill estimator, at their

optimal levels.

It is possible to see that we cannot practically distinguish asymptotically the
two estimators in (3.15) and (3.16), when they are computed at the level ag that
minimizes their asymptotic variance. Anyway, we get a region of (o, p) values
where the GJ; estimator behaves better than the GJs estimator, when they are
computed at the same tuning parameter . However, for every p there exists

always unique values

~ . ~GJi(—1 . . ~GJa(—1
Q1 := argmin LM SE ’Yn(),jx( ) and aqo := argmin LM SFE ’Ynojl( ) .
o (0%

~GJa(—1) ~GJ1(—1
If we then compute AREFF ’y\no,za( )Wno,;( : , we get, for every p, a value

larger than 1. We are thus led to advise the use of the estimator in (3.16), among

the estimators with p misspecied at p = —1.
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4 Simulated distributional behaviour

In Figures 7, 8 and 9 we present the mean value and mean squared error
patterns, as functions of k, the number of top o.s. used, of the estimator in
(3.14), denoted in the figures GJ(py) and GJ(p1), when we estimate p through
po and pp, respectively, with p; given in (3.4). We also represent the same
features of the estimator in (3.16), computed at the value apy that minimizes
its LM SE, and denoted GJ(—1) in the figures. We have considered the Burr
model, with d.f. F(z) =1— (1 +a?/")Y, 2 >0,v=1and p = —0.5,—1
and —2. The behaviour of the Hill estimator is pictured for reference, and the

simulation is based on 5000 runs.

E MSE

2.00 0.20 -
H
1.50 4 GJ(py) 0.15 1
GJ(-D)
1.00 _ 0.10 A
y=1 i
. L/ GJ(po),

0.50 | GJ(po) 0.05 -

| GJ(p1)
0.00 1 : : : : K 0.00 ‘ _GJ(=) K

0 200 400 600 800 1000 0 200 400 600

Figure 7: Burr parent with (v, p) = (1, —0.5)

In Table 1 we present for different simulated models, and 7 = 0 or 1 according
as |p| < 1 or |p| > 1, simulated measures of efficiency and bias reduction of
~GJ2(pr . . . :
the estimator ’ymgo(p ) relatively to the Hill estimator, both computed at their

optimal levels, i.e.,

MSE [] E [Fno ]
REFFg 51 = —ono PMerom =" o5 (4.1)
MSE |::y\n0 :| |:An0 ’7:|
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Figure 8: Burr parent with (v,p) = (1, —1)
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Figure 9: Burr parent with (v,p) = (1,-2)

This measure was computed on the basis of a multi-sample simulation of size

5000 % 10. For details on multi-sample simulation see Gomes and Oliveira (2001).

Some overall remarks:

1. As p approaches 0, the new estimators, computed at their optimal levels,

compare favourably with the Hill estimator.

This is indeed a kind of

behaviour shared by all reduced bias’ estimators considered before, and it

is essentially due to the high bias of the Hill estimator in this region of



Table 2: Relative efficiencies and bias reduction indicators, REFFq ) 5/BRIG s, (5) H-

n 1000 2000 5000 10000 20000

STU(p = —.5) 1.31/3.19 1.51/5.70 1.71/5.70 1.93/36.43 | 2.19/72.74

BU(p = —.5) 1.31/3.19 1.51/8.80 1.74/7.00 1.93/32.72 | 2.21/47.53

FRE (p=—1) | 1.35/7.13 | 1.37/10.07 | 1.28/6.27 | 1.32/5.39 | 1.39/7.47

STU(p=—1) | 1.47/30.06 | 1.58/30.63 | 1.66/32.65 | 1.77/32.51 | 1.90/31.91

BUp=(—1) | 1.47/30.06 | 1.57/31.18 | 1.67/25.01 | 1.79/28.36 | 1.91/27.16

STU(p=—2) | 0.90/1.61 | 0.99/1.97 | 1.05/1.99 | 1.09/2.04 | 1.12/1.95

BU(p=-2) | 1.10/3.54 | 1.13/4.23 | 1.12/13.17 | 1.14/9.38 | 1.18/45.28

p-values. Regarding minimum mean squared error, the best performance
is achieved when we misspecify p at p = —1. Regarding bias, the best
performance is achieved whenever we use py as the p-estimate — then
the sample path is quite close to the target value ~, for a wide region of

k-values (see Figure 7, left).

2. For models with p = —1, as illustrated in Figure 8, the new estimator in
(3.14), at its optimal level, overpasses the Hill estimator, also at its optimal
level, if we estimate p through p;. The best results, regarding sample
paths’ stability, are achieved by the estimator GJ(—1). If we consider py,
the reduction of bias is too big, and the new estimator, in (3.14), has a
negative bias for all k. Similar conclusions may be drawn for all simulated
models with p = —1, like the Fréchet model, F/(z) = exp (—IL‘_l/’Y) , x>0,

a typical heavy-tailed model.

3. For small values of p it has been difficult to find competitors to the Hill
estimator. However, with this class we are indeed able to overpass the
Hill estimator for large n, again through the use p;. An illustration of

this is presented in Figure 9.
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5 An application in the field of finance

We shall herewith consider an illustration of the performance of the above
mentioned estimators, through the analysis of the Euro-UK Pound daily
exchange rates from January 4, 1999 till December 15, 2003. In Figure
10, working with the n, = 593 positive log-returns, we present the sample
path of the p. estimates in (3.4), as function of k, for 7 = 0 and 7 = 1
(left), together with the sample paths of the classical Hill estimator in (1),
denoted H and the estimator ﬁig(ﬁ )in (3.14) for p = pp, denoted GJ(po) (right).

o

-3.0 4

-4.0

Figure 10: Estimates of the second order parameter p (left) and of the tail index v (right) for the
Daily Log-Returns of the Euro-UK Pound.

We may then draw the following conclusions:

1. The sample paths of the p-estimates associated to 7 = 0 and 7 = 1 lead us
to choose, on the basis of any stability criterion for large k, the estimate
associated to 7 = 0. From previous experience with this type of estimates,
we may conclude that the underlying p-value is larger or equal to —1, and
the consideration of 7 = 0 is then advisable. The estimate of p is in this

~ . . 2GJ2(Po) .
case pyp = —0.66, and we should consider the estimator ¥,, 5 in (3.14).

2. Regarding the tail index estimation, note that whereas the Hill estimator
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is unbiased for the estimation of the tail index v when the underlying
model is a strict Pareto model, it exhibits a relevant bias when we have
only Pareto-like tails, as happens here, and may be seen from Figure 10
(right). The Generalized Jackknife estimator, which is “asymptotically
unbiased” reveals a smaller bias, and enable us to take a decision upon
the estimate of « to be used, with the help of any stability criterion or any
heuristic procedure, like a “largest run method”, considered, for instance,

in Gomes et al. (2003).

Here we have merely considered, as a possible y-estimate, the median of
the G'J-estimates in the region (kg, kp), with k, = [n;QﬁO/(l_Qﬁo)} = 37,
ky = |5 n;2ﬁ0/(172,30) = 189. We have then got the value ¥ = 0.30,
provided in Figure 10,the same value we had obtained before in the above

mentioned paper, where this same set of data has been analysed.

6 Proofs

We first state the following lemmas, where F;, ¢ > 1, denotes a sequence of i.i.d.

unit exponential r.v.’s, with d.f. F,(z) = 1 —exp(—x), > 0. The notation

ay ~ by means that ap /by — 1, as k — oc.

k
Lemma 6.1. (Chernoff et al., 1967). Let Zy = % > ik By and let us write,
i=1

Vk Var(Zy).

k
Vk <Zk — 1 > aik)
= %, Normal (0,1) <= max || = o (\/% vk> :

Vg k—oo 1<i<k
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k
as k — oo. If we further have % Yo =+ op (1/\/%), vp—0 >0, uand o
i=1

finite, and max |oyk| = o (\/E), as k — oo, then
1<i<k

k(Zi —
M ki> Normal (0,1).
g —00

Lemma 6.2. Let us denote

k .\ a—1
a 1 )
Vk( ) .= E.Z <%> E,, a>1, (6.1)

and

o 1 A
W = E,Z (E) In <E> Ei, a>1, (6.2)

where B;, 1 < i < k, is a standard exponential random sample of size k. As

k — oo,
E [Vk(“)] - é +o (1/\/@ ., E [W,ﬁ“)} - —% +o (1/\/E) , (6.3)

and

-
(2a—1) kK’

2

s TE (6.4)

Var [Vk,(a)] ~ Var [Wéa)} ~

Moreover, both r.v.’s, P,ga) =2a-1)k (Vk(a) - 1/a) in (2.3) and Q,(Ca) =
(2a—1)\/(2a — 1)k/2 (Wéa) + 1/042) in (2.4), are asymptotically standard nor-

mal, and the second order structure between these r.v.’s is given by

Cov [P, PP ~ \/(22115)(_%1_ Y, (6.5)
o — _1))3/2
Cou (QI(C@,Q](CB)) (@ (ai)(;ﬁ— 1)é)) 7 (6.6)
and
@ @) (28-1)/Q2a—1)(23-1)
Cov (P, Q") NP T — (6.7)
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Proof. Since E [E;] = Var [E;] =1,

N 1en i\ Lo 1
) - TR [

k—oo 0 «

k . a—1 . 1
@) = Iy~ (L i a1 _ 1
E(Wk) = ki:1 <k> ln<k>kjo>o/0$ Inx doz = o2

More than this: the differences E (Vk(a)) — 1/ and E (Wéa)) + 1/a? are
Op (1/\/%), and (6.3) follows. Since the weights a;, = (i/k)*~ ! and oy =
(i/k)*~'1n(i/k) are under the conditions of Lemma 6.1, the asymptotic normal-

ity of the r.v.’s in (2.3) and in (2.4) comes thus from Lemma 6.1, together with

the fact that,
.\ 2(a—1) 1
@) _ 1 ? 2a-2,. 1
kv‘”(‘/’ﬂ ) - k:z<> e A

(a) 1kiz(o{il)2i 1222
kVar(Wk ) = EZ(E> In <E>kjo>o/0$a In“ 2z dzx

i.e., (6.4) holds true.
Similar computations lead us to (6.5), (6.6) and (6.7). Indeed,

1
Cov (P,ga), P,gﬁ)> P~ V(2 —1)(23 — 1)/ 282y
—00 0

V(2o —1)(26 - 1)
a+p-1 ’

_ _ 3/2 1
(CO’U (Q[(ga)v Qéﬁ)) N ((20[ 1)(2/8 1)) / xa+572 1112 rdr
0

k—oo 2
_ (2a-1)28-1))*?
N (a+p—-1) 7

Cov (Plga), Q/(f)) — (26 - 1)\/(2a ~D@5-1) /01 2982 1n pdx

k—oo \/§
_ (@8-1)y@a-D@-1)
V2 (a+p-12
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Proof. (Theorem 2.1). We may write

k LN a—1
1 ¢ . U(YnfiJrl:n)
- E Z lp Rt ling
k i— <k7) Z{ " U(Ynfi:n }’

where Y;.,, 1 < ¢ < n, are the ascending o.s. associated to an i.i.d. standard

T =
]~
N
| =
~_
Q

|
—

S
|

Pareto sample of size n, from a parent F, (y) =1 — y L, oy >1.
Since YnfiJrl:n/Ynfi:n i Yii, 1 <17 < k, InYy i B = Ez/l, and from
(1.5), which enables us to write

Ul(t P—1
(x)zyln:v—{—x

A(t)(1 +o(1)),

) e () (e
f %i <%>Q1Ei+A(n/k) > (i) (#) (1+0p(1))

ko /NP [ erEili _
Ly Vk(a)+A(n/k) Z (E) (%) (1+0p(1)),

with Vk(a) given in (6.1). The use of the inequality,

p F? _ eP Bili 1 E
i2 p i

enables us to guarantee that

Zk: 1 a=p epEi/i—l L 1
k p k—oo . —p

=1

Next, the use of this relation and of (2.3) enables us to write

QL

I~ (i 4 v, B |
k;<k> i = o7 2a -1k +(a_p) A(n/k)(L + 0p(1)),

where P,ga), given in (2.3), is asymptotically standard normal, and (2.1) follows.

The distributional representation (2.2) follows in a similar way. O
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Proof. (Theorem 3.1). The proof of (3.5), i = 1,2,3, follows the lines of the

proof of Theorem 2.1. The second part of the theorem follows from the fact that

PP (k) = S ATHO k) = 0, (3 (K) ~ 70 () = 0y (1/VF)

8p77’b,0¢
0
(2 = 2 3G (p) (1) = ~@) () — ~(8) —
P2 (k) = AW (k) = 0 (3 (h) =30 (k) = 0, (1/VF)
and
0
G(E) = 2 3GI300) (1) — (@) (Y _ 5(6) -
PP (k) = AW () = 0, (3 () =30 () = 0, (1/VE).
Hence,

it P (k) = 3722 O (k) + (7= p) @pk) (L + 0p(1)),

and then, whenever vk A(n/k) — ), finite, i.e., A(n/k) = O,(1/Vk), the condi-
tions in the theorem enable us to guarantee that (p—p) ¢5(k) = op(A(n/k)). O
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