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1 Introduction and preliminaries

Let X1, X2, . . . , Xn be independent, identically distributed (i.i.d.) random vari-

ables (r.v.’s) with common distribution function (d.f.) F , with a Pareto-type

tail, i.e., let us assume that there exists a positive constant γ, such that for large

x, the tail function

F (x) := 1 − F (x) = x−1/γL(x),

where L(x) is a slowly varying function at infinity, i.e., for every x > 0,

L(tx)/L(t) → 1 as t → ∞.

Consequently, F ∈ RV−1/γ , where RVβ stands for the class of regularly varying

functions at infinity with index of regular variation equal to β, i.e., measurable

functions g with infinite right endpoint, and such that lim
t→∞

g(tx)/g(t) = xβ, for

all x > 0. F is thus in the max-domain of attraction of an Extreme Value (EV )

d.f.,

EVγ(x) := exp
{
−(1 + γx)−1/γ

}
, x ≥ −1/γ, γ > 0.

We denote such a fact by F ∈ DM(EVγ).

Then the scaled log-spacings

Ui := i {lnXn−i+1:n − lnXn−i:n} , 1 ≤ i ≤ k, (1.1)

are approximately distributed as k independent exponential r.v.’s, with mean

value equal to γ. This leads to the well known Hill estimator for γ (Hill, 1975),

γ̂H
n (k) :=

1
k

k∑
i=1

Ui,

the average of the scaled log-spacings in (1.1), and we may think, more generally,

on the following generalization of the Hill estimator,

γ̂(α)
n (k) :=

α

k

k∑
i=1

(
i

k

)α−1

Ui, α ≥ 1,
[
γ̂(1)

n ≡ γ̂H
n

]
. (1.2)
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We shall here also work with the class of estimators,

γ̃(α)
n (k) := −α2

k

k∑
i=1

(
i

k

)α−1

ln
(

i

k

)
Ui, α ≥ 1. (1.3)

Apart from the first order condition,

F ∈ DM(EVγ) (γ > 0) iff 1 − F ∈ RV−1/γ iff U ∈ RVγ , (1.4)

where

U(t) := F←(1 − 1/t), t > 1, F←(u) = inf{x : F (x) ≥ u},

we shall assume, in order to be able to derive the asymptotic normality of the

estimators under study, the validity of a second order condition. More specifi-

cally, we shall assume that there exists a function A(·) and a parameter ρ < 0

such that, for every x > 0,

lim
t→∞

lnU(tx) − lnU(t) − γ lnx

A(t)
=

xρ − 1
ρ

. (1.5)

This condition has been widely accepted as the appropriate condition to

specify the tail of a Pareto-type distribution. It holds true for most common

heavy-tailed models, like the Fréchet, the Generalized Pareto, the Burr and the

Student’s t.

In section 2 of this paper we deal with the asymptotic behaviour of the

classes of estimators in (1.2) and (1.3) and compare them asymptotically at

their optimal levels. The value α = 1 in (1.2), i.e., the Hill estimator, provides

the optimal results within such a class. The estimators in (1.3) may perform

better than the Hill estimator, but the improvement is not at all significant.

This led us to the introduction, in section 3, of Generalized Jackknife estimators

of γ associated to any pair of estimators in (1.2) and/or in (1.3). We finally

come to a general class of Generalized Jackknife r.v.’s, dependent on a tuning
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parameter α and on the second order parameter ρ in (1.5). Such a second order

parameter is either adequately estimated through ρ̂, to be explicited later on, or

misspecified at ρ = −1. We advance with different classes of reduced bias tail

index estimators, but the one we consider to be more relevant is given by

γ̂GJ(ρ̂)
n,α (k) =

1
ρ̂

{
α γ̂(α)

n (k) − (α − ρ̂) γ̃(α)
n (k)

}
, (1.6)

with γ̂
(α)
n (k) and γ̃

(α)
n (k) given in (1.2) and (1.3), respectively. Indication on

the choice of α in (1.6) is provided and the case ρ̂ ≡ −1 in (1.6) is also con-

sidered. In section 4, we proceed to a comparison of the proposed estimators,

for finite samples, through the use of Monte Carlo techniques. In section

5, we use the developed estimators for the analysis of real data in the field

of finance. Proofs of the results in sections 2 and 3 will be postponed to section 6.

2 The asymptotic behaviour of the initial classes of

tail index estimators

2.1 Asymptotic comparison at the same threshold k

The main result of this section is given in the following:

Theorem 2.1. Under the first order condition in (1.4), and for k = kn, an

intermediate sequence of integers between 1 and n, i.e., such that

k = kn → ∞, k = o(n), as n → ∞,

the statistics γ̂
(α)
n (k) and γ̃

(α)
n (k) in (1.2) and (1.3), respectively, are weakly

consistent for the estimation of the tail index γ. Moreover, under the second

order framework in (1.5), we have the validity of the asymptotic distributional

representations

γ̂(α)
n (k) d= γ +

γα√
(2α − 1) k

P
(α)
k +

α

α − ρ
A(n/k)(1 + op(1)), (2.1)
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and

γ̃(α)
n (k) d= γ +

γ
√

2 α2

(2α − 1)
√

(2α − 1) k
Q

(α)
k +

α2

(α − ρ)2
A(n/k)(1 + op(1)),

(2.2)

where

P
(α)
k =

√
(2α − 1) k

(
1
k

k∑
i=1

(
i

k

)α−1

Ei −
1
α

)
(2.3)

and

Q
(α)
k = (2α − 1)

√
(2α − 1)k

2

(
1
k

k∑
i=1

(
i

k

)α−1

ln
(

i

k

)
Ei +

1
α2

)
(2.4)

are asymptotically standard normal r.v.’s.

Remark 2.1. Note that, asymptotically, we may proceed to the comparison of

the two classes of estimators at the same level k and for the same value of α.

Indeed, we have the following approximations for bias and variance:

Bias∞
[
γ̂(α)

n (k)
]

=
α A(n/k)

α − ρ
, V ar∞

[
γ̂(α)

n (k)
]

=
α2γ2

k(2α − 1)
,

Bias∞
[
γ̃(α)

n (k)
]

=
α2 A(n/k)
(α − ρ)2

, V ar∞
[
γ̃(α)

n (k)
]

=
2α4γ2

k(2α − 1)3
.

Consequently, for every α ≥ 1 and ρ < 0,∣∣∣Bias∞
[
γ̃(α)

n (k)
]∣∣∣ <

∣∣∣Bias∞
[
γ̂(α)

n (k)
]∣∣∣ .

If 1 ≤ α ≤ 2 (for all ρ ≤ 0) or if α > 2 and ρ ≤ −α(α − 2), we get∣∣∣Bias∞
[
γ̃(α)

n (k)
]∣∣∣ ≤ ∣∣Bias∞

[
γ̂H

n (k)
]∣∣ ≤ ∣∣∣Bias∞

[
γ̂(α)

n (k)
]∣∣∣ .

If α > 2 and −α(α − 2) < ρ ≤ 0,∣∣Bias∞
[
γ̂H

n (k)
]∣∣ ≤ ∣∣∣Bias∞

[
γ̃(α)

n (k)
]∣∣∣ ≤ ∣∣∣Bias∞

[
γ̂(α)

n (k)
]∣∣∣ .

Concerning the variance, we get, for 1 ≤ α < 1 +
√

2/2,

V ar∞
[
γ̂H

n (k)
]
≤ V ar∞

[
γ̂(α)

n (k)
]
≤ V ar∞

[
γ̃(α)

n (k)
]
,
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and

V ar∞
[
γ̂H

n (k)
]
≤ V ar∞

[
γ̃(α)

n (k)
]
≤ V ar∞

[
γ̂(α)

n (k)
]
,

for α ≥ 1 +
√

2/2.

2.2 Asymptotic comparison at optimal levels

We now proceed to an asymptotic comparison of the estimators at their optimal

levels in the lines of de Haan and Peng (1998). Suppose γ̂•
n(k) is a general semi-

parametric estimator of the tail index, for which the distributional representation

γ̂•
n(k) = γ +

σ•√
k
Z•

n + b• A(n/k) + op(A(n/k)) (2.5)

holds for any intermediate k, and where Z•
n is an asymptotically standard normal

r.v. Then we have

√
k [γ̂•

n(k) − γ] d→ N(λb•, σ
2
•), as n → ∞,

provided k is such that
√

k A(n/k) → λ, finite, as n → ∞. In this situation

we write Bias∞ [γ̂•
n(k)] := b• A(n/k) and V ar∞ [γ̂•

n(k)] := σ2
•/k. The so-called

Asymptotic Mean Squared Error (AMSE) is then given by

AMSE [γ̂•
n(k)] :=

σ2
•
k

+ b2
• A2(n/k).

Using regular variation theory, it may be proved that, whenever b• 	= 0, there

exists a function ϕ(n), dependent only on the underlying model, and not on the

estimator, such that

lim
n→∞

ϕ(n) AMSE [γ̂•
n0] =

2ρ − 1
2ρ

(
σ2
•
)− 2ρ

1−2ρ
(
b2
•
) 1

1−2ρ =: LMSE [γ̂•
n0] , (2.6)

where γ̂•
n0 := γ̂•

n (k•
0(n)) and k•

0(n) := arg inf
k

AMSE [γ̂•
n(k)].

It is then sensible to consider the following:
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Definition 2.1. Given two biased estimators γ̂
(1)
n (k) and γ̂

(2)
n (k), for which dis-

tributional representations of the type (2.5) hold true, with constants (σ1, b1)

and (σ2, b2), b1, b2 	= 0, respectively, both computed at their optimal levels, the

Asymptotic Root Efficiency (AREFF ) of γ̂
(1)
n0 relatively to γ̂

(2)
n0 is

AREFF1|2 ≡ AREFF
γ̂
(1)
n0 |γ̂(2)

n0

:=

√√√√√LMSE
[
γ̂

(2)
n0

]
LMSE

[
γ̂

(1)
n0

] ,

with LMSE given in (2.6).

Remark 2.2. Note that this measure was devised so that the higher the

AREFF measure, the better the estimator is.

Proposition 2.1. For every α > 1, if we compare the estimators within the

class γ̂
(α)
n , in (1.2), with the Hill estimator, which is associated to α = 1 in

(1.2), we get

̂AREFFα|H =
(

(α − ρ)(2α − 1)−ρ

(1 − ρ) α1−2ρ

) 1
1−2ρ

< 1.

More than this: both the asymptotic bias and the asymptotic variance of γ̂
(α)
n (k),

α > 1, are bigger than the asymptotic bias and the asymptotic variance, respec-

tively, of the Hill estimator. If we compare γ̃
(α)
n in (1.3) with the Hill estimator,

the best estimator within the class γ̂
(α)
n in (1.2), we get

˜AREFFα|H =
(

(α − ρ)2(2α − 1)−3ρ

(1 − ρ) 2−ρ α2(1−2ρ)

) 1
1−2ρ

.

This ˜AREFFα|H measure is presented in Figure 1, being there denoted

AREFFα|H , for sake of simplicity. As may be seen from Figure 1, the gain in

efficiency is smaller than 1.05, when we consider γ̃
(α)
n in (1.3) instead of the Hill

estimator. Consequently, in the following section, we are going to consider, for
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real tuning parameter α, β ≥ 1, Generalized Jackknife estimators associated

to any pair
(
γ̂

(α)
n , γ̂

(β)
n

)
, α 	= β, in a way similar to the one considered in

Gomes et al. (2005), as well as to any of the pairs
(
γ̂

(α)
n , γ̃

(β)
n

)
, α, β ≥ 1, and(

γ̃
(α)
n , γ̃

(β)
n

)
, α 	= β, with γ̂

(α)
n and γ̃

(α)
n given in (1.2) and (1.3), respectively.

For details on the Generalized Jackknife estimation see Gray and Schucany

(1972).
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-1.70 0.96 0.98 1.00 1.01 1.02 1.02 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-1.75 0.96 0.98 0.99 1.01 1.01 1.02 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-1.80 0.95 0.97 0.99 1.00 1.01 1.02 1.02 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-1.85 0.95 0.97 0.99 1.00 1.01 1.02 1.02 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-1.90 0.95 0.97 0.99 1.00 1.01 1.02 1.02 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-1.95 0.95 0.97 0.99 1.00 1.01 1.02 1.02 1.02 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

-2.00 0.94 0.97 0.98 1.00 1.01 1.01 1.02 1.02 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.01 1.01 1.00 1.00 0.99 0.99 0.98 0.98 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.94

AREFF Hα | .=1 01AREFF Hα | .=1 02AREFF Hα | .=1 03AREFF Hα | .=1 04

Figure 1: Asymptotic relative efficiency of γ̃
(α)
n0 relatively to γ̂H

n0.

3 Generalized Jackknife estimators of the tail index

For real values α, β ≥ 1, let us think on the pairs,
(
γ̂

(α)
n (k), γ̂

(β)
n (k)

)
, β 	= α,(

γ̂
(α)
n (k), γ̃

(β)
n (k)

)
, and

(
γ̃

(α)
n (k), γ̃

(β)
n (k)

)
, β 	= α, with γ̂

(•)
n and γ̃

(•)
n given in

(1.2) and (1.3), respectively.
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The quotients between the dominant component of bias of the estimators in

these pairs are given by

q
(1)
α,β(ρ) =

α(β − ρ)
β(α − ρ)

, α 	= β, q
(2)
α,β(ρ) =

α(β − ρ)2

β2(α − ρ)

and

q
(3)
α,β(ρ) =

α2(β − ρ)2

β2(α − ρ)2
, α 	= β,

respectively, all dependent on ρ, unknown. We may thus estimate ρ adequately,

either internally, at the same level k used for the estimation of γ, as done in

Beirlant et al. (1999) and Feuerverger and Hall (1999) or externally, at a larger

level than the one used for the estimation of γ, as done successfully in Gomes and

Martins (2002), Beirlant et al. (2002), Caeiro and Gomes (2002b) and Gomes

et al. (2004), through any of the ρ-estimators available in the literature, like

the ones in Gomes et al. (2002a) and Fraga Alves et al. (2003). We may also

misspecify ρ, for instance in −1, a central and proeminent value of this second

order parameter, or in ρ = −γ, like happens for the Generalized Pareto models,

as done before in several papers, among which we mention Feuerverger and Hall

(1999), Gomes et al. (2000, 2002b), Caeiro and Gomes (2002a) and Gomes and

Martins (2004).

3.1 Estimation of ρ

Let us assume first that we estimate ρ through an estimator ρ̂, adequately chosen

so that ρ̂ − ρ = op(1) at any of the levels on which we are going to base the

estimation of the tail index γ. We thus get the Generalized Jackknife classes of

estimators, dependent on the tuning parameters α and β (α, β ≥ 1):

γ̂
GJ1(ρ̂)
n,α,β (k) :=

γ̂
(α)
n (k) − q

(1)
α,β(ρ̂) γ̂

(β)
n (k)

1 − q
(1)
α,β(ρ̂)

=
β(α − ρ̂) γ̂

(α)
n (k) − α(β − ρ̂) γ̂

(β)
n (k)

ρ̂(α − β)
, α 	= β, (3.1)

9



γ̂
GJ2(ρ̂)
n,α,β (k) :=

γ̂
(α)
n (k) − q

(2)
α,β(ρ̂) γ̃

(β)
n (k)

1 − q
(2)
α,β(ρ̂)

=
β2(α − ρ̂) γ̂

(α)
n (k) − α(β − ρ̂)2 γ̃

(β)
n (k)

ρ(2αβ − β2 − αρ̂)
(3.2)

and

γ̂
GJ3(ρ̂)
n,α,β (k) :=

γ̃
(α)
n (k) − q

(3)
α,β(ρ̂) γ̃

(β)
n (k)

1 − q
(3)
α,β(ρ̂)

=
β2(α − ρ̂)2 γ̃

(α)
n (k) − α2(β − ρ̂)2 γ̃

(β)
n (k)

ρ̂(α − β)(2αβ − ρ̂(α + β))
, α 	= β. (3.3)

Remark 3.1. For ρ̂ we may choose the estimator first used in Gomes and Mar-

tins (2002), which is based on the class of estimators in Fraga Alves et al. (2003).

More specifically, we shall here consider, for any τ > 0, the estimator

ρ̂τ := −
∣∣∣∣∣3(T (τ)

n (k1) − 1)

(T (τ)
n (k1) − 3)

∣∣∣∣∣ , k1 = min
(

n − 1,

[
2n

ln lnn

])
, (3.4)

where

T (τ)
n (k) :=



(
M

(1)
n (k)

)τ
−

(
M

(2)
n (k)/2

)τ/2

(
M

(2)
n (k)/2

)τ/2
−

(
M

(3)
n (k)/6

)τ/3 if τ > 0

ln
(
M

(1)
n (k)

)
−1

2 ln
(
M

(2)
n (k)/2

)
1
2 ln

(
M

(2)
n (k)/2

)
−1

3 ln
(
M

(3)
n (k)/6

) if τ = 0

,

with

M (j)
n (k) :=

1
k

k∑
i=1

(
ln

Xn−i+1:n

Xn−k:n

)j

, j = 1, 2, 3.

We have ρ̂τ − ρ = Op

(
1/

(√
k1 A(n/k1)

))
= op

(√
k A(n/k)

)
for any τ and for

any level k such that
√

k A(n/k) → λ, finite. Indeed, we may even go further

on, and consider adequate levels k such that
√

k A(n/k) → ∞, as n → ∞. The

complete study of the estimators under this context would then imply the need of

10



a third order framework, like the one considered in Gomes and de Haan (1999),

Caeiro and Gomes (2002b), Gomes et al. (2002a), Fraga Alves et al. (2003) and

Gomes et al. (2004).

Theorem 3.1. Let us assume that we are under the conditions of Theorem 2.1,

and consider ρ̂ replaced by ρ in (3.1), (3.2) and (3.3). We have, for i = 1, 2, 3,

γ̂
GJi(ρ)
n,α,β (k) d= γ +

γ σ
GJi(ρ)
α,β√
k

Z
GJi(ρ)
k,α,β + op(A(n/k)), (3.5)

with Z
GJi(ρ)
k,α,β asymptotically standard normal. The asymptotic standard devia-

tions are given by

σ
GJ1(ρ)
α,β =

α β

|ρ|(β − α)

√√√√ d
(1)
α,β(ρ)

(2α − 1)(2β − 1)(α + β − 1)
, (3.6)

σ
GJ2(ρ)
α,β =

α β2

|ρ(β2 − 2αβ + αρ)| (2β − 1)(α + β − 1)

√√√√ d
(2)
α,β(ρ)

(2α − 1)(2β − 1)

(3.7)

and

σ
GJ3(ρ)
α,β =

√
2α2 β2

|ρ|(β − α)(2αβ − ρ(α + β))

√√√√ d
(3)
α,β(ρ)

(2α − 1)3(2β − 1)3(α + β − 1)3
,

(3.8)

where

d
(1)
α,β(ρ) = (α − ρ)2(2β − 1)(α + β − 1) + (β − ρ)2(2α − 1)(α + β − 1)

− 2(α − ρ)(β − ρ)(2α − 1)(2β − 1),

d
(2)
α,β(ρ) = (α − ρ)2(2β − 1)3(α + β − 1)2 + 2(β − ρ)4(2α − 1)(α + β − 1)2

− 2(α − ρ)(β − ρ)2(2α − 1)(2β − 1)3

11



and

d
(3)
α,β(ρ) = (α − ρ)4(2β − 1)3)(α + β − 1)3 + (β − ρ)4(2α − 1)3(α + β − 1)3

− 2(α − ρ)2(β − ρ)2(2α − 1)3(2β − 1)3.

The same distributional results in (3.5) hold true for the tail index estimators

in (3.1), (3.2) and (3.3), if we use an estimator ρ̂ like the ones in (3.4), i.e.,

such that ρ̂ − ρ = op(1) for levels k such that
√

k A(n/k) → λ, finite.

In Figures 2 and 3, we present the asymptotic standard deviations in (3.6)

and (3.7), respectively, for ρ = −1. Similar patterns have been obtained for

other values of ρ.

If we look at the Figures 2 and 3, we notice that the use of the GJ1 and

the GJ2 statistics enables us to reach, for
√

k
(
γ̂GJi

n,α,β(k) − γ
)
, i = 1, 2, an

asymptotic standard deviation equal to 2.00, for γ = 1 and ρ = −1. The use

of the GJ3 statistic does not enable us to reach such a value: this is the reason

why we have decided not to present a figure with the standard deviation in (3.8)

and why this estimator has been discarded from this study. In the following,

due to the previous considerations and in order to work only with one tuning

parameter, instead of two, we are going to consider the following particular cases

of the classes of estimators in (3.1) and (3.2):

̂̂γGJ1(ρ̂)

n,α ≡ γ̂
GJ1(ρ̂)
n,α,1 :=

(α − ρ̂) γ̂
(α)
n (k) − α(1 − ρ̂) γ̂

(1)
n (k)

ρ̂ (α − 1)
, α > 1, (3.9)

and

̂̂γGJ2(ρ̂)

n,α ≡ γ̂GJ2(ρ̂)
n,α,α :=

1
ρ̂

(
α γ̂(α)

n (k) − (α − ρ̂) γ̃(α)
n (k)

)
, α ≥ 1. (3.10)

Remark 3.2. Note that under the conditions in Theorem 2.1, and whenever
√

k A(n/k) → λ, finite, not necessarily null, we get a limiting normal behaviour,
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1.00 2.20 2.16 2.13 2.11 2.09 2.08 2.06 2.05 2.04 2.03 2.02 2.02 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.02 2.05 2.09 2.14 2.19 2.24

1.05 2.20 2.13 2.11 2.08 2.07 2.05 2.04 2.03 2.02 2.02 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.03 2.07 2.12 2.17 2.23 2.28

1.10 2.16 2.13 2.08 2.06 2.05 2.04 2.03 2.02 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.01 2.01 2.04 2.10 2.15 2.21 2.27 2.33

1.15 2.13 2.11 2.08 2.05 2.04 2.03 2.02 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.01 2.01 2.01 2.01 2.02 2.06 2.12 2.19 2.25 2.32 2.38

1.20 2.11 2.08 2.06 2.05 2.03 2.02 2.01 2.01 2.01 2.00 2.00 2.00 2.01 2.01 2.01 2.01 2.02 2.02 2.02 2.03 2.08 2.15 2.22 2.29 2.37 2.44

1.25 2.09 2.07 2.05 2.04 2.03 2.01 2.01 2.01 2.00 2.00 2.01 2.01 2.01 2.01 2.02 2.02 2.03 2.03 2.04 2.04 2.11 2.18 2.26 2.34 2.41 2.49

1.30 2.08 2.05 2.04 2.03 2.02 2.01 2.01 2.00 2.01 2.01 2.01 2.01 2.02 2.02 2.03 2.03 2.04 2.04 2.05 2.06 2.13 2.21 2.30 2.38 2.46 2.54

1.35 2.06 2.04 2.03 2.02 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.02 2.02 2.03 2.04 2.04 2.05 2.06 2.06 2.07 2.15 2.25 2.34 2.43 2.51 2.60

1.40 2.05 2.03 2.02 2.01 2.01 2.01 2.00 2.01 2.01 2.02 2.02 2.03 2.03 2.04 2.05 2.05 2.06 2.07 2.08 2.09 2.18 2.28 2.38 2.47 2.57 2.66

1.45 2.04 2.02 2.01 2.01 2.01 2.00 2.01 2.01 2.01 2.02 2.03 2.03 2.04 2.05 2.06 2.07 2.08 2.08 2.09 2.10 2.21 2.31 2.42 2.52 2.62 2.71

1.50 2.03 2.02 2.01 2.01 2.00 2.00 2.01 2.01 2.02 2.02 2.04 2.04 2.05 2.06 2.07 2.08 2.09 2.10 2.11 2.12 2.23 2.34 2.46 2.56 2.67 2.77

1.55 2.02 2.01 2.01 2.00 2.00 2.01 2.01 2.01 2.02 2.03 2.04 2.05 2.06 2.07 2.08 2.09 2.11 2.12 2.13 2.14 2.26 2.38 2.50 2.61 2.72 2.83

1.60 2.02 2.01 2.00 2.00 2.00 2.01 2.01 2.02 2.03 2.03 2.04 2.05 2.07 2.09 2.10 2.11 2.12 2.13 2.15 2.16 2.28 2.41 2.54 2.66 2.77 2.88

1.65 2.01 2.01 2.00 2.00 2.01 2.01 2.02 2.02 2.03 2.04 2.05 2.06 2.07 2.10 2.11 2.12 2.14 2.15 2.16 2.18 2.31 2.45 2.58 2.70 2.82 2.94

1.70 2.01 2.00 2.00 2.00 2.01 2.01 2.02 2.03 2.04 2.05 2.06 2.07 2.09 2.10 2.12 2.14 2.15 2.17 2.18 2.19 2.34 2.48 2.62 2.75 2.87 3.00

1.75 2.01 2.00 2.00 2.00 2.01 2.02 2.03 2.04 2.05 2.06 2.07 2.08 2.10 2.11 2.13 2.15 2.17 2.18 2.20 2.21 2.37 2.51 2.66 2.79 2.93 3.05

1.80 2.00 2.00 2.00 2.01 2.01 2.02 2.03 2.04 2.05 2.07 2.08 2.09 2.11 2.12 2.14 2.15 2.19 2.20 2.22 2.23 2.39 2.55 2.70 2.84 2.98 3.11

1.85 2.00 2.00 2.00 2.01 2.02 2.03 2.04 2.05 2.06 2.08 2.09 2.11 2.12 2.14 2.15 2.17 2.19 2.22 2.23 2.25 2.42 2.58 2.74 2.89 3.03 3.17

1.90 2.00 2.00 2.00 2.01 2.02 2.03 2.04 2.06 2.07 2.08 2.10 2.12 2.13 2.15 2.17 2.18 2.20 2.22 2.25 2.27 2.45 2.62 2.78 2.93 3.08 3.22

1.95 2.00 2.00 2.01 2.01 2.02 2.04 2.05 2.06 2.08 2.09 2.11 2.13 2.15 2.16 2.18 2.20 2.22 2.23 2.25 2.29 2.47 2.65 2.82 2.98 3.13 3.28

2.00 2.00 2.00 2.01 2.02 2.03 2.04 2.06 2.07 2.09 2.10 2.12 2.14 2.16 2.18 2.19 2.21 2.23 2.25 2.27 2.29 2.50 2.68 2.86 3.02 3.18 3.33

2.50 2.02 2.03 2.04 2.06 2.08 2.11 2.13 2.15 2.18 2.21 2.23 2.26 2.28 2.31 2.34 2.37 2.39 2.42 2.45 2.47 2.50 3.01 3.24 3.47 3.68 3.88

3.00 2.05 2.07 2.10 2.12 2.15 2.18 2.21 2.25 2.28 2.31 2.34 2.38 2.41 2.45 2.48 2.51 2.55 2.58 2.62 2.65 2.68 3.01 3.61 3.88 4.14 4.39

3.50 2.09 2.12 2.15 2.19 2.22 2.26 2.30 2.34 2.38 2.42 2.46 2.50 2.54 2.58 2.62 2.66 2.70 2.74 2.78 2.82 2.86 3.24 3.61 4.28 4.59 4.88

4.00 2.14 2.17 2.21 2.25 2.29 2.34 2.38 2.43 2.47 2.52 2.56 2.61 2.66 2.70 2.75 2.79 2.84 2.89 2.93 2.98 3.02 3.47 3.88 4.28 5.01 5.35

4.50 2.19 2.23 2.27 2.32 2.37 2.41 2.46 2.51 2.57 2.62 2.67 2.72 2.77 2.82 2.87 2.93 2.98 3.03 3.08 3.13 3.18 3.68 4.14 4.59 5.01 5.79

5.00 2.24 2.28 2.33 2.38 2.44 2.49 2.54 2.60 2.66 2.71 2.77 2.83 2.88 2.94 3.00 3.05 3.11 3.17 3.22 3.28 3.33 3.88 4.39 4.88 5.35 5.79

2 01 2 101 1. .,
( )< ≤−σα β

GJ 2 10 2 501 1. .,
( )< ≤−σα β

GJ σα β,
( ) .GJ1 1 2 50− >σα β,

( ) .GJ1 1 2 01− ≤

Figure 2: Asymptotic standard deviation of γ̂
GJ1(−1)
n,α,β .

with null mean value, for
√

k

(̂̂γGJi(ρ̂)

n,α (k) − γ

)
, i = 1, 2. We may then slightly

simplify the formulas in (3.6) and (3.7), getting the asymptotic standard devia-

tions,

σGJ1(ρ)
α ≡ σ

GJ1(ρ)
α,1 = γ

√
α (α − 2ρ(1 − ρ))

ρ2(2α − 1)
, (3.11)

and

σGJ2(ρ)
α ≡ σGJ2(ρ)

α,α =
γ α2

(2α − 1)

√
(2α2 − 2α + 2ρ2 − 2ρ + 1)

ρ2(2α − 1)
, (3.12)

respectively.

Remark 3.3. If we consider the minimization of the variance term in (3.11),

we get α
(1)
0 := arg min

α
σ

GJ1(ρ)
α,1 = 1 − ρ. This suggests the consideration of
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1.05 2.16 2.16 2.16 2.16 2.15 2.15 2.15 2.14 2.14 2.14 2.13 2.13 2.12 2.12 2.12 2.11 2.11 2.11 2.10 2.10 2.10 2.08 2.06 2.05 2.05 2.05 2.05

1.10 2.10 2.10 2.10 2.10 2.10 2.10 2.10 2.09 2.09 2.09 2.09 2.08 2.08 2.08 2.07 2.07 2.07 2.07 2.06 2.06 2.06 2.04 2.03 2.03 2.02 2.02 2.02

1.15 2.06 2.06 2.06 2.06 2.06 2.06 2.06 2.06 2.06 2.05 2.05 2.05 2.05 2.05 2.04 2.04 2.04 2.04 2.04 2.03 2.03 2.02 2.01 2.01 2.01 2.01 2.01

1.20 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.01 2.00 2.00 2.00 2.01 2.01

1.25 2.01 2.01 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.00 2.00 2.00 2.01 2.01 2.02

1.30 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.01 2.02 2.02 2.03

1.35 2.01 2.01 2.01 2.01 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.01 2.01 2.01 2.01 2.01 2.02 2.03 2.04 2.05
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1.45 2.05 2.04 2.03 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.02 2.03 2.04 2.06 2.07 2.09 2.10

1.50 2.09 2.07 2.05 2.05 2.04 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.04 2.05 2.06 2.08 2.10 2.11 2.13

1.55 2.15 2.11 2.09 2.07 2.06 2.06 2.05 2.05 2.05 2.05 2.04 2.04 2.04 2.04 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.07 2.09 2.10 2.12 2.14 2.16

1.60 2.22 2.17 2.13 2.11 2.09 2.08 2.08 2.07 2.07 2.07 2.06 2.06 2.06 2.06 2.06 2.07 2.07 2.07 2.07 2.07 2.07 2.09 2.11 2.13 2.15 2.17 2.19

1.65 2.31 2.24 2.19 2.16 2.13 2.12 2.11 2.10 2.10 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.11 2.14 2.16 2.18 2.21 2.23

1.70 2.42 2.32 2.26 2.21 2.18 2.16 2.15 2.13 2.13 2.12 2.12 2.11 2.11 2.11 2.11 2.11 2.11 2.11 2.11 2.12 2.12 2.14 2.17 2.19 2.22 2.24 2.27

1.75 2.56 2.42 2.34 2.28 2.24 2.21 2.19 2.17 2.16 2.15 2.15 2.15 2.14 2.14 2.14 2.14 2.14 2.14 2.14 2.14 2.14 2.17 2.20 2.22 2.25 2.28 2.31

1.80 2.73 2.55 2.44 2.36 2.31 2.27 2.24 2.22 2.20 2.19 2.19 2.18 2.18 2.17 2.17 2.17 2.17 2.17 2.17 2.17 2.17 2.20 2.23 2.26 2.29 2.32 2.35

1.85 2.95 2.71 2.56 2.45 2.38 2.33 2.30 2.27 2.25 2.24 2.23 2.22 2.21 2.21 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.23 2.26 2.29 2.33 2.36 2.39

1.90 3.22 2.90 2.70 2.57 2.48 2.41 2.37 2.33 2.31 2.29 2.27 2.26 2.25 2.25 2.24 2.24 2.24 2.24 2.24 2.24 2.24 2.26 2.29 2.33 2.36 2.40 2.43

1.95 3.56 3.13 2.87 2.70 2.58 2.50 2.44 2.40 2.37 2.34 2.32 2.31 2.30 2.29 2.28 2.28 2.28 2.27 2.27 2.27 2.27 2.29 2.33 2.37 2.40 2.44 2.48

2.00 4.00 3.43 3.08 2.86 2.71 2.61 2.53 2.48 2.43 2.40 2.38 2.36 2.35 2.33 2.33 2.32 2.32 2.31 2.31 2.31 2.31 2.33 2.37 2.40 2.44 2.48 2.52

2.50 23.0 1 1 6 17.1 9.54 6.85 5.50 4.71 4.20 3.86 3.61 3.42 3.29 3.18 3.09 3.03 2.97 2.93 2.90 2.87 2.84 2.83 2.76 2.79 2.84 2.89 2.95 3.00

3.00 4.47 5.33 6.72 9.23 14.8 36.4 93.9 21.7 12.7 9.28 7.48 6.39 5.66 5.16 4.78 4.50 4.28 4.11 3.97 3.86 3.77 3.38 3.32 3.35 3.40 3.47 3.54

3.50 3.14 3.39 3.72 4.17 4.79 5.66 6.95 9.01 12.7 21.1 56.6 97.8 27.7 16.7 12.3 9.92 8.45 7.46 6.76 6.23 5.83 4.31 4.01 3.95 3.98 4.04 4.12

4.00 2.70 2.83 2.99 3.19 3.44 3.74 4.14 4.64 5.30 6.18 7.41 9.23 12.1 17.3 29.3 84.9 1 1 0 35.1 21.6 15.9 12.8 5.91 4.95 4.70 4.65 4.68 4.74

4.50 2.50 2.58 2.69 2.81 2.95 3.13 3.33 3.57 3.87 4.22 4.66 5.21 5.90 6.80 8.00 9.67 12.1 16.0 23.1 39.6 1 2 3 9.26 6.37 5.67 5.45 5.41 5.43

5.00 2.39 2.46 2.54 2.63 2.73 2.85 2.99 3.14 3.32 3.53 3.77 4.05 4.39 4.79 5.27 5.85 6.58 7.49 8.68 10.2 12.4 20.2 8.78 7.01 6.45 6.26 6.21

2 01 2 102 1. .,
( )< ≤−σα β

GJ 2 10 2 502 1. .,
( )< ≤−σα β

GJ σα β,
( ) .GJ2 1 2 50− >σα β,

( ) .GJ2 1 2 01− ≤

Figure 3: Asymptotic standard deviation of γ̂
GJ2(−1)
n,α,β .

an estimator derived from (3.9), where we plug in this value α
(1)
0 , i.e., of the

estimator

̂̂γGJ1(ρ̂)

n,α̂
(1)
0

:=
(1 − ρ̂)2 γ̂

(1)
n (k) − (1 − 2ρ̂) γ̂

(1−ρ̂)
n (k)

ρ̂2
, where α̂

(1)
0 = 1 − ρ̂, (3.13)

for which the distributional representation in Theorem 3.1 holds true. We then

have σ
GJ1(ρ)
1−ρ = γ (1 − ρ)/ρ.

Similarly, let us consider the minimization of the variance term in (3.12),

i.e., the value

α0 ≡ α
(2)
0 := arg min

α

α4
(
2α2 − 2α + 2ρ2 − 2ρ + 1

)
(2α − 1)3

⇐⇒ 3α3
0 − 5α2

0 + α0(ρ2 − ρ + 3) − (2ρ2 − 2ρ + 1) = 0.
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With the obvious notation α̂ ≡ α̂0 = α
(2)
0 , it is thus sensible to consider, now on

the basis of the estimator in (3.10), the estimator

̂̂γGJ2(ρ̂)

n,α̂ (k) =
1
ρ̂

(
α̂ γ̂(α̂)

n (k) − (α̂ − ρ̂) γ̃(α̂)
n (k)

)
,

α̂ : 3α̂3 − 5α̂2 + α̂(ρ̂2 − ρ̂ + 3) − (2ρ̂2 − 2ρ̂ + 1) = 0, (3.14)

for which the distributional representation in Theorem 3.1 also holds.

In Table 1, we present the value α0 = α
(2)
0 , associated to the minimum

possible asymptotic variances of the estimators in (3.10), for a few values of

ρ. For γ = 1, we also present the values of σ
GJ2(ρ)
α0 and σ

GJ1(ρ)
1−ρ = γ(1 − ρ)/ρ,

which are very close to each other, showing that there is practically no difference

between the asymptotic variances of the two estimators in (3.9) and (3.10), when

we choose the α-values that minimize the corresponding asymptotic variances.

Table 1:

ρ −0.1 −0.2 −0.3 −0.4 −0.5 −1.0 −1.5 −2.0

α0 = α
(2)
0 1.0477 1.0913 1.1314 1.1687 1.2034 1.3476 1.4571 1.5428

σ
GJ2(ρ)
α0 11.0000 6.0002 4.3337 3.5008 3.0013 2.0048 1.6758 1.5137

(1 − ρ)/ρ 11.0000 6.0000 4.3333 3.5000 3.0000 2.0000 1.6667 1.5000

Remark 3.4. As mentioned before, for the class of estimators in (3.9), we are

indeed able to reach an asymptotic variance equal to (γ(1 − ρ)/ρ)2, the minimal

asymptotic variance of an “asymptotically unbiased” estimator in Drees’ class

of functionals (Drees, 1998). For the class in (3.10) we are able to reach an

asymptotic variance quite close to (γ(1 − ρ)/ρ)2, as may be seen from Figure 4,

where we present the asymptotic standard deviations in (3.11) and (3.12), for

ρ = −1 and γ = 1.

Remark 3.5. Note that the choice α = 1 − ρ and the consideration of the

tail index estimator ̂̂γGJ1(ρ̂)

n,α̂
(1)
0

in (3.13), leads us to the asymptotic distributional

15



1.9

2.0

2.1

2.2

1 1.5 2 2.5 3

σα
GJ2 1( )−

α

σα
GJ1 1( )−

Figure 4: Asymptotic standard deviation indicators of ̂̂γGJ1(−1)

n,α and ̂̂γGJ2(−1)

n,α , for γ = 1.

representation,

̂̂γGJ1(ρ̂)

n,α̂
(1)
0

d= γ +
γ (1 − ρ)

|ρ|
Z

GJ1(ρ)
k,α,1√

k
+ op(A(n/k),

for levels k such that
√

k A(n/k) → λ, finite, as n → ∞, and whenever ρ̂ is

under the conditions of Theorem 3.1.

Consequently, the estimator with smallest asymptotic variance in the class

of estimators in (3.9), i.e., the estimator in (3.13), has the same asymptotic

variance and second order bias of the “Maximum Likelihood” estimator studied

in Gomes and Martins (2002), and given by

γ̂ML(ρ̂)
n (k) :=

1
k

k∑
i=1

Ui−
(

1
k

k∑
i=1

i−ρ̂ Ui

) (
k∑

i=1
i−ρ̂

) (
k∑

i=1
Ui

)
− k

(
k∑

i=1
i−ρ̂Ui

)
(

k∑
i=1

i−ρ̂

) (
k∑

i=1
i−ρ̂Ui

)
− k

(
k∑

i=1
i−2ρ̂

) ,

where Ui, 1 ≤ i ≤ k, are the scaled log-spacings in (1.1).

3.2 Mispecification of ρ

If we misspecify ρ = −1, we have the bias’ quotients

q
(1)
α,β ≡ q

(1)
α,β(−1) =

α(β + 1)
β(α + 1)

, q
(2)
α,β ≡ q

(2)
α,β(−1) =

α(β + 1)2

β2(α + 1)
,

q
(3)
α,β ≡ q

(3)
α,β(−1) =

α2(β + 1)2

β2(α + 1)2
,

16



and we thus get the Generalized Jackknife classes of estimators γ̂
GJi(−1)
n,α,β (k),

i = 1, 2, 3, given in (3.1), (3.2) and (3.3), respectively, with ρ replaced by −1.

We shall also consider the particular cases in (3.9) and (3.10), but now with

ρ replaced by −1, i.e., we shall consider,

̂̂γGJ1(−1)

n,α ≡ γ̂
GJ1(−1)
n,α,1 :=

2α γ̂
(1)
n (k) − (α + 1) γ̂

(α)
n (k)

(α − 1)
, α > 1, (3.15)

and

̂̂γGJ2(−1)

n,α (k) ≡ γ̂GJ2(−1)
n,α,α := −α γ̂(α)

n (k) + (α + 1) γ̃(α)
n (k), α ≥ 1. (3.16)

On the basis of Theorem 3.1, we get straightforwardly the general dis-

tributional behaviour of the new estimators γ̂
GJ•(−1)
n,α,β (k). Indeed, with the

misspecification of ρ at −1, we are going to have no change in the asymptotic

variances, which are given by the expressions in (3.6), (3.7) and (3.8), with

ρ = −1, but whenever ρ 	= −1, we get a dominant component of bias of the

order of A(n/k), like in the classical tail index estimators. We may state the

following result:

Theorem 3.2. Under the conditions of Theorem 2.1 and with the same notation

of Theorem 3.1, we get the following asymptotic distributional representations:

γ̂
GJ1(−1)
n,α,β (k) d= γ +

γ σ
GJ1(−1)
α,β√

k
Z

GJ1(−1)
k,α,β +

αβ(1 + ρ)
(α − ρ)(β − ρ)

A(n/k)(1+op(1)),

γ̂
GJ2(−1)
n,α,β (k) d= γ +

γ σ
GJ2(−1)
α,β√

k
Z

GJ2(−1)
k,α,β

+
αβ2(1 + ρ)

(
α(ρ − 1) − 2αβ + β2 + ρ

)
(β2 − 2αβ − α) (α − ρ)(β − ρ)2

A(n/k)(1 + op(1))

17



and

γ̂
GJ3(−1)
n,α,β (k) d= γ +

γ σ
GJ3(−1)
α,β√

k
Z

GJ3(−1)
k,α,β

+
α2β2(1 + ρ)(2αβ + (1 − ρ)(β + α) − 2ρ)

2αβ + α + β
A(n/k)(1 + op(1)).

For the particular case β = 1 in γ̂
GJ1(−1)
n,α,β , we are dealing with the class of

estimators in (3.15), and we get,

̂̂γGJ1(−1)

n,α (k) d= γ + γ

√
α(α + 4)

(2α − 1) k
Z

GJ1(−1)
k,α,1

+
α(1 + ρ)

(1 − ρ)(α − ρ)
A(n/k)(1 + op(1)),

For the particular case α = β in γ̂
GJ2(−1)
n,α,β , we are dealing with the class of

estimators in (3.16), and we get,

̂̂γGJ2(−1)

n,α
d= γ +

γ α2

(2α − 1)

√
2α2 − 2α + 5

2α − 1

Z
GJ2(−1)
k,α,α√

k

+
α2(1 + ρ) A(n/k)

(α − ρ)2
(1 + op(1)).

Remark 3.6. The estimator with smallest asymptotic variance in the class of

estimators herewith considered, i.e.,

̂̂γGJ1(−1)

n,2 (k) ≡ γ̂
GJ1(−1)
n,2,1 (k) := 4γ̂(1)

n (k) − 3γ̂(2)
n (k)

is, as expected from the result in Remark 3.5, asymptotically equivalent to the

“Maximum Likelihood” estimator studied in Gomes and Martins (2004), and

given by

γ̂ML
n (k) :=

1
k

k∑
i=1

Ui −
(

1
k

k∑
i=1

iUi

) k∑
i=1

(2i − k − 1)Ui

k∑
i=1

i(2i − k − 1)Ui

,

where Ui, 1 ≤ i ≤ k, are the scaled log-spacings in (1.1), i.e., both estimators

have the same asymptotic variance and second order bias.

18
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ρρρρ
0.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

-0.05 1.02 1.02 1.02 1.02 1.02 1.02 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

-0.10 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.00 1.00

-0.15 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.01 1.01 1.01 1.01 1.01 1.01

-0.20 1.06 1.06 1.06 1.06 1.06 1.06 1.05 1.05 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.04 1.04 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.01

-0.25 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06 1.06 1.05 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.04 1.04 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02

-0.30 1.09 1.09 1.09 1.09 1.09 1.08 1.08 1.08 1.08 1.08 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06 1.06 1.05 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.04 1.04 1.03 1.03

-0.35 1.10 1.10 1.10 1.10 1.10 1.10 1.10 1.10 1.09 1.09 1.09 1.09 1.08 1.08 1.08 1.08 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06 1.06 1.05 1.05 1.05 1.05 1.04 1.04

-0.40 1.12 1.12 1.12 1.12 1.12 1.12 1.11 1.11 1.11 1.11 1.11 1.10 1.10 1.10 1.10 1.09 1.09 1.09 1.09 1.08 1.08 1.08 1.08 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06

-0.45 1.14 1.14 1.14 1.14 1.14 1.14 1.13 1.13 1.13 1.13 1.12 1.12 1.12 1.12 1.11 1.11 1.11 1.11 1.10 1.10 1.10 1.09 1.09 1.09 1.09 1.08 1.08 1.08 1.08 1.07 1.07

-0.50 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.15 1.15 1.15 1.15 1.14 1.14 1.14 1.13 1.13 1.13 1.13 1.12 1.12 1.12 1.12 1.11 1.11 1.11 1.10 1.10 1.10 1.10 1.09 1.09

-0.55 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.17 1.17 1.17 1.17 1.16 1.16 1.16 1.15 1.15 1.15 1.15 1.14 1.14 1.14 1.13 1.13 1.13 1.12 1.12 1.12 1.12 1.11

-0.60 1.21 1.21 1.21 1.21 1.21 1.21 1.21 1.21 1.21 1.20 1.20 1.20 1.20 1.19 1.19 1.19 1.18 1.18 1.18 1.17 1.17 1.17 1.16 1.16 1.16 1.16 1.15 1.15 1.15 1.14 1.14

-0.65 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.24 1.24 1.24 1.24 1.23 1.23 1.23 1.22 1.22 1.22 1.22 1.21 1.21 1.21 1.20 1.20 1.20 1.19 1.19 1.19 1.18 1.18 1.18 1.17

-0.70 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.28 1.28 1.28 1.28 1.27 1.27 1.27 1.26 1.26 1.26 1.25 1.25 1.25 1.24 1.24 1.24 1.23 1.23 1.23 1.22 1.22 1.22

-0.75 1.34 1.35 1.35 1.35 1.35 1.35 1.35 1.35 1.34 1.34 1.34 1.34 1.33 1.33 1.33 1.32 1.32 1.32 1.31 1.31 1.30 1.30 1.30 1.29 1.29 1.29 1.28 1.28 1.28 1.27 1.27

-0.80 1.42 1.42 1.43 1.43 1.43 1.43 1.43 1.42 1.42 1.42 1.42 1.41 1.41 1.41 1.40 1.40 1.39 1.39 1.39 1.38 1.38 1.38 1.37 1.37 1.36 1.36 1.36 1.35 1.35 1.35 1.34

-0.85 1.53 1.53 1.54 1.54 1.54 1.54 1.54 1.53 1.53 1.53 1.53 1.52 1.52 1.52 1.51 1.51 1.50 1.50 1.50 1.49 1.49 1.48 1.48 1.48 1.47 1.47 1.46 1.46 1.46 1.45 1.45

-0.90 1.71 1.71 1.72 1.72 1.72 1.72 1.72 1.72 1.71 1.71 1.71 1.70 1.70 1.70 1.69 1.69 1.68 1.68 1.67 1.67 1.66 1.66 1.66 1.65 1.65 1.64 1.64 1.63 1.63 1.62 1.62

-0.95 2.09 2.10 2.10 2.10 2.11 2.11 2.10 2.10 2.10 2.10 2.09 2.09 2.08 2.08 2.07 2.07 2.06 2.06 2.05 2.05 2.04 2.03 2.03 2.02 2.02 2.01 2.01 2.00 1.99 1.99 1.98

-1.00 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
-1.05 1.92 1.93 1.94 1.94 1.94 1.94 1.94 1.94 1.94 1.93 1.93 1.93 1.92 1.92 1.91 1.91 1.90 1.90 1.89 1.89 1.88 1.88 1.87 1.87 1.86 1.86 1.85 1.85 1.84 1.84 1.83

-1.10 1.49 1.50 1.50 1.50 1.51 1.51 1.51 1.50 1.50 1.50 1.50 1.50 1.49 1.49 1.49 1.48 1.48 1.47 1.47 1.47 1.46 1.46 1.45 1.45 1.45 1.44 1.44 1.43 1.43 1.43 1.42

-1.15 1.28 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.29 1.28 1.28 1.28 1.27 1.27 1.27 1.26 1.26 1.26 1.25 1.25 1.25 1.24 1.24 1.24 1.23 1.23 1.23 1.22

-1.20 1.15 1.15 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.15 1.15 1.15 1.15 1.14 1.14 1.14 1.13 1.13 1.13 1.12 1.12 1.12 1.11 1.11 1.11 1.10 1.10 1.10

-1.25 1.05 1.06 1.06 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.01 1.01

-1.30 0.98 0.99 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.99 0.99 0.99 0.99 0.98 0.98 0.98 0.98 0.97 0.97 0.97 0.97 0.96 0.96 0.96 0.95 0.95 0.95 0.95

-1.35 0.93 0.94 0.94 0.94 0.94 0.94 0.95 0.94 0.94 0.94 0.94 0.94 0.94 0.94 0.93 0.93 0.93 0.93 0.93 0.92 0.92 0.92 0.92 0.91 0.91 0.91 0.91 0.90 0.90 0.90 0.89
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Figure 5: Asymptotic efficiency of ̂̂γGJ1(−1)

n,α relatively to the Hill estimator, at their

optimal levels.

An asymptotic comparison of ̂̂γGJ•(−1)

n,α and the Hill estimator, γ̂H
n , computed

at their optimal levels, enable us to state the following result:

Theorem 3.3. For ρ 	= −1, we get for ̂̂γGJi(−1)

n,α , i = 1, 2, the following asymp-

totic efficiencies relatively to the Hill estimator:

AREFFGJ1|H(α) =
(

(α − ρ)(2α − 1)−ρ

|1 + ρ|α1−ρ(α + 4)−ρ

) 1
1−2ρ

,

AREFFGJ2|H(α) =
(

1
α2−4ρ

(
2α2 − 2α + 5

(2α − 1)3

)ρ (α − ρ)2

(1 − ρ)|1 + ρ|

) 1
1−2ρ

.

These two AREFF -measures are presented in Figures 5 and 6.
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Figure 6: Asymptotic efficiency of ̂̂γGJ2(−1)

n,α relatively to the Hill estimator, at their

optimal levels.

It is possible to see that we cannot practically distinguish asymptotically the

two estimators in (3.15) and (3.16), when they are computed at the level α0 that

minimizes their asymptotic variance. Anyway, we get a region of (α, ρ) values

where the GJ1 estimator behaves better than the GJ2 estimator, when they are

computed at the same tuning parameter α. However, for every ρ there exists

always unique values

α̃01 := arg min
α

LMSE

(̂̂γGJ1(−1)

n0,α

)
and α̃02 := arg min

α
LMSE

(̂̂γGJ2(−1)

n0,α

)
.

If we then compute AREFF

(̂̂γGJ2(−1)

n0,α |̂̂γGJ1(−1)

n0,α

)
, we get, for every ρ, a value

larger than 1. We are thus led to advise the use of the estimator in (3.16), among

the estimators with ρ misspecied at ρ = −1.
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4 Simulated distributional behaviour

In Figures 7, 8 and 9 we present the mean value and mean squared error

patterns, as functions of k, the number of top o.s. used, of the estimator in

(3.14), denoted in the figures GJ(ρ̂0) and GJ(ρ̂1), when we estimate ρ through

ρ̂0 and ρ̂1, respectively, with ρ̂τ given in (3.4). We also represent the same

features of the estimator in (3.16), computed at the value α̃02 that minimizes

its LMSE, and denoted GJ(−1) in the figures. We have considered the Burr

model, with d.f. F (x) = 1 − (1 + x−ρ/γ)1/ρ, x ≥ 0, γ = 1 and ρ = −0.5,−1

and −2. The behaviour of the Hill estimator is pictured for reference, and the

simulation is based on 5000 runs.

0.00

0.50

1.00

1.50

2.00

0 200 400 600 800 1000

0.00

0.05

0.10

0.15

0.20

0 200 400 600

GJ( ˆ )ρ0

GJ( )−1

H

k

H

k

MSEE

GJ( )−1

γ =1

GJ( ˆ )ρ1

GJ( ˆ )ρ0

GJ( ˆ )ρ1

Figure 7: Burr parent with (γ, ρ) = (1,−0.5)

In Table 1 we present for different simulated models, and τ = 0 or 1 according

as |ρ| < 1 or |ρ| ≥ 1, simulated measures of efficiency and bias reduction of

the estimator ̂̂γGJ2(ρ̂τ )

n,α̂0
relatively to the Hill estimator, both computed at their

optimal levels, i.e.,

REFFGJ2(ρ̂)|H =

√√√√√ MSE
[
γ̂H

n0

]
MSE

[̂̂γGJ2(ρ̂)

n0

] , BRIGJ2(ρ̂)|H =

∣∣∣∣∣∣∣∣
E

[
γ̂H

n0 − γ
]

E

[̂̂γGJ2(ρ̂)

n0 − γ

]
∣∣∣∣∣∣∣∣ . (4.1)
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Figure 8: Burr parent with (γ, ρ) = (1,−1)
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Figure 9: Burr parent with (γ, ρ) = (1,−2)

This measure was computed on the basis of a multi-sample simulation of size

5000×10. For details on multi-sample simulation see Gomes and Oliveira (2001).

Some overall remarks:

1. As ρ approaches 0, the new estimators, computed at their optimal levels,

compare favourably with the Hill estimator. This is indeed a kind of

behaviour shared by all reduced bias’ estimators considered before, and it

is essentially due to the high bias of the Hill estimator in this region of
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Table 2: Relative efficiencies and bias reduction indicators, REFFGJ2(ρ̂)|H/BRIGJ2(ρ̂)|H .

n 1000 2000 5000 10000 20000

STU(ρ = −.5) 1.31/3.19 1.51/5.70 1.71/5.70 1.93/36.43 2.19/72.74

BU(ρ = −.5) 1.31/3.19 1.51/8.80 1.74/7.00 1.93/32.72 2.21/47.53

FRE (ρ = −1) 1.35/7.13 1.37/10.07 1.28/6.27 1.32/5.39 1.39/7.47

STU(ρ = −1) 1.47/30.06 1.58/30.63 1.66/32.65 1.77/32.51 1.90/31.91

BUρ = (−1) 1.47/30.06 1.57/31.18 1.67/25.01 1.79/28.36 1.91/27.16

STU(ρ = −2) 0.90/1.61 0.99/1.97 1.05/1.99 1.09/2.04 1.12/1.95

BU(ρ = −2) 1.10/3.54 1.13/4.23 1.12/13.17 1.14/9.38 1.18/45.28

ρ-values. Regarding minimum mean squared error, the best performance

is achieved when we misspecify ρ at ρ = −1. Regarding bias, the best

performance is achieved whenever we use ρ̂0 as the ρ-estimate — then

the sample path is quite close to the target value γ, for a wide region of

k-values (see Figure 7, left).

2. For models with ρ = −1, as illustrated in Figure 8, the new estimator in

(3.14), at its optimal level, overpasses the Hill estimator, also at its optimal

level, if we estimate ρ through ρ̂1. The best results, regarding sample

paths’ stability, are achieved by the estimator GJ(−1). If we consider ρ̂0,

the reduction of bias is too big, and the new estimator, in (3.14), has a

negative bias for all k. Similar conclusions may be drawn for all simulated

models with ρ = −1, like the Fréchet model, F (x) = exp
(
−x−1/γ

)
, x ≥ 0,

a typical heavy-tailed model.

3. For small values of ρ it has been difficult to find competitors to the Hill

estimator. However, with this class we are indeed able to overpass the

Hill estimator for large n, again through the use ρ̂1. An illustration of

this is presented in Figure 9.
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5 An application in the field of finance

We shall herewith consider an illustration of the performance of the above

mentioned estimators, through the analysis of the Euro-UK Pound daily

exchange rates from January 4, 1999 till December 15, 2003. In Figure

10, working with the n+ = 593 positive log-returns, we present the sample

path of the ρ̂τ estimates in (3.4), as function of k, for τ = 0 and τ = 1

(left), together with the sample paths of the classical Hill estimator in (1),

denoted H and the estimator γ̂
GJ(ρ̂)
n,α̂ in (3.14) for ρ̂ = ρ̂0, denoted GJ(ρ̂0) (right).
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Figure 10: Estimates of the second order parameter ρ (left) and of the tail index γ (right) for the

Daily Log-Returns of the Euro-UK Pound.

We may then draw the following conclusions:

1. The sample paths of the ρ-estimates associated to τ = 0 and τ = 1 lead us

to choose, on the basis of any stability criterion for large k, the estimate

associated to τ = 0. From previous experience with this type of estimates,

we may conclude that the underlying ρ-value is larger or equal to −1, and

the consideration of τ = 0 is then advisable. The estimate of ρ is in this

case ρ̂0 = −0.66, and we should consider the estimator ̂̂γGJ2(ρ̂0)

n,α̂ in (3.14).

2. Regarding the tail index estimation, note that whereas the Hill estimator
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is unbiased for the estimation of the tail index γ when the underlying

model is a strict Pareto model, it exhibits a relevant bias when we have

only Pareto-like tails, as happens here, and may be seen from Figure 10

(right). The Generalized Jackknife estimator, which is “asymptotically

unbiased” reveals a smaller bias, and enable us to take a decision upon

the estimate of γ to be used, with the help of any stability criterion or any

heuristic procedure, like a “largest run method”, considered, for instance,

in Gomes et al. (2003).

Here we have merely considered, as a possible γ-estimate, the median of

the GJ-estimates in the region (ka, kb), with ka =
[
n−2ρ̂0/(1−2ρ̂0)

+

]
= 37,

kb =
[
5 n−2ρ̂0/(1−2ρ̂0)

+

]
= 189. We have then got the value γ̂ = 0.30,

provided in Figure 10,the same value we had obtained before in the above

mentioned paper, where this same set of data has been analysed.

6 Proofs

We first state the following lemmas, where Ei, i ≥ 1, denotes a sequence of i.i.d.

unit exponential r.v.’s, with d.f. FE (x) = 1 − exp(−x), x ≥ 0. The notation

ak ∼ bk means that ak/bk → 1, as k → ∞.

Lemma 6.1. (Chernoff et al., 1967). Let Zk = 1
k

k∑
i=1

αik Ei and let us write,

vk =

√√√√1
k

k∑
i=1

α2
ik =

√
k Var(Zk).

Then

√
k

(
Zk − 1

k

k∑
i=1

αik

)
vk

d−→
k→∞

Normal (0, 1) ⇐⇒ max
1≤i≤k

|αik| = o
(√

k vk

)
,
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as k → ∞. If we further have 1
k

k∑
i=1

αik = µ + op

(
1/

√
k
)
, vk →σ > 0, µ and σ

finite, and max
1≤i≤k

|αik| = o
(√

k
)
, as k → ∞, then

√
k (Zk − µ)

σ

d−→
k→∞

Normal (0, 1).

Lemma 6.2. Let us denote

V
(α)
k :=

1
k

k∑
i=1

(
i

k

)α−1

Ei, α ≥ 1, (6.1)

and

W
(α)
k :=

1
k

k∑
i=1

(
i

k

)α−1

ln
(

i

k

)
Ei, α ≥ 1, (6.2)

where Ei, 1 ≤ i ≤ k, is a standard exponential random sample of size k. As

k → ∞,

E
[
V

(α)
k

]
=

1
α

+ o
(
1/

√
k
)

, E
[
W

(α)
k

]
= − 1

α2
+ o

(
1/

√
k
)

, (6.3)

and

Var
[
V

(α)
k

]
∼ 1

(2α − 1) k
, Var

[
W

(α)
k

]
∼ 2

(2α − 1)3 k
. (6.4)

Moreover, both r.v.’s, P
(α)
k =

√
(2α − 1) k

(
V

(α)
k − 1/α

)
in (2.3) and Q

(α)
k =

(2α−1)
√

(2α − 1)k/2
(
W

(α)
k + 1/α2

)
in (2.4), are asymptotically standard nor-

mal, and the second order structure between these r.v.’s is given by

Cov
[
P

(α)
k , P

(β)
k

]
∼

√
(2α − 1)(2β − 1)

α + β − 1
, (6.5)

Cov
(
Q

(α)
k , Q

(β)
k

)
∼ ((2α − 1)(2β − 1))3/2

(α + β − 1)3
, (6.6)

and

Cov
(
P

(α)
k , Q

(β)
k

)
∼ −(2β − 1)

√
(2α − 1)(2β − 1)√

2 (α + β − 1)2
. (6.7)
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Proof. Since E [Ei] = Var [Ei] = 1,

E
(
V

(α)
k

)
=

1
k

k∑
i=1

(
i

k

)α−1

−→
k→∞

∫ 1

0
xα−1dx =

1
α

E
(
W

(α)
k

)
=

1
k

k∑
i=1

(
i

k

)α−1

ln
(

i

k

)
−→
k→∞

∫ 1

0
xα−1 lnx dx = − 1

α2

More than this: the differences E
(
V

(α)
k

)
− 1/α and E

(
W

(α)
k

)
+ 1/α2 are

op

(
1/

√
k
)
, and (6.3) follows. Since the weights αik = (i/k)α−1 and αik =

(i/k)α−1 ln(i/k) are under the conditions of Lemma 6.1, the asymptotic normal-

ity of the r.v.’s in (2.3) and in (2.4) comes thus from Lemma 6.1, together with

the fact that,

k Var
(
V

(α)
k

)
=

1
k

k∑
i=1

(
i

k

)2(α−1)

−→
k→∞

∫ 1

0
x2α−2dx =

1
2α − 1

k Var
(
W

(α)
k

)
=

1
k

k∑
i=1

(
i

k

)2(α−1)

ln2

(
i

k

)
−→
k→∞

∫ 1

0
x2α−2 ln2 x dx

=
2

(2α − 1)3
,

i.e., (6.4) holds true.

Similar computations lead us to (6.5), (6.6) and (6.7). Indeed,

Cov
(
P

(α)
k , P

(β)
k

)
−→
k→∞

√
(2α − 1)(2β − 1)

∫ 1

0
xα+β−2dx

=

√
(2α − 1)(2β − 1)

α + β − 1
,

Cov
(
Q

(α)
k , Q

(β)
k

)
−→
k→∞

((2α − 1)(2β − 1))3/2

2

∫ 1

0
xα+β−2 ln2 xdx

=
((2α − 1)(2β − 1))3/2

(α + β − 1)3
,

Cov
(
P

(α)
k , Q

(β)
k

)
−→
k→∞

((2β − 1)
√

(2α − 1)(2β − 1))√
2

∫ 1

0
xα+β−2 lnxdx

= −(2β − 1)
√

(2α − 1)(2β − 1)√
2 (α + β − 1)2

.
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Proof. (Theorem 2.1). We may write

1
k

k∑
i=1

(
i

k

)α−1

Ui
d=

1
k

k∑
i=1

(
i

k

)α−1

i

{
ln

U(Yn−i+1:n)
U(Yn−i:n

}
,

where Yi:n, 1 ≤ i ≤ n, are the ascending o.s. associated to an i.i.d. standard

Pareto sample of size n, from a parent FY (y) = 1 − y−1, y ≥ 1.

Since Yn−i+1:n/Yn−i:n
d= Y1:i, 1 ≤ i ≤ k, lnY1:i

d= E1:i = Ei/i, and from

(1.5), which enables us to write

ln
U(tx)
U(t)

= γ lnx +
xρ − 1

ρ
A(t)(1 + o(1)),

for every x > 0, and as t → ∞, we get

1
k

k∑
i=1

(
i

k

)α−1

Ui
d=

1
k

k∑
i=1

(
i

k

)α−1

i

{
ln

U(Yn−i:n Y1:i)
U(Yn−i:n)

}
d=

γ

k

k∑
i=1

(
i

k

)α−1

Ei + A(n/k)
k∑

i=1

(
i

k

)α−ρ
(

eρEi/i − 1
ρ

)
(1 + op(1))

d= γ V
(α)
k + A(n/k)

k∑
i=1

(
i

k

)α−ρ
(

eρEi/i − 1
ρ

)
(1 + op(1)),

with V
(α)
k given in (6.1). The use of the inequality,

ρ E2
i

i2
<

eρ Ei/i − 1
ρ

− Ei

i
< 0,

enables us to guarantee that

k∑
i=1

(
i

k

)α−ρ
(

eρEi/i − 1
ρ

)
p−→

k→∞
1

α − ρ
.

Next, the use of this relation and of (2.3) enables us to write

1
k

k∑
i=1

(
i

k

)α−1

Ui
d=

γ

α
+

γ P
(α)
k√

(2α − 1)k
+

1
(α − ρ)

A(n/k)(1 + op(1)),

where P
(α)
k , given in (2.3), is asymptotically standard normal, and (2.1) follows.

The distributional representation (2.2) follows in a similar way.
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Proof. (Theorem 3.1). The proof of (3.5), i = 1, 2, 3, follows the lines of the

proof of Theorem 2.1. The second part of the theorem follows from the fact that

ϕ(1)
ρ (k) :=

∂

∂ρ
γ̂GJ1(ρ)

n,α (k) = Op

(
γ̂(α)

n (k) − γ̂(β)
n (k)

)
= Op

(
1/

√
k
)

,

ϕ(2)
ρ (k) :=

∂

∂ρ
γ̂GJ2(ρ)

n,α (k) = Op

(
γ̂(α)

n (k) − γ̃(β)
n (k)

)
= Op

(
1/

√
k
)

and

ϕ(3)
ρ (k) :=

∂

∂ρ
γ̂GJ3(ρ)

n,α (k) = Op

(
γ̃(α)

n (k) − γ̃(β)
n (k)

)
= Op

(
1/

√
k
)

.

Hence,

γ̂GJ•(ρ̂)
n,α (k) = γ̂GJ•(ρ)

n,α (k) + (ρ̂ − ρ) ϕ•
ρ(k)(1 + op(1)),

and then, whenever
√

k A(n/k) → λ, finite, i.e., A(n/k) = Op(1/
√

k), the condi-

tions in the theorem enable us to guarantee that (ρ̂−ρ) ϕ•
ρ(k) = op(A(n/k)).
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