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For heavy tails, with a positive tail index -y, classical tail index estimators, like the Hill estimator, are
known to be quite sensitive to the number of top order statistics k used in the estimation. Second-order
reduced-bias estimators, which are in a certain sense bias-corrected Hill estimators, show much less
sensitivity to changes in k. Recently, in the minimum-variance reduced-bias (MVRB) tail index
estimators, the estimation of the second order parameters in the bias is performed at a level k; of a
larger order than that of the level k at which we compute the tail index estimators, enabling us to keep
the asymptotic variance of the new estimators equal to the asymptotic variance of the Hill estimator,
for all values of k£ which enable us to guarantee the asymptotic normality of the Hill statistics. These
values of k, as well as larger values of k, will also enable us to guarantee the asymptotic normality of
the reduced-bias estimators. However, to reach the minimal mean squared error of these new MVRB
estimators, we need to work with levels k and k; of the same order. In this note we derive the way
the asymptotic variance varies as a function of ¢, the finite limiting value of k/k1, as the sample size n

increases towards infinity.
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index; asymptotic theory.

1 Introduction

In statistics of extremes, a model F is said to be heavy-tailed whenever the tail function, F :=
1 — F, is a regularly varying function with a negative index of regular variation equal to —1/~,
v >0, i.e., whenever F € RV_, /> Where for any real a the notation RV, stands for the class of
reqularly varying functions at infinity with an index of regular variation equal to a, i.e., positive
measurable functions g such that tli>nolo g(tx)/g(t) = x®, for all z > 0. Equivalently, the quantile
function U(t) = F—(1 —1/t), t > 1, with F~(z) = inf{y : F(y) > x}, is of regular variation

with index 7, i.e.,
F is heavy-tailed <= FeRV_, <= UeRV, (1)

for some v > 0 (Gnedenko, 1943; de Haan, 1970). Then, we are in the domain of attraction for

maxima of an extreme value distribution function (d.f.),

EV,(2) = exp(=(1+y2)77), 2 > ~1/7,
and we write F' € Dp(EV,>0). The parameter v is the tail index, the primary parameter of
extreme events.

The second order parameter, p (< 0), rules the rate of convergence in the first order condition
in (1), and it is the parameter appearing in

. InU({tz) —InU@{) —ynzx zf -1
lim = ,
t—o0 A(t) p

(2)

which holds for every « > 0, and where |A| must then be in RV, (Geluk and de Haan, 1987). We
shall moreover assume that p < 0. This condition has been widely accepted as an appropriate
condition to specify the tail of a Pareto-type distribution in a semi-parametric way, and it holds
for most common Pareto-type models, like the Fréchet, the Generalized Pareto, the Burr and

the Student’s ¢.

In order to obtain information on the order of the asymptotic bias of any second-order

reduced-bias tail index estimator, we need further assuming a third order condition, ruling now



the rate of convergence in the second order condition in (2), and which guarantees that, for all

z >0,

InU(tz) —InU(t) —ylnx 2 —1 _:L"’H'p/—l
( A(t) o )18 = pte ¥

where |B| must then be in RV,,. There appears then this extra third order parameter p’ <0,

Ak
which we also assume to be negative. Such a condition has already been used in Gomes, de
Haan and Peng (2002) and Fraga Alves, Gomes and de Haan (2003), for the full derivation of the
asymptotic behaviour of the p-estimators there introduced, and in Gomes, Caeiro and Figueiredo
(2004a), for the study of specific reduced-bias tail index estimators. More restrictively, and for

some details in the paper, we shall assume that we can choose in (3),
Ay=ctl =~y B t°, Blt)=c t" =8 t*, 8,8 #0 p, p <0. (4)
For intermediate k, i.e., a sequence of integers k = ky, k € [1,n), such that
k=k,— o0 and k,=o0(n), as n— oo, (5)

we shall consider, as basic statistics, both the log-excesses over the random high level {In X, ., },
ie.,

Vi, =In Xy i1 —In Xy gy, 1<0<k<on, (6)

and the scaled log-spacings,
W, =1 {ln Xn—i+1:n —In Xn—i:n}y 1<i<k<n. (7)

where Xj.,, denotes, as usual, the i-th ascending order statistic (0.s.), 1 < ¢ < n, associated
to an independent, identically distributed (i.i.d.) random sample (X1, Xa,---,X,). It is well
known that for intermediate k, i.e. if (5) holds, and under the first order framework in (1),
the log-excesses, Vix, 1 < i < k, in (6), are approximately the k o.s.’s from an exponential
sample of size k and mean value . Also, under the same conditions, the scaled log-spacings,
Wi, 1 <i <k, in (7), are approximately i.i.d. and exponential with mean value . Consequently

the Hill estimator of ~ (Hill, 1975),

H(k) = Hy(k) =

x| =
x|

k k
Z Vik = Z Wi, (8)
=1 i=1

is consistent for the estimation of v under the first order framework and for intermediate k. Note

that the Hill estimator in (8) is the maximum likelihood estimator of the tail index ~y, under a



strict Pareto model, with d.f. F,,(z) =1 — 27 x > 1. Under the second order framework in
(2) and for intermediate k, i.e., if (5) holds, the asymptotic distributional representation

A(n/k)
I—p

Ha(k) £y + = 20+ + 0p(A(n/k)) (9)

holds, where Z,il) = Vk( Zle E;/k—1), with {E;} i.i.d. standard exponential random variables

(r.v.’s), is an asymptotically standard normal r.v. (de Haan and Peng, 1998).

The most simple minimum-variance reduced-bias (MVRB) estimators in the literature are
the bias-corrected Hill estimators in Caeiro, Gomes and Pestana (2005), with the functional

form,

1,0 = 1w (1-5(7)" /0= 5), (10)
dependent upon the Hill estimator H (k) and (B , P), adequate consistent estimators of the second
order parameters 3 and p, respectively. If (B, p) is a consistent estimator of (3, p) and p — p =
op(1/1nn), \/%(ﬁéﬂé(k:) —7) is asymptotically normal with mean value equal to zero and variance
42 at least for intermediate values k such that vVkA(n/k) — A, finite (Caciro et al., 2005).
Further information on the order of the asymptotic bias of the reduced-bias estimator in (10),

for a slightly more restrictive class of models than the one in (3), is provided in Caeiro and

Gomes (2007).

In Section 2 of this paper, we shall provide details on conditions under which we are able to
keep the asymptotic variance of the MVRB-estimators in (10) equal to +2, together with their
behavior under a third order framework. In Section 3, we shall briefly review the estimation of
the second order parameters § and p. Next, in Section 4, we provide some information on the
asymptotic behavior of \/E{F&ﬁ(k:) — 7}, whenever VEA(n/E) — oo, VE A% (n/k) — X\, and
Vk A(n/k)B(n/k) — A, both finite, A, or A, # 0, and when we consider the estimator of p
used before in papers like Caeiro et al. (2005), computed at any “optimal” level k1, in the sense
of a level such that vk1 A%(n/k;) — A4, and V1 A(n/ki1)B(n/ki) — g, both finite, A, or
Ap, # 0. For the class of models under consideration, i.e., models for which (3) holds, with A

and B chosen as in (4) for arbitrary p, p’ <0, we thus have k/k; — ¢ > 0, whenever n — oc.



2 Asymptotic behaviour of the MVRB-estimators under a third
order framework
In a trial to keep the asymptotic variance of the reduced-bias estimators in (10) equal to v2, we

may state the following theorem, a generalization of Theorem 3.1 in Caeiro et al. (2005), where

U, X V,, denotes that U, / Vi, converges in probability towards one, as n — co.

Theorem 1. Under the third order framework in (3), with A and B chosen as in (4), if (5)
holds, and with Z,gl) the asymptotically standard normal r.v. in (9),

Haplh) £ 7+ 2= 20— Ao (20 - 2O o, (L)) a sy

with Fgﬁ(k:) given in (10). Consequently, even if
VEk A(n/k) — oo, with Vk A%(n/k) — X, and Vk A(n/k) B(n/k) — X, (12)

A, and A, finite,
Vi (Hpp(k) =) 4, Normal (b, ~*)

n—oo

where the asymptotic bias is
by =b_(v,p,p") = ABIAS = =\, /(v(1 = p)*) + A, /(1 = p—p') = A uy + Apvy. (13)

Let (ﬁ, p) be any consistent estimator of the vector of second order parameters (3, p), such that

p—p=op(1/Inn), asn — oo. (14)
Then, with a_. = —1/(1 — p),

Hy (k) = Hgp(k) 2 agAt/k){(B=B)/5+ (5 - p) Im(n/k) - az] }. (15)

)

Consequently, \/E{F@ﬁ(k:) — ’y} are asymptotically normal with null mean value and variance
o = 42, not only when vk A(n/k) — 0, but also whenever vk A(n/k) — X, finite. This
same result still holds for levels k such that Vk A(n/k) — oo, provided that 'k A*(n/k) — 0,
VEk A(n/k)B(n/k) — 0, and 3 — 3 as well as (p — p)Inn are op(1/Vk A(n/k)).

Proof. Under the conditions in the theorem, the asymptotic distributional representation

o) Loy T 2V () A B o (AR (14 o,
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holds. On the other hand, as Hp (k) = H,(k)(1 — A(n/k)/(v(1 — p))), we get (11), and
consequently, the stated asymptotic normality of vk (F/g’p(k:) — 7).
Next, and directly from the expression of Hg ,(k), we get

OHg, p _A(n/k) OHg, p _A(n/k) 1
1oJ6} 1—p’ op 1—0p <ln(n/k)+l—p>'

The use of Cramer’s delta-method, together with the validity of (14), enables us to write

F@ﬁ(k) = Fﬂ,p(k) — Al(Ti/I;) {ﬂ;ﬁ +(p— p)(ln(n/k) + 1:{)) }(1 +0p(1)).

Consequently, (15) follows, as well as the remaining of the theorem, provided that we pay

attention to the validity of (11). O

Remark 1. Note that the optimal level, in the sense of minimal asymptotic mean square error,
for the estimation of the tail index v through the reduced-bias estimator F@p(k) (assuming thus
that B and p are known) is such that (12) holds. An important question to answer is how far

can this same result be true for the reduced-bias estimator Fﬁp(k) in (10).

3 A brief review of the second order parameters’ estimators

3.1 The estimation of p

We shall base the estimation of p on estimators of the type of the ones in Fraga Alves et al.
(2003). Such a class of estimators has been first parameterised in a tuning parameter 7 > 0,
but 7 can be more generally considered as a real number (Caeiro and Gomes, 2006), and can be

defined as,
(MP) = (P k) /2)"
o o m 730 (16)
(Mn (k:)/2> - (Mn (k:)/6)

for 7 # 0 and with the usual continuation for 7 = 0, where, with Vj; given in (6),

3(T (k) — 1)

. T(k) =
{7 (k) — 3

pr(k) = p(k;T) = —

k
. 1 .
MT(LJ)(k) =% Zvjw j=>1 [M,Sl) = H, the Hill estimator in (8)}
i=1

We shall here summarize a result proved in Fraga Alves et al. (2003), making now explicit
the random behaviour of the term leading to the asymptotic variance, needed later on, when

dealing with the estimation of the three parameters, v, 6 and p, at levels of the same order.



Theorem 2 (Fraga Alves et al., 2003). Under the second order framework in (2), if k is in-
termediate, i.c., (5) holds, and if Vk A(n/k) — oo, as n — oo, the statistics pn(k;7) in (16)
converge in probability towards p, as n — oo, for any real T. If (3) holds, with p < 0, we
may further guarantee that there exist constants (upr,v, v, 0p) and an asymptotically standard

normal r.0. W,f‘, such that

o R
2 e Wi An/R) + v,y Bn/R))(1+ 0p(1)). (17)

pulkir) —p & b

Moreover, with Zlia) = ﬁ Zle E#/T(a+1) = Vk, for any o > 1, T'(t) denoting the complete

Gamma function, we may write

Wit = ((3 —p)ZV —3-20)2% +(1- p)Z,ff")) IR —2p 1. (18)

Consequently, if (12) holds, 'k A(n/k) (pu(k;T) — p) is asymptotically normal with a mean

value Xy upr + Agv, o and variance

02 =02(y) = (v(1-p)*/p)* (20 — 20+ 1). (19)

Let us next assume that ki is “optimal” for the estimation of p, in the sense of a value
k1 that enables us to guarantee the asymptotic normality of the p-estimator with a non-null
asymptotic bias. That level k; is then such that k1 A(n/k1)B(n/ki) — Ap, . finite, and
Vki A%(n/ky) — A4, also finite, with at least one of them non-null, let us say A, . We
then get ki = O(n=2pt#)/(1=2(e+r)) " Denoting p = p(k1;7) for any 7, i.e., any of the p-
estimators in this section computed at such a level k1, {p — p} is, in probability, of the order
of 1/ (VkiA(n/k1)) = O(np//(I*Q(erpl))) = o(1/Inn), i.e., (14) holds, and this is the crucial
condition on p, needed in Theorem 1, if we want to keep equal to v? the asymptotic variance
of the reduced-bias estimator in (10). At the current state-of-the-art, such a k; has only a
theoretical interest. From a practical point of view additional research is needed, in order to
have adaptive ways of selecting this optimal threshold k. For non-optimal, but practical ways
of choosing kj, see Gomes, de Haan and Henriques Rodrigues (2004b) and Gomes, Martins and

Neves (2007).



3.2 Estimation of 3 based on the scaled log-spacings

We have here considered the (-estimator obtained in Gomes and Martins (2002) and based on
the scaled log-spacings W;, 1 < i < k, in (7). On the basis of any consistent estimator p of the

second order parameter p, we shall consider the S-estimator, 5(k; p), where, for any p < 0,

o (Z)p{(i; (i)"’) (i; WZ-) - (;ii (i)~ W>}

T hE ) (o) <Z )

=1 =1

(20)

Gomes and Martins (2002) kept up to the second order framework and studied the behaviour of
B(k; p) in (20). Here, we go into the third order framework in (3), and assume, just as in Gomes
et al. (2004b), that § and p are going to be estimated at the same level k. We state, without

proof:

Theorem 3. Under the second order framework in (2), with p <0 and p(k; ) = p-(k) in (16),
the rate of convergence of B(k; p(k; 7)) is of the order of {In(n/k)/(Vk A(n/k))}, which must
converge towards zero, so that B(k; p(k; 7)) is consistent for the estimation of 3. If (14) holds
for p(k;7),

Blk; p(k;m)) = 8~ =BIn(n/k) (p(k;T) = p). (21)
If apart from Vk A(n/k)/In(n/k) — oo, we assume that, under the third order framework in
(3), (12) holds, then, with o, given explicitly in (19), Vk A(n/k)(8 — B(k:;,é(k;T)))/(ﬁ In(n/k))

is asymptotically Normal()\Aup,T + ApUp 03), with (wpr, v, 0, 0,) implicitly given in (17).

4 The estimation of v, # and p at levels of the same order

On the basis of Theorems 1, 2 and 3, we state the following result.

Proposition 1. For the class of models in (3), for which A and B can be chosen as in (4), let us
consider a value k1 “optimal” for the estimation of p, in the sense that \/ki A%(n/ky) — Auys
finite, and k1 A(n/k1)B(n/k1) — Ap, s also finite, with at least one of them non-null. Let us
then denote (p,3) = (ﬁ(kl,T),B(kl,ﬁ)), p(k; ) and B(k, p) given in expressions (16) and (20)



respectively. We can then write

Balh ) = V{10 ~Flg )} & VRAGYR) (=) P00

S o((B) () e

Consequently, if k = o(k1), Ry (k;k1) converges in probability towards zero, as n — oo, and

\/E(ﬁﬁ ﬁ(k) — 7) is asymptotically normal with null mean value and variance equal to 2.

Proof. From equations (15) and (21),
Ra(kik1) & ag (p—p) VEA(n/k) (I (k/k1) —ag).

If vk A*(n/k1) — A, and vk A(n/k1)B(n/k1) — A, , both finite, then 5 — p =
Op (1/ (V1 A(n/ki1))) and (22) follows together with the remaining of the proposition. O

Remark 2. Note that if k = o(ky), the values k such that VkA(n/k) — oo, in Theorem 1,
should be such that both VkA?(n/k) and VkA(n/k)B(n/k) converge towards zero, as n — oo,

as already mentioned.

Let us assume now that we want to work with levels k such that vk A%(n/k) — X\, and
Vk A(n/k)B(n/k) — X,, both finite, as n — oo, A, or A\, # 0, i.e., levels possibly of the
same order of the ones leading to the “optimal” estimation of § and p. We may then state the

following:

Theorem 4. For models in (3), jointly with (4), let us assume that Vk A(n/k) — oo, with
VE A%(n/k) — X, and Vk A(n/k)B(n/k) — X, both finite. As in Theorem 1, let ky be
“optimal” for the estimation of p, in the sense that k1 A(n/k1)B(n/ky) — Ap, s finite, and
Vi A%2(n/k) — A4, s also finite, with at least one of them non-null. More specifically, let k
and k1 be sequences of intermediate integers such that k/k1 — q > 0, finite, and let us consider,

for any real T,

(ks k) = H g5 ki) (K (23)

with H the estimator (10). Then,

N (ﬁT(k; ki) — ry) 2 Normal (v*, 02(q)) ,

n—oo



where, with (u_,v_) defined in (13), (upr,vp ) the constants in (17) and a_ = —1/(1 — p),
b=, (uﬁ +upr ¢Pa (lnq — aﬁ)) + A, (vﬁ + Uy qp’aﬁ (lnq _ aﬁ)) 7
and

*a) = o2 (@7 p) =7 (1+ a2 (g +1/(1 = )’ (1= )20 = 20+ 1)/*),  (24)

i.e., we get the same rate of convergence, of the order of 1/\/%, for fIT(k:;kl), but with an
asymptotic variance dependent upon q. Such an asymptotic variance is equal to 4> for ¢ = 0

and ¢ = qo = exp(—1/(1 — p)), and increases with q, after the value qq.

Proof. Let us think that k/k; — ¢ > 0. Since V& A(n/k1) ~ Vk A(n/k) s A(n/ky) ~
q"A(n/k) and B(n/ky) ~ ¢” B(n/k), we can write

VE (H k1) =7 ) =7 280+ VEA®/E) (u A(n/B) + vy, B(n/E)) (1+ 0,(1)
+ (apw,g + vk A(n/k)g*~3 (upJA(n/k) ¢ + v,y B(n/k) qp’) (1+ op(1)))

X q%_” a: (Ing — az + o(1)) (14 o(1)),

with a_ = —1/(1 — p), (u,v) defined in (13) and (Up,rsVp s 0y W) given in (17), W and
o, made explicit in (18) and (19), respectively. Then

vk (I;TT(k:; ki) — v) = v Z,(Cl) + 0, q%_p a_(lng—a_) W,ﬁ
b VE A m/R) (g + 15 Py (g — o)) (1+ 0p(1)
+ vk A(n/k)B(n/k) (vﬁ + v, ¢”a (Ing— aﬁ)) (1 + 0p(1)).

As Cov(Z,il), W,ff) = 0, the variance of {'y Z,gl) +0o, q%_p a (lnq — aﬁ) W,ﬁ} is the value

o(q; 7, p) in (24), and the remaining of the proof follows straightforwardly. O

Remark 3. If we compare Theorems 1 and 4, we see that the estimation of v, B and p at the
same level k induces an increase in the asymptotic variance of the final v-estimator. The use of
q =1 in (24) leads us to the asymptotic variance o} = o*(1) = v*{1+((1 - p)/p)2—2(1—p)3/p},
greater than 0(2) = ~2, the value associated to ¢ = 0 in (24). As noticed before in Gomes and

Martins (2002), the asymptotic variance of the estimator in Feuerverger and Hall (1999) (where

10



also the three parameters are computed at the same level k) is given by o2 :=~*((1 — p)/p)%,
the asymptotic variance also achieved by Peng and Qi (2004), for an approximate second-order
reduced-bias mazximum likelihood tail index estimator. Moreover, it is also known that if we
estimate p at a level ky, but estimate both v and (B at the same level k, we already induce an
extra increase in the asymptotic variance of the final v-estimator, which is then equal to 0123 =

Y2((1 = p)/p)?, the minimal asymptotic variance of any “asymptotically unbiased” estimator in

Drees’ class of functionals (Drees, 1998). We have
o0<o,<01<0,, i |p|<08832 and o9<o,<o0,, <o1 if |p|>0.8832.

In Figure 1 we provide both a picture and some values of o,/v =1, o, /v, 0,/y and 6, /7, as

functions of |p|.

Ip| oo/v | op/Y | O1/y OpulY

0.1 1.00 | 11.00 | 12.19 [ 121.00
0.2| 1.00 6.00 7.37 | 36.00
0.3] 1.00 4.33 5.87 | 18.78
0.4 1.00 3.50 5.19 | 12.25
0.5| 1.00 3.00 4.85 9.00
1.0 1.00 2.00 4.58 4.00
1.5 1.00 1.67 4.96 2.78
2.0| 1.00 1.50 5.50 2.25
2.5| 1.00 1.40 6.10 1.96
3.0| 1.00 1.33 6.74 1.78

Figure 1: Asymptotic standard deviations, o,, o, and o,, together with o ., , for v =1

It is obvious from Figure 1 that, whenever possible, it seems convenient to estimate both 3
and p externally, at a ki-value higher than the one used for the estimation of the tail index vy, if

we want to work with a tail index estimator potentially better than the Hill estimator for all k.

The pattern of o2(q; 7, p) in (24), as a function of g, is of the same type for all (v, p), and is
pictured in Figure 2: this variance converges towards o3 = 72, as ¢ — 0, next increases till a value
slightly larger than 2, then decreases again till 42 at go = exp (—1/(1 — p)), exp(—1) < g0 < 1,
and finally increases fast, taking the value o} = 72(1+ ((1 — p)/p)? —2(1 — p)3/p), for g =1.

11
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Figure 2: Pattern of 2 (¢;7, p), as a function of ¢, for y =1 and p = —1.

As the variance of the estimator H(k; k;) in (23), with k/k; — ¢ > 0, is well approximated

by o%(q;7y,p)/k, we provide in Figure 3, the pattern of o2(q;v,p)/q, which indicates the

behaviour of the variance of our estimator as a function of q.

100

90 A

80 -

70 A

60 -

50 4

40 4

30 4

20

10 4

Ag1-D/g

0.5 1

Figure 3: Pattern of a2(q;v, p)/q, as a function of g, for v = 1 and p = —1, an indicator of the variance of the estimator

in equation (23).

It is thus obvious that we should base the tail index estimation on a number k£ of top o.s.,

smaller than ki, the number of o.s. that should be optimally used for the estimation of the

second order parameters (3 and p. The optimal rate k/k; depends obviously in p, but it is not

a long way from 0.5 for the most common models. Indeed, for p = —0.25,—-0.5,—1,—1.5, —2 we

get ¢min = arg ming 0(g; v, p)/q = 0.46,0.53,0.62, 0.68, 0.72, respectively, a value quite close to

qo = exp (=1/(1 - p)).
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