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Abstract. The family of probability density
functions {fXm(x) =

(
mx− m−2

2

)
I(0,1)(x),

m ∈ [−2, 0]} of mixtures of Beta(1, 2) and of
a standard uniform provides an interesting
theoretical framework to assess uniformity,
corresponding to m = 0, versus more
proneness to generate values near 0. Com-
putational sample augmentation techniques
using this family have been investigated in the
context of uniformity goodness-of-fit tests,
when combining p-values for meta-analysing
independent tests on some hypothesis, with
unexpected results: power decreases with
computational sample augmentation.
We compute the probability density function
of products and of random powers of products
of variables from that family, and investigate
their usefulness in testing uniformity. We
show, using simulation, that those trans-
formations also have a negative impact on
power of uniformity goodness-of-fit tests.
The Kakutani inner product of the measures
under the null hypothesis and under the
alternative hypothesis confirms increased
colinearity and poorer fit. In fact, the tech-
niques investigated pull the entropy towards
0, which is the entropy of the standard uni-
form random variable. This enlightens why
testing uniformity can be rather misleading.

Keywords. Uniformity, mixtures, prod-
ucts and powers, Kakutani product, entropy.

1. Introduction

The uniform random model fits ex-
actly the ideal of equiprobability, interesting
from a philosophical viewpoint, but as such
an asset of rather limited interest as a
randomness model in the scope of decision
procedures. But on the other hand, in view
of what Rohatgi and Saleh (2001, p. 208) call
the probability integral transform theorem
— the fact that, under very broad conditions,
FX(X) _ Uniform(0, 1), and that even un-
der broader conditions Y = F←X (U) _ FX ,
where U is the standard uniform random
variable and F←X denotes the generalized
inverse of FX —, the uniform model became
central in all areas using Computational
Statistics. An important consequence of the
probability integral transform theorem is
that performing similar independent tests,
under H0 the set of p-values is a sample from
the standard uniform population. Combin-
ing p-values is a tool in meta-analysis, but
testing uniformity using small samples can
be misleading. Gomes et al. (2009) presented
several ‘recipes’ of computational sample
augmentation, but with rather unexpected
effects on the power of the goodness-of-fit
test. Brilhante et al. (2010) developed
further results along similar lines.

Gomes et al. (2009) used, namely, the
family of random variables Xm with prob-
ability density function (pdf) fXm(x) =



(
mx− m−2

2

)
I(0,1)(x) — where IA(x) ={

1 if x ∈ A
0 if x 6∈ A is the indicator function. In

other words, Xm has a mixture pdf, of the
standard uniform, with weight 1+m

2 , and of a
Beta(1, 2) random variable, with weight −m

2 .
Those mixtures, and namely the Beta(1, 2)
model itself, are important in investigating
the truthfulness of a null hypothesis, in meta-
analysis, combining the p-values of indepen-
dent tests since for m ∈ [−2, 0) they are
more prone to generate small values, namely
below the usual significance level, than the
uniform model, corresponding to m = 0.
Using the characterization that shows that
min

(
Xm
Xp
, 1−Xm

1−Xp

)
is uniform and independent

of Xp if and only if either Xm or Xp is stan-
dard uniform in case both variables have sup-
port (0,1), computational sample augmenta-
tion is straightforward. However, if the goal is
to test uniformity, sample augmentation has
a negative impact, since it actualy decreases
power.

Herein we exploit an extension of the
fact that if U1

d=U2
d=U3 _ Uniform(0, 1)

are independent random variables, then
(U1U2)U3 _ Uniform(0, 1), in the aim of
investigating whether power divergence (an
idea inspired by Cressie and Read, 1984) en-
hances power. In section 2 we prove that
(U1U2)X` is uniform iff ` = 0, i.e. X` _
Uniform(0, 1), and that (U1U2U3)X` is uni-
form iff ` = −2, i.e. X` _ Beta(1, 2). This
inspired us to assess whether using products
and powers of products is useful in testing
uniformity.

Using simulation, we shall show that the
answer is negative, and the Kakutani inner
product of the measures of the test statistic
under the null and under the alternative hy-
pothesis confirms increased colinearity using
the transformed variables. The explanation
lies in the fact that the transformations used
pull the entropy towards 0, which is the en-
tropy of the standard uniform law.

In the sequel we shall need some functions
related to the exponential integral, we tran-
scribe their definition from Abramowitz and

Stegun (1922, chap. 5):

Ei(x) = −−
∫ ∞
−x

e−t

t
dt = −

∫ x

−∞

et

t
dt, x > 0.

li(x) = −
∫ x

0

dt
ln(t)

= Ei(ln(x)),

and for n = 0, 1, . . . ; Re(z) > 0,

En(z) =
∫ ∞

1

e−zt

tn
dt,

αn(z) =
∫ ∞

1
tn e−zt dt =

=
n!
zn+1

e−z
(

1 + z +
z2

2
+ · · ·+ zn

n!

)
.

2. On products of random variables

In what follows, U1, U2, . . . denote
independent and identically distributed (iid)
standard uniform random variables.

Define also U∗n _ Uniform(0, U∗n−1), for
n = 1, 2, . . . , where U∗0 = 1. The pdf of U∗n is

fU∗n(x) =
(− ln(x))n−1

(n− 1)!
I(0,1)(x),

and therefore U∗n
d=U1U2 · · ·Un.

Most of our results stem out from a very
humble and straightforward result:

Theorem

If Tα and Vα+1 are independent ran-
dom variables, Tα _ Beta(α, 1) and
Vα+1 _ Gamma(α + 1, 1), then TαVα+1 _
Gamma(α, 1).

In fact, fTαVα+1(x) =

=
∫ ∞
x

α

(
x

y

)α−1 yα e−y

Γ(α+ 1)
dy
y

I(0,∞)(x)

=
xα−1 e−x

Γ(α)
I(0,∞)(x).

Observations

1. From f 1
X

(x) =
fX( 1

x)
x2 , it follows that

Tα _ Beta(α, 1) ⇐⇒ 1
Tα

_ Pareto(α).



Hence the above result may alternatively
be stated as:

Let Vα _ Gamma(α, 1) and Wα _
Pareto(α) be independent random vari-
ables. Then Vα+1

Wα

d=Vα _ Gamma(α, 1).

2. From Z _ Beta(p, q) ⇐⇒ 1 − Z _
Beta(q, p) and the integral probability
transform, exp(−V1) _ Uniform(0, 1);
therefore, from well known additive
properties of the Gamma family,
exp(−Vn) d=U1U2 · · ·Un

d=U∗n, with the
Uk’s iid standard uniform random
variables, has pdf

fU∗n(x) = fexp(−Vn)(x) = fU1U2···Un(x) =

=
(− ln(x))n−1

(n− 1)!
I(0,1)(x) .

Consequently,

(U1U2 · · ·Un+1)
Tn d=U1U2 · · ·Un,

and in particular,

(U1U2)U3 = U _ Uniform(0, 1),

and hence

(U1U2)U3(U4U5)U6 · · · (U3n−2U3n−1)U3n d=

d=(U1U2 · · ·Un+1)
Tn
.

Let us now investigate the distribution of
Wn,` = (U∗n)X` . The joint pdf of (U∗n,Wn,`)
is fU∗n,Wn,`

(u,w) =

= fU∗
n
(u)fX`

(
ln(w)
ln(u)

)
1

|w ln(u)|
I{0≤u≤w≤1}(u, v),

and therefore, for n ≥ 3, w ∈ (0, 1),
fWn,`

(w) =∫ w

0

(− ln(u))n−1

(n− 1)!

(
`

ln(w)
ln(u)

− `− 2
2

)
du

w|ln(u)|
=

= − ` ln(w)
w

(− ln(w))n−2

(n− 1)!
αn−3(− ln(w))−

−`− 2
2w

(− ln(w))n−1

(n− 1)!
αn−2(− ln(w)) =

=
(− ln(w))n−1

(n− 1)!w
×

×
[
` αn−3(− ln(w))− `− 2

2
αn−2(− ln(w))

]
.

For the two ‘extreme’ cases ` = −2 and
` = 0, for w ∈ (0, 1), we get respectively

fWn,−2(w) =
2(− ln(w))n−1

(n− 1)!w
×

× [αn−2(− ln(w))− αn−3(− ln(w))]

and

fWn,0(w) =
(− ln(w))n−1

(n− 1)!w
αn−2(− ln(w)).

For n = 1, 2, 3, ` ∈ [−2, 0], w ∈ (0, 1), we
get

fW1,`
(w) =

`

w
E2(− ln(w)) +

`− 2
2w

li(w)

fW2,`
(w) =

` ln(w) li(w)
w

− `− 2
2

fW3,`
(w) = −` ln(w)

2
− `− 2

4
(1− ln(w))

and thus in the ‘extreme’ cases the pdf, for
w ∈ (0, 1), has the expression fWn,`

given in
the table below:

n ` = −2 ` = 0

1 −2 E2(− ln(w))+li(w)
w − li(w)

w

2 2− 2 ln(w) li(w)
w 1

3 1 1−ln(w)
2

More generally, observe that the pdf of
Wn,0 = (U∗n)Un+1 is, for n = 2, 3, . . . , w ∈
(0, 1)

fWn,0(w) =
∫ w

0

(− ln(t))n−1

(n− 1)!
dt

w | ln(t)|
=

=
(− ln(w))n−1

(n− 1)!w
αn−2(− ln(w)) =

1
n− 1

n−1∑
k=1

(− ln(w))k−1

(k − 1)!
,

i.e., fWn,0(w) is the balanced mixture, with
equal weights %k = 1

n−1 , k = 1, . . . , n − 1,



of the pdf’s fk(w) = (− ln(w))k−1

(k−1)! I(0,1)(w) of
U∗k .

Observe also that the distribution function
(df) of U∗n

d=U1U2 · · ·Un is

FU∗n(x) =


0 x < 0

n∑
k=1

(− ln(x))k−1

(k − 1)!
x 0 ≤ x < 1

1 x ≥ 1

and the df of (U∗n)Un+1
d= (U1U2 · · ·Un)Un+1 is

F(U∗n)Un+1 (x) =

=


0 x < 0

n−1∑
k=1

n− k
n− 1

(− ln(x))k−1

(k − 1)!
x 0 ≤ x < 1

1 x ≥ 1

We now investigate, for the tractable case
of three independent random variables which
are mixtures of the standard uniform with a
Beta(1, 2), the distribution of (XmXp)

X` .

If Xm and Xp are independent, the pdf of
XmXp is fXmXp(x) =

=
(
mpx(− ln(x) +

(m− 2) (p− 2)
4

(− ln(x))−

−(m− 2)p+m(p− 2)
2

(1− x)
)

I(0,1)(x).

Then the pdf fm,p.` of Zm,p,` = (XmXp)
X`

is, for x ∈ (0, 1), fm,p.`(x) =

= − (m− 2)(p− 2)(`− 2)

8
− mp(`− 2)

4
x+

+
[(m−2)p+m(p−2)](`−2)

4

E1(−ln(x))−E1(−ln(x2))

x
+

+
[(m− 2)p + m(p− 2)]`

2

E2(− ln(x2))− E2(− ln(x))

x
+

+
(m− 2)(p− 2)`

4

(− ln(x)) E1(− ln(x))

x
+

+mp`
(− ln(x)) E1(− ln(x2))

x
,

with obvious simplifications when m = 0
and/or p = 0 and/or ` = 0 (i.e., the corres-
ponding random variable standard uniform),
or two or three of the mixture weights m, p
and ` are equal.

3. Testing uniformity

Fig. 1 below, corresponding to the
power functions of the Kolmogorov–Smirnov
test H0 : m = 0 vs. HA : m ∈ [−2, 0)
obtained by simulation (5 000 runs) for the
special case n = 12, when using samples from
Xm and from Z0,0,m, respectively, is exemplar
of what always happens: transformed data,
using random powers of products in the fam-
ily Xm decreases the Kolmogorov–Smirnov
test power to reject a false null uniformity
hypothesis.
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Figure 1: Power function, Kolmogorov–Smirnov
test H0 : m = 0 vs. HA : m ∈ [−2, 0), using
samples of size n = 12 from Xm and from Z0,0,m.

Let f0 and fA denote the pdf of some
test statistic under H0 and under HA, respec-
tively. The Kakutani inner product of the
corresponding probability measures P0 and
PA

Hq(P0,PA) =
∫
f q0 f

1−q
A (x)dx, q ∈ [0, 1]

has been used by Chernoff (1952) to construct
bounds for the probability of error, both of
the first and of the second kind, cf. also
Kraft (1955) and Hellman and Raviv (1970).
Stuck (1976), comments that ‘the Kakutani
inner product can be thought of intuitively
as the amount of ‘colinearity’ or ‘overlap’ of
two probability measures, with the larger the
Kakutani inner product the larger the ‘over-
lap’"

Observe that when testing H0 : m = 0 vs.
HA : m ∈ [−2, 0)

Hq(P0,PA) =
(2−m)2−q − (2 +m)2−q

22−q(q − 2)m
.



whose mnimum is 0.942 On the other hand,
the minimum of the Kakutani inner product
when using the Kolmogorov–Smirnov for test-
ing uniformity goodness of fit when the alter-
native is Zm,p.` is 0.972, showing increased
overlap.

4. Conclusions

Although testing H0 : m = 0 (uniformity)
vs. HA : m ∈ [−2, 0) in the Xm family seems
an interesting tool in assessing the goodness
of combining p-values in meta-analysis,
our simulation results indicate that testing
uniform goodness-of-fit has some unexpected
features. Computational sample augmen-
tation doesn’t increase power, contrarily to
what is the natural naïve hope for dealing
with small samples, and the same happens
with random powers of products divergence
statistics. On the other hand goodness-of-fit
using the original sample cannot be very
good, since the Kakutani inner product
reveals that there is a considerable dose of
overlap of the measures under H0 and under
HA, cf. Fig. 2.
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Figure 2: Kakutani inner product.

The entropy of Xm, m ∈ [−2, 0] is

H(Xm)=−
Z 1

0

„
mx +

m− 2

2

«
ln

„
mx +

m− 2

2

«
dx

= 0.5+ln(2)+
ln
““

2−m
2+m

”m”
8

− ln(4−m2)

2
+

ln
“

2−m
2+m

”
2m

,

cf. Fig. 3 (for a detailed study of entropy, cf.
Johnson, 2004).

Hence, as min
(
Xm
Xp

, 1−Xm
1−Xp

)
d=Xmp

6
, its

entropy is always nearer the entropy of the
standard uniform than the entropy of Xm

-2 -1 1 2

-0.15

-0.10

-0.05

Figure 3: Entropy of Xm, m ∈ [−2, 2].

Figure 4: Probability density functions of
min

(
Xm

Xp
, 1−Xm

1−Xp

)
, m, p ∈ [−2, 0].

or Xp. Fig. 4 shows that in the appro-
priate range mp

6 ∈ [−2
3 , 0] the densities of

min
(
Xm
Xp

, 1−Xm
1−Xp

)
are indeed quite near the

uniform probability density function.

The same holds true for the probability
density functions of Zm,m,m, m ∈ [−2, 0]. In
Fig. 5 we show the corresponding probability
density functions:

Figure 5: Probability density functions of
Zm,m,m, m ∈ [−2, 0].

and in In Fig. 6 we show that in the range
m ∈ [−1, 0] those densities are almost indis-
tinguishable of the standard uniform density:



Figure 6: Probability density functions of
Zm,m,m, m ∈ [−1, 0].

Fig. 7 below

Figure 7: Probability density functions of
Zm,m,m, m ∈ [−2, 0].

is similar to Fig. 5, but the smaller plot range
enhances the details, showing that for values
of m near −2 there is indeed more chances of
distinguishing Zm,m,m from Z0,0,0 = U . Note
however that the plot range lies in [0.8,1.2].

In Johnson (2004) it is shown that the nor-
mal law has maximum entropy in the family
of random variables with finite variance with
support in the real line — and this is the basis
of Linnik’s proof of the central limit theorem
— and that the exponential has maximum en-
tropy in the family of random variables with
finite expectation whose support is a positive
half-line (and we point out that this is the
reason why Rényi’s rarefaction has exponen-
tial limit).

Our results show that the extremal prop-
erties of the standard uniform entropy, in the
family of random variables with support in a
positive segment, lead to a similar status of
the standard uniform: it serves as an excellent
approximation for a wide variety of models,
as those that we have investigated
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