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1. Introduction

Let X = {Xn}n21 be a stationary random field on Zi, where Z, is the set of all positive integers
and d > 2. We shall consider the conditions and results for d = 2 since it is notationally simpler
and the proofs for higher dimensions follow analogous arguments. The inequality (i1,42) < (n1,n9)

i1 i2

means i, < ng, k=1,2, and + =
) ) Hy n n1’ no

For a family of real levels {u,},-, and a subset I of the rectangle of points R, = {1,...,n1} X
{1,...,n2}, we will denote the event {X; < up,i €I} by {Mp(I) < uy} or simply by {M, < u,}
when I = R,,. For each i = 1,2, we say the pair I; C Z2 and I, C Z2 is in S;(I) if the distance
between II;(I;) and I1;(Iy) is greater or equal to [, where II;,7 = 1,2, denote the cartesian projec-

tions.



In this paper we study the convergence of the sequence of point processes of exceedances of u, by a
random field, when there is "high local dependence” in the random field so that one exceedance is
likely to be followed by others. The result is a clustering of exceedances, leading to a compounding
of events in the limiting point process.

To include cases where clustering occurs, we require a modest strengthening of the coordinatewise-
mixing condition introduced in [6] and [2], which exploits the past and future separation one

coordinate at a time.

Let Y € Br(un) denote that the random variable Y is measurable to the o—field generated by the
events {X; < un} with i € I. We shall assume that there are sequences of integer valued constants

B Yns1s Unidn,>15 @ = 1,2, such that, as n = (n1, na) — o0, we have

ny 7 ne2

(i s Finy) — 00, (M u) 0, (ko A, oy by Ag) — 0, (1.1)
where A;,i = 1,2, are the components of the mixing coefficient defined as follows:

Ay =sup{|E(YZ)—EY)E(Z)|:Y € By, (un), Z € Br,(un),0 <Y, Z <1},
where the supremum is taken over pairs I and I in Si(l,,),

Ao =sup{|E(YZ)— E(Y)E(Z)|:Y € By, (un), Z € By, (un),0 <Y, Z <1},

where the supremum is taken over pairs Iy and Iy in Sy(l,,).
Then we say that X satisfies the A(uy,) -condition.

In section 2 we derive some results on the asymptotic independence of clustered exceedances. As a
corollary we find the maximum can be regarded as the maximum of a random field of approximately
independent variables. Therefore the extremal types theorem holds for such stationary random
fields.

Section 3 shows that any limiting point process for exceedances is necessarily a compound Poisson
process.

In section 4 we show that the limiting distributions of the clusters size and the maximum charac-
terize this compound Poisson process.

We end this section with an example which illustrate the theory.

In the proofs of our results we follow the main steps to obtain the limiting behavior of the ex-
ceedance point process for stationary sequences in [4], with a specific approach for the random
fields.



2. Asymptotic independence of clustered exceedances

Let r, = (knTll’ %) for some ky, = (ky,, kn,) satisfying (1.1). The exceedances of u, by X;
withi€ Jos={(s1 —1)rp, +1,. .08} X {(s2— 1)1, +1,..., 597, }, for some s < ky,, are

regarded as forming a cluster.

The following lemma shows that exceedances over disjoint rectangles behave asymptotically as

independent.

Lemma 2.1: Suppose that the condition A(uyn) holds for X and Jni = Jnyiy X Jngiin, 41 =
Lo kny i = 1,0k, are ky, ky, disjoint rectangles such that ﬁUigkn Jni ~ ning. Then, for
any non-negative continuous or step function f on [0, 1]2,

d,=FE (ezp <_ Zf (ﬁ) 1{Xi>un})> — H Elexp| — Z f (ﬁ) Lixi>un} = 0,

i<n s<kn i€Jn,s

where 15 denotes the indicator of the event A.

Proof: Assume that f is not identically zero and that each II4(J,;) consists of at least [,,

integers, for each s = 1,2. Let 758) be the interval of the largest elements in Il,(Jn;), J5; =
{j el v, e TE”} and T ; = Joi\J2,.
It is sufficient to show that for any S C Z3, there exists a further path 8’ C S through which

dy —— 0.

Let
kn1k7l2
Cn = <z’an€M(ln1’ln2)E (exp (— Z 1{Xi>un})>> 'nesy, (2.2)
iel

where M(ly,, ln,) = {1 CZ% : [IIi(T)] <, V [Ha(T)| < 1, } . Since the set given in (2.2) contains

infinitely many numbers in [0, 1]2, there exists S’ C S such that, for some ¢, ¢, — ¢ through S'.
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To conclude (2.1) we should show that d, —— 0 through S’.

n—oo

Consider separately the following two cases:
(a) If ¢ =1, then by the triangle inequality, d,, is bounded in absolute value by

(ew( (e )M)) o (o2 5 i )M))
e E ) o 00

Since f is bounded by some integer A, the first term in (2.3) is bounded by
i i
E (Hs<knel‘p ( IZ f <n) 1{X1>un}> Hsgknexp (.JZ f <n) l{Xi>un})
1€1n,s 1€ :1,5
i
_HsgknE (emp ( IZ f <n> 1{Xi>Un}>> I)
1€ln s

(2.3)

i
< BE[Y [1-em |- f(n> L(Xiun)
s<kp iedy o
< AZ 1—FE|exp| — Z LiX;>un}
s<kn, ieJh s
<

Aknl knz <1 — infleM(lnl 7ln2)€$p (- Z 1{Xi>un}> )

icl

which tends to zero when n — oo along S’. In fact, ¢ = 1 is equivalent to

knl an ( anIGM(lnl ln2 e.iL"p ( Z 1{X >un}>) e 0

iel

The third term in (2.3) is bounded by

E Z l—exp| — Z f (ﬁ) x> un) ,

s<kp iedis



and the second term in (2.3) is bounded by k,, Ay + kp, knyAs. Both majorants tend to zero and
we conclude (2.1) in this first case.

(b)e<1

Let T C[0,1)° such that inf . f(x) > a > 0. Write nI = {(ny21,n57,) : x € I}. For each n, in
each J,; N nlI which contains more than 4i,,1,, integers place o) = 9&1)0%) rectangles RS)J =
RY x RS,)jQ, Jj1=1,... ,97(1?, Jo =1,... ,97(52) of I, integers, where the rectangles belong to

n,ji
S1 (Lny) NSy (I,) and the 65" and 62 are chosen so that 6, 2w/ > i<k, 0% satisfies

kn,

— 00, > OSIA; — 0 and 6,2, — 0,

i1=1

On
knykn,

n — oo through S’.

Then
i
(o 52

i
< plen|- Y X Y 7(5) e
s<kn <0 icR{)

. kn,

i .
< E% exp | —« Z f(ﬁ) L{X;>un} —i—Z@SE)AleHnAlAQ

i€ {L,osdny px{Loeidny } i1=1
abn

< [E|ew |- > Lixi>un} +o(1)

< L o(1) = o(1).

The other term of d,, is bounded by

i
[T | IL & e~ 3 (5) texomr | | | o)
s<ka |\ j<ol® ieR ()
On

czknlk” +o(1)

IA

which tends to zero as previously. Thus both terms in d, tend to zero, concluding the proof.
O



As hold for point processes of exceedances over the real line, the Lemma 2.1 still holds with a, f
instead f, where a, are non-negative constants. Then, by taking f =1 and a, — oo in such way
that k,, kn,exp(—an) — 0 we get the lemma of asymptotic independence of maxima over disjoint

rectangles.

Lemma 2.2: Suppose that the random field X verifies the coordinatewise-mizing condition A(uy)
and Jni = Jnyiy X Jngiins 11 = 1, ..o kny, 12 = 1,0 ky,, are ky Ky, disjoint rectangles such that

ﬁUKk Ini ~ ning. Then

P(My < up) = [ P(Ma(Jns) < ) — 0.

n—oo
s<kn

Lemma 2.2 was proved in [6] (see also [7] and [8]) with a weaker mixing condition than A(uy).

However, in this context it can be obtained as a corollary of Lemma 2.1.

3. Convergence of the sequence of point processes of ex-

ceedances

For applications in the extreme value theory, the main result of [4] on the sequence of point

processes of exceedances can be extended for

B) =) lixudi(B), BC[0,1]%,

i<n
Proposition 3.1: Suppose that A(uy) holds for X and {Sn},>, converges in distribution to

some point process S. Then S is stationary, has independent increments and therefore has Laplace

transform given by

+oo
— _ _ — e @YY ¢ d
Loty =em (o[ 1= / (1= D) dufy)d(e,y) |



with a = 0 and v(.) is a finite measure concentrated on the positive integers Z.. .

Proof: The stationarity of S follows from the stationarity of S, and its convergence to S.
For each k € Z,, let By, Bs, ..., By be disjoint rectangles in [0, 1]2. Since, by Lemma 2.1,

k
L(S(B1),...,S(Bk))(t17 s 7tk) = hxrln LSn (Z tlej>
=1
= hmE H exp | —t; Z L xi>un}

ienB;

= lim H Ls,(s;)(t))

Jj=1

K
= I Zs@(

7=1
we conclude that S has independent increments.
The result follows, since each stationary process with independent increments has the following
representation

+oo
L =exp | —« d(xz,z) — — e @2 qu(y)d(z, 2
sy =eap| o[ gz [ / ¢ ) dv(y)d(z. 2)

and in the case that S is a point process we have o = 0 and v(-) is a finite measure concentrated on

the positive integers 7, . 0

v(.)
v(0,00)°
limiting point process is a compound Poisson point process with Poisson rate v and distribution

By writting v (0, 00) = v and 7 for the probability distribution we get as a corollary that the

of multiplicities 7, being its Laplace transform

Ls(f) = eap (—u /[ . (1 - Zwu)e-f'f(w) d(:w)) .

Thus S is a point process with masses j at points (z,y) where ((x,y),j) are points of a Poisson

process in [0,1]% x (0, 00) with intensity measure vm x 7, m denoting the Lebesgue measure.



4. A sufficient condition for convergence of the sequence of

point processes of exceedances

The number of exceedances in the cluster Jns = {(s1 — 1) rp, +1,... 8170, }x{(s2 = 1) 1y + 1,..., S2Tn, }

n

is Sn (J“’s> = ic Jos H{Xi>un} and the distribution my, of cluster sizes is defined by

m™(j) = P Z 1{Xi>un} =7 Z Zl{X1>un} >0, 7=1,2,....

i<rp i<rp

Now we show that, under under the condition A(uy), in the limit S of S, the multiplicity distribution
7 is the limit of the cluster size distribution 7, and the rate v can be obtained from the limit of zero

exceedances.

Proposition 4.1: Suppose that A(uy) holds for X and {Sn},~, converges in distribution to a compound

Poisson point process S with Poisson rate v and distribution of multiplicities w. Then

v=—log lim P (My < up) (4.1)
and, if v # 0,
7(j) = lim m(y), j=1,2,..., (4.2)

for some ry, = (ﬂ ﬂ) and kn = (kn,, kn,) satisfying (1.1).

knq 7 kngy

Proof: Since the Laplace Transform of S ([0, 1]2> is given by

5 (o (15 (0.07))) = e (o (1= Srt0e74)

k=1

then

lim P(My <un) = lim P (Sn ([o, 1]2) - o)

n—oo n—oo
O)

- P (S ([o, 1]2)

t—o0

= limexp| —v (1 — Zﬂ(k)ekt>>
% k=1

= exp(—v).



To show the other convergence, i.e., 7(j) = limp—c0 (), note that, by Lemma 2.1,

dm £ (cap (<t5, (10.11))) = Jim Bvbe {eop | =t 3 Lpxioum)

i<rn

and, by the lemma of asymptotic independence of maxima over disjoint rectangles, we have

E | exp _tzl{Xi>un}

i<rp

oo

= 1—P(M,, > uy) Zemp —tj) ™ (j)
7=1

- 1Y (1 > exp (—tj) mald) | (14 0(1)).

kn1kn2 j=1
Since
Efriknz fexp [t Vx| | # E (emp (_tS“ ([0’ HZ)))

i<rp

converges then by considering oy, = v (1 - Z(;; exp (—tj) ﬂ'n(j)) ,

kg k
1-— ~ E'mite | exp —tg l¢x.
< knl an ) {X1>un}

i<rp

converges, so oy converges and consequently, for each ¢, Z]Oil exp (—tj) mn(j) converges, i.e., there exists
7' such that 7/(j) = limp 00 ™ (j), 7 = 1,2,.

Hence we have

i o (50 (07)))

— knykn
= Jim Bt {eop | =0 Lo
i<rn

Fony ke
= Lm (1--2»
n—oo kn1 /{:n2

o
= eap | —v (1= exp(—tj) ' (j)
j=1




Since we showed that

lim F (exp (ftSn ([O, 1]2>)) =exp|—-v|1- i6$1) (—tg)m(4)

n—oo -
Jj=1

it follows that n’ = 7. O

The following technical result is necessary to obtain Proposition 4.2 and corresponds to Lemma 4. in [4]

for stationary sequences. Both proofs follow the same arguments with obvious modifications.

Lemma 4.1: Suppose that limp_,oo P (My < un) = exp(—v),v # 0, and 7y —— m. For a fized step
n—oo
function f on [0, 1]2, define a function Ty on [0, 1]2 by

Tt = { 1-E (exp (— Dictne (%) 1{Xj>u“})) if nt€Jnes <k

0 ift=0 Vnt € Ry — Us<k,JIns
where Jn ¢ = ((s1 = 1) 7rny, S17ny ] X ((s2 = 1) Ty, S2Tny) -
Then, as n — oo,

(i) M22-Ty(t) is uniformly bounded,

’I"nl T‘n2

(i) 212 [ o Ta(6)dt — fi o (1 X eap(—j f(£)) 7(5)dt.

7’711 T‘n2

In the following proposition we present a sufficient condition for the convergence of the point process of
exceedances based on the convergence of the probability of non-occurrence of exceedances of the level uy

by the variables X; of the random field X and the cluster size distribution y,.

Proposition 4.2: Suppose that the random field X satisfies the condition A(uy), and (4.1) and (4.2)
hold for some ry = (k"—l, %) and ky = (kn,, kn,) satisfying (1.1).
Then {Sn}n21 converges in distribution to a compound Poisson point process S with Poisson rate v and

distribution of multiplicities 7.

10



Proof: It suffices to show that Lg_(f) —— Lg(f) for each non-negative step function f on [0,1]%.
n—oo
With the notation of the previous lemma and by using Lemma 2.1, it follows

log Ls,(f) = logE | exp —Zf<fl> L un)

j<n

log [[ E|exp |- > f (i) Lexisun)

s<kn jGJn,s

Q

= RS TR o9l Ty(t))
7hlrn2s§kn ning

_ _”1”2/ log(1 — Ta(t))dt.
0.1°

T'n1Tno

Since for large n, T, (t) — 0 and
[~ log (1 = Tu(t)) — Tu(t)] < TR(t) — 0

uniformly in t, it follows from Lemma 4.1 that

lim log Ls, (f) = lim — "2 / To(t)dt
n—oo n—oo ’[”nl TTLQ [071]2
= —v 1-— exp(—jf(t)) w(j)dt,
[, (=X eant=is) <
= log Ls(f).

The Poisson rate v and the limiting multiplicity 7 present additional interesting properties for levels
u=u = {ug)} . satisfying nina P(X7 > ug)) —— 7 > 0. By writting Sl(f) for the point process
n n—oo

() (1) (1)

of exceedances of un ', if un1 = u, ) n.2s that is the two levels are normalized for the same

and up2 = u

7, then for the corresponding point processes of exceedances 5'1(3 and SI(IT% it holds
P (s #803) <mins ’P(Xl <)) = P(X1 < u7))| — o0,
Therefore we can use any convenient normalized levels.

The following result states that if the point process of exceedances of the normalized levels {ug)}
has a limit for one 7 it has a limit for all 7 and the limit point process is a compound Poisson process

with rate v = 67 with 8 independent of 7. This parameter 6 is called the extremal index of the random
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field X, and was introduced in [2]. Specifically, X has extremal index 6 if, for each 7 > 0, there exists
{ug)} and
n>1

lim P <M < uff)) — lim P (S( " ([0 1] ) 0) e

n—oo n—oo

Proposition 4.3: Suppose that, for each T > 0, A(ul™) holds for X.

If, for some 19 > 0, {Sr(lm)} L, Converges in distribution to some point process S(). then for all
n-=

T >0, {SI(IT)} o converges in distribution to a compound Poisson process with Poisson rate v = 07,
n>

v = —loglimy_ .o P <Mn < ug)) ,0<0< (2j21jw(j)> <1, 0 and 7 being independent of T.

Proof: Assume without loss of generality that 7 = 1.Then, by Proposition 4.1.,

Leoy(f) =exp ( /[01] (1 — ZW )e kI ))

with 6 = —loglimy_.o, P <Mn < usp)

To show that the result holds for each 7 > 0 it suffices to prove that, for each 7 > 0, there exists a § > 0
such that for each rectangle I C [0,1]* with m(I) > 4, S,(:)(I) converges in distribution to a compound
Poisson random variable with Laplace transform exp {—rm(I)(1 — 332 w(k)e ")} .

This is sufficient, since any finite number of disjoint rectangles I;, 1 < i < k, in [0, 1]2 , can be decomposed

into disjoint rectangles I;;, 1 < j < n;, 1 <14 < k, each of which has measure lesser than J, and thus by

)

ng

— nh—>HoloE exp Z SZSI(IT L)

Lemma 2.1

=1 j=1
k ng
g T (o ()
i=1j=1
To show the existence of such 9, first let 7 < 1 and assume for convenience that u(,) = ugl), where
n = (%,@> ,TIT) = T.
17 T2
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Hence

‘E (exp(—sSr(lT)(I)) _E (exp (—ssf}) ([0, m(I1)m] x [0, m(Ig)Tg])>) ‘
< (dm(ly) + 4m(L)) mazx {1 ~F (uﬁf)> 1-F (u](ﬂl))} — 0.

Therefore

lim E (exp <—35’y) (I)))

n—oo

= lim F (exp (—SSr(ll/)([O,m(Il)Tl] X [0,m(12)7'2])>>

n—oo

= exp(—0rm(I) 1—Z€$p(j3)77(j)
J

This proves the required with § = 1. For 7 > 1, the proof is identical except that § must be %
By Fatou’s Lemma it follows that

T =limnnaP(X) < up) = lm B (Sff) ([0, 1]2)) > E (S(T) ([0, 1]2)> - QTijﬂ(j),
j=1

concluding the remaining stated inequality. U

If & = 1 the compound Poisson process reduces to a simple Poisson process. For example, i.i.d. random
fields have extremal index # = 1. Much research has been made, by specific approach, on the asymptotic
behavior of the maximum of a stationary Normal field under a variety of conditions ([10]). The classical
limit still holds and the extremal index is equal to 1. A value 6 < 1 indicates clustering of exceedances

of uy, as we illustrate in the next example.

Example: For each i = (i1,i2) € Z7, let b(i),s = 1,2,...,8, be the neighbors of i defined as b; (i) =
(114 1,d2), ba(i) = i+ 1, b3(i) = (i,i2 + 1), ba(i) = (ix — L,ia + 1), bs(i) = (2 — 1,42), be(i) =i —1,
b7(i) = (i1,i2 — 1) and bg(i) = (i1 + 1,42 — 1). For each s = 1,2,...,8, we shall denote the s-crossing
event {Xi < un, Xy, (5) > un} by B, (i),n Where X; ) = —oo if bs(i) ¢ Z_%.

Let Y = {Yn},>¢ be an i.i.d. random field with common distribution function Fy and define

Xn = maz {Ya, Yiy(n), Yos(n) Yor(n)} » 0 > 1.

Let {un}n21 be such that ning (1 — Fy (un)) —— 7 > 0. Then, we have u, = ugl) for X with 71 = 47

n—oo
and X has extremal index § = 1. Moreover m(4) = limy oo Tn(4) = 1 and clusters are asymptoti-
cally squares of four exceedances. For each s = 1,2,...,8, in each cluster we can’t expect more than

13



an s-crossing event. U

In [3] (see also [9]) we present local dependence conditions under which the extremal index can be

calculated from the joint distribution of a finite number of variables.
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