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Preliminaries
Extreme Value Distributions

Theorem (Fisher—Tippett (1928) & Gnedenko (1943))

Suppose that X,, n=1,2,... are iid and such that

1
— max X; — \/X anZ, as n — oo,

an 1<i<n
1<I<n

for some a, > 0, b, € R. Then, G(x) =P{Z < x} is one of three
types of extreme value distributions (EDV):

—x—

, x> 0(a >0) (Fréchet)
, x€R (Gumbel)
~(=2% x> 0(a >0) (negative Fréchet)

—e X

G(x) =

™ ® o

e The type of the limit is determined by the tails of the X;'s.



Preliminaries

Max—stable distributions

e The EVDs are max—stable: Vn € N, Ja, > 0, b, € R, such that:

e A random vector X in R? has a max—stable distribution, if
VneN, da, € Ri, b, € RY:

1
—\/ Xi—baZX,
an __:
1<i<n
where X; are independent copies of X.
e As in 1D, if for iid X;'s, as n — oo,

1 d
— \/ Xi—by -5 Z,
an
<i<n
then Z is multivariate max—stable and vice versa.

e For more on max—stable and max—infinitely divisible laws, see
Resnick (1987).



Preliminaries

Max—stable processes

e {X:}+ is a max—stable process if its finite—dimensional
distributions (fdd) are max—stable. The marginals of X are either
Fréchet, Gumbel or negative Fréchet.

e X is an a—Fréchet variable (o > 0) with scale o > 0, if

P{X < x} = exp{—(x/0) %}, x € (0, 00).

Definition

{Xt} is an a—Fréchet process if for all a; >0 and t;, i=1,...,d,
the max—linear combinations

d
max{a; Xy, 1<i<d}=\/aXy,
i=1

are av—Fréchet.




Preliminaries

Examples

e moving maxima For iid aa—Fréchet Z;'s,

o
Xe:=\/cZi, tel
i=0
is well-defined stationary a—Fréchet process if ¢; > 0 are such that

Z ¢t < o0.
i=0
e Observe that, Vx > 0:
P{X; < x} = [[exp{—(x/c:) "} = exp{~-(>_ c")x~“}.
i=0 i=0

e Similarly, one gets that
3]_th VeV adXtd

is a—Fréchet, for all a; > 0, t; € Z.
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Fréchet and max—stable processes

e a—Fréchet processes are max—stable:
PV XD <, 1<) <db = PVIG (v xix() <13
IP’{\/szlxj_lXt(jl) <1} = exp{—ko®x7“}.

Thus, for the iid vectors X() = (X,_g.i))lgjgd:

i d «a
\/flex( ) & g t/ax (1)

e How rich is the class of a—Fréchet processes?

Theorem (de Haan (1978))

A process X with a—Fréchet marginals is max—stable if and only if
it is an av— Fréchet process.

e The class of Fréchet processes is sufficient for the study of
ergodicity.



Representations

The de Haan's spectral representation

o If X = {X;}tcr is continuous in probability a—Fréchet process,

then
Xy E{V fU/e .
k=1

for a Poisson point process {( Uk, ex)} in (0,1) x (0, 00) with
intensity p(du) X dx and deterministic functions f;(-) > 0 with
Jo filu)*p(du) < oc.

e Equivalently, one can use extremal integrals:

{Xt}tfd:d{ e/(o ) ft(U)Ma(dU)}t

where M,, is an a—Fréchet sup—measure on (0,1) with control
measure p(du).
e For convenience we use extremal integrals in the sequel.



Representations
Random sup—measures

Definition

M,, is a—Fréchet sup—measure on (E, E) with control measure ,
if: (i) independently scattered (ii)
P{M,(A) < x} = exp{—u(A)x=*}, x > 0 (iii) o—sup—additive:

Mo (U2 1 Ap) = \/ M.,(An), almost surely.
n=1

V.

e Analogous to the a—stable measures in the sum—stable case (see
Samorodnitsky and Taqqu (1994)).
Intuition: Let AN B =0 and a, b > 0. By independence, for x > 0

P{aM,(A)V bMo(B) < x} = e HAx/) ™ g=u(B)(x/b)~*

o (a7 (A +b% u(B))x



Representations
Extremal integrals

For a simple function f(u) = Y"}_; akla,(u), ax > 0, define

I(f) == e/Ef(u)Ma(du) = \/ aMa(Ar),
k=1

to be the extremal integral of f w.r.t. M,.
Properties:
1. For simple f(u) > 0,
P{I(f) < x} = e Jef"dmx"" s > 0.
2. For constants a, b > 0, and simple f(u),g(u) <O0:
I(af V bg) = al(f) Vv bl(g).

3. For simple fi(u) >0, 1 <i<d, I(f;), 1 <i<dare
independent if and only if f;;1 </ < d have disjoint supports
(p—a.e).

Note: ¢ fdM, can be defined for all measurable f(u) > 0, with
[ fdp < .



Representations
Extremal integrals: some intuition

e For the moving maxima X; = V¢ Z;_;, t € Z, we have:
Xe = e/}Rf(t — u)My(du), where My(i —1,il = Z;, i € Z,
and where
f(u) = ia;l[,-,,grl)(u), 0<u<oo.
i=0
e Continuous—time moving maxima:
X = e/Rf(t —u)My(du), teR, f(u)c LS (du).
e General a—Fréchet processes:

X = e/ fi(u)Mo(du), teR, fi(u) € LY(E,E, u(du)).
E



Representations
Extremal integrals: benefits

e General a—Fréchet processes:
X, = / f(u)Ma(du), t € R, fi(u) € L% (E, &, u(du)).
E

e Finite—dimensional distributions:

P{X; <x, 1<j<d} = P{vix'X, <1}

B[ o <) = ool [ (V)0
j=1"

e One can explicitly handle the fdd's via the spectral functions f;!



The problem

The Birkhoff Ergodic Theorem

Let {X:}ter be a strictly stationary process.

Theorem

For all Borel f with E|f(X1)| < oo

1< s.&ll
=36 " g, (01— ),
k=1

where &f is shift—invariant and Ef (X1) = E¢&f.

In continuous time, for a measurable process {X;}:

1 T
T/ FX)dt 22 ¢ (T = o).
0



The problem
Ergodicity & Mixing

e Can view {X;}ter as {Xo 0 St(w)}ter:

Here Xp is a random variable and {S:} is a flow of
measure—preserving transformations on the probability space
(Q,F,P).

e A € F is shift—invariant if S;(A) = A, Vt. Let Fj,, be the
o—algebra of shift—invariant sets in F.

Definition

{5} (or {X:}) is:
(i) ergodic if Fip, is trivial.
(i) mixing if

P(ANS;7Y(B)) — P(A)P(B), (t— oo),

for all A, B € o{X;, t € R}.

e Mixing — Ergodicity.



The problem

Statistical implications

e Why care about ergodicity?
Let {Xk, k=1,2,...,n} be a sample from a stationary and
ergodic process. If E|h(X1)| < oo, then

1 n
- Z h(Xy) 2% Eh(Xy), as n— oo.
k=1

e Or, more generally, for E|h(Xq, -+, Xm)| < oo:

1 n -1

—m

Z h( X1, Xiegm) == Eh(X1, -+, Xm), as n— oc.
n—m

k=0

e Thus ergodicity has important statistical implications.
e To characterize the ergodic properties of max-stable stationary
processes, we will use the developed representations.



The problem

Problem formulation

The process: Let
Xt = / Ut(f)dMa, —oo<t< o,
E

where f € L (1) and {U;} is a group of max-linear isometries on L% (u).
Intuition: For f(u) € L (du), think Us(f)(u) = f(t + u)!

Ergodicity: we look for necessary and sufficient conditions (on {U;} and
f) for

-
&r(h) = 7/ ho S, (X)dr 2% const, as T — oo,
0

for all bounded Borel measurable h : RR — RR where

Sr({xe}) = {xee}-

Mixing: we look for necessary and sufficient conditions for
P(ANB;) — P(A)P(B), as T — oo,
for all A, B € o{X;} with B, = S-}(B).



Results
General results: ergodicity

Theorem (S. (2007))
X = {Xt}ter is ergodic, if and only if, for some (any) p > 0,

1 T
T/o ||UTg/\g||pa(#)d7-—>0, as T — oo,

for all g € F:=V — span{U.f, t € R}.

4

e Here F C L% (u) contains all positive max-linear combinations of
U:f's and is closed in a certain metric pq.
o Namely, all limits in p, of the max—linear combinations

31Ut1(f)\/'~-\/anUtn(f), Va; >0, t; € R.



Results
About the metric p,

For any two functions f and g € LY, consider

e e
fz/fdMa and = /gd/\/la.
E E

o Then & and 7 are close in probability if f and g are close in the
metric:

pa(f,8) I/E\f"‘—g“\du-
o If & = ¢ fadM,, and € = [ fdM,, then
0 Be, (n— o0), iff palfy,f) = / 12— Fldp — 0, (n— o).
E
o The space of extremal integrals {£ : £ := efE fdM,, f € LS} is

closed w.r.t. convergence in probability.
o The metric space (L, pa) is complete (and also separable).



Results
General results: mixing

Theorem (S. (2007))

X = {Xt}ter is mixing, if and only if,
|Ur-h A g|\L$(#) — 0, asT — oo,

for all g,h € F =V —span{U,f, t € R}.

e The proofs borrow ideas from the cv—(sum)stable case —
Cambanis, Hardin and Weron (1987).

Key Idea: |[f A gl| () 'measures’ the dependence b/w
&= efE fdM,, and n = efE gdM,,.



Results

Outline of the proof (mixing)

It is enough to focus on events of the type:
A={X; <x, 1<i<d} and B={X; <y, 1 <i<d},

with s;, t; € R and x;, y; > 0.
e Then, B, = {X;4+ <y, 1 <i<d} and also:

P(A) = IP’{\/fizlele,. <1} = exp{—/ ghdu}
E
PE) = ewl- [ Hdul,
E
where

g(u) = ViLix i (u) and h(u) = ViLyyH (u).

e Note that

P(B.) = B{ViLay Xove < 1} = expl{— | Ur(h)"d}



Results
Proof ...

and, similarly, by the max—linearity of the extremal integrals:
PN B,) = exp(= [ (&"V Ur(n)")dn}.
e Thus P(AN B;)/P(A)P(B) — 1 as 7 — oo if and only if
exol [ gdu+ [ Wdu— [ g* v Un(h)d}
E E E

= exp{/Ega AU (M)dp} — 1 (1 —00) O



Results
A 'natural’ measure of dependence

Definition

For jointly a—Fréchet £ and 7,

da(€,1) = lI€lla + Inlla = 1€ v nlla,

is a measure of the dependence between £ and 7.

o Here ||€||« is the scale of &:

P{¢ < x} = exp{—[[¢lox""}, (x> 0).

e ¢ and 7 are independent if and only if d,(§,n) = 0.
o If { = efE fdM,, and n= efE gdM,, then

da(ﬁ,n):/ fad,u—k/gad,u—/ fo‘\/go‘d,u:/fo‘/\go‘d,u
E E E E



Results

Mixing: a simpler criterion

Theorem (S. (2007))

A continuous in probability stationary a.— Fréchet process
X = {Xt}ter is mixing if and only if d,(X¢, Xp) — 0, as t — oo.

e The condition d,(X;, Xp) — 0, 7 — 0 is easy to check.
e One and the same process X = {X;} may have different

representations (f,{U:}, M,), but has only one dependence
function

da(7) = da(Xr, Xo) = [ Xz [lg + [1Xolla = 1X V Xollg-



Examples
Moving—maxima

e (moving maxima) Let f € LY (dx) and p(dx) = dx. Then, the
process

Xt = / f(t+x)My(dx), —oo <t < o0,
R
is mixing. Indeed,
do(T) = / YT+ x) A F¥(x)dx — 0, as T — oo.

R
e (mixed moving maxima) (M3 processes of Smith and Weissman)
For f(t,v) € LY (dx x v(dv)) and p(dt,dv) = dt x v(dv), the
process

e
X, = / f(t+ x,v)My(dx, dv), —oo <t < oo,
RxV

is mixing.



Examples

Non—ergodic processes

e (non—ergodicity) Let (E, &, u) be ([0,2r), B, dx) and
X = / sin?(t + x)My(dx), —oo < t < oo.
[0,27)

The process X = {X;}¢cr is strictly stationary and non—ergodic.
e (a field) The stationary and non—isotropic field

e
X(s,t) = / in2(s -+ u) x e~1VIM, (du, dv)
[0,7)xR

is non—ergodic along “s” but ergodic along “t".



Examples

An illustration

e A movie ...




Examples

An example of Brown and Resnick

Let (E, &, i) be a probability space and w = {w;}+>0 be a
standard Brownian motion there.
e Define the doubly stochastic process

e
Xe = / e"()=et/2p1 (du), 0 <t < oo,
E

where M, a > 0 is defined on a different probability space
(Q,F,P).

e Brown and Resnick (1977) introduced X = {X;}+>0 and showed
that it is stationary.

Theorem (S. (2007))

X is exponentially mixing.

e Namely, d,(7) < e ", 7 > 0, for some ¢ > 0.



Statistical applications

Estimation of the dependence function

Let {X:}+er be stationary and ergodic.
Problem: Estimate the dependence function

do(7) = du(Xr, Xo).

e A consistent estimator of the dependence function is:

n—rt

a\a/x —Cp7< ixp)a//? Cpa( 1TZ(XT+k\/Xk)p>a/p,

where 0 < p < a and ¢p 0 = (1 — p/a)~@/P.
e By ergodicity, for all v € (0,1)

~

dopn(T) 22 do(7) and  E[dupn(r) — do(7)|” = 0, as n — oo.



Statistical applications

A numerical example

Moving Maxima Time Series (Part):a = 1, N=21° = 32,768
T T T

n n n N
7000 7200 7400 7600

i i ! | :
6000 6200 6400 6600 6800
Spectral Function

Dependence Function Estimate
15

10
= S
= =

5

(o]

] 50 100




Statistical applications

Concluding remarks

e Weintraub (1991) introduced 3 notions of “mixing” in terms of
the de Haan's spectral representation.

o No connections with the classical notions of ergodicity and
mixing was established.

e We show that Weintraub's '0—mixing’ is equivalent to mixing.

e Our work justifies and suggests a range of statistical methods for
max—stable processes.

e Some old new tools on modeling and statistics for max—stable
processes/fields?

e Further questions on:

o estimation of the dependence function (asymptotic Normality?)
o representations of max—stable processes

o random fields
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