The asymptotic location of the maximum of a stationary random field
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Abstract: In this paper we study the limiting distribution of the location of the maximum
generated by a stationary random field satisfying a long range weak dependence for each
coordinate at a time.
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1. INTRODUCTION

Let X = {Xn 'n € NQ} be a random field on N2, where N is the set of all positive integers. For a
family of real levels {un},~; and a subset I of the rectangle of points Ry, = {1,...,n1} x {1,...,na},
we will denote the eventi{Xi < up :1 €I} by Mu(I) or simply by My, when I =R,,. If I = then
My (I) = —o0.

For each i = 1,2, we say the pair I C N? and J CN? is in S;(l) if the distance between II;(I) and
I1;(J) is greater or equal to I, where IT;,i = 1,2, denote the cartesian projections.

Given a set of locations {j(l), . ,j(”)} L9 = (jfi),jg)) for each location j® let us considere
the set of “predecessors” of j(?), say Pjir, as the set Pyu) = {j(s) :jfs) < jgi) Ajés) < jéi)} — {j(i)}.

Let & = {j eN?: X; = Mn}, P = {j €V e #P; < #Pj/} and L, the location of M.
We define

i if &= {j(l)}~
Ly=1 j® if #3>1AP={j?}
j® if #P>1Aj0 e3AY e £33 113G < 1I1,(G)

We shall assume that X is a stationary random field and that there are constants {an > 0},
and {bn},>, such that, for each z € R,
P (ail(Mn —by) <z) —— H(x),

n
n—oo

where H is a nondegenerate distribution function.
If X is a random field of independent and identically distributed random variables or if it satisfies
the coordinatewise-mixing condition A(uyp(x)) from Leadbetter et al. (1988) (see also Choi, H. (2002)),
with un(x) = anx + by, then X verifies the Extremal Types Theorem, id est, G is Gumbel, Weibull or
a Fréchet distribution.
Accordingly Choi, H. (2002), we shall say that X has extremal index 0, 0 < 6 < 1, if for each 7 >
0 there exists {ug)} o such that, as n — o0, nins P (Xl > ug)) — 7 and P (Mn < u@) —
n

exp(—0T1).
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Under local restrictions on the oscillations of the values of a random field, Ferreira, H. et al.
(2005) and Pereira, L. et al. (2006) (see also Pereira, L. et al. (2005)) compute the extremal index of
the random field from the joint distribution of a finite number of variables.

In this paper we show that the normalized location of the maximum of a stationary random
field with extremal index 6 € ]0, 1] satisfying a slight generalization of A(uy)—condition converges to
a uniform variable on [0, 1]2 and is asymptotically independent of the height of the maximum. We
used the ideas, presented in Pereira, L. et al. (2002), to obtain the limiting distribution of the location
of the maximum generated by a stationary sequence, with a specific approach for the random fields.

The result obtained allow us to select a set of observations of {Xj:i € Ry}, for example
{Xiie{l,...,[me]} x{1,...,[noea]}} with e1,e2 € (0,1], by ensuring that this set contains the
maximum value of the stationary random field with a pre-determined probability.

2. LIMIT DISTRIBUTION OF THE LOCATION OF THE MAXIMUM GENERATED
BY A STATIONARY RANDOM FIELD

We suppose that X satisfies a generalization of the coordinatewise-mixing condition A(uy) in-
troduced in Leadbetter et al. (1988), which exploits the past and future separation one coordinate at
a time, and enable us to deal with the joint behavior of maxima over disjoint rectangles.

Definition 2.1. Let X be a stationary random field and {ug)} .1 = 1,2, sequences of real num-

n>1
bers. The coordinatewise-mixing condition Ag(ug),ug)) 18 said to hold for X if there exist sequences

of integer valued constants {kn,}, 51, {ln;}p,>1, @ = 1,2, such that, as n = (n1,n2) — oo, we have

ni n2

knilny knyln 1 2
(2-1) (km?knz) — 09, (éa #> — 0, (knlAil,gnl’knl knzAl(n,gn2> — 0,
where Ag)lnwi = 1,2, are the components of the mixing coefficient defined as follows:
Al = sup| P (Ma(@) <ol M) <uld)") = P (Ma(l) < ud)") P (Ma(la) < ud)) |,

where ug)* € {ug),ug)} and the supremum is taken over pairs Iy and Iy in Si(l,,) such that

()] < £

AG), = sup| P (Ma(@) < uld)", M) <uld)”) = P (Ma(l) < u)) P (Ma(L2) < uf))”)

)

where ug)* € {ug), ug)} and the supremum is taken over pairs Iy and Iy in Sa(ly,) such that 111 (I;) =

Hl(Ig) and ‘H2(12)| S ’:TZQ .

For ug) = ug) = u, condition Ag(ug),ug2 )) reduces to the coordinatewise-mixing condition

A(un) (Leadbetter et al. (1988) and Choi, H. (2002)).

Lemma 2.1.: Let {ug)} o .t =1,2, be sequences of real numbers such that
n_
(2.2) nins P (X1 > uﬁf)) =12,
n—oo

where T, 70 < oo. If the stationary random field X satisfies Ag(ug),ug)) for sequences {kni}ni21,

{nitn,>1 {ug)} >1,i = 1,2, satisfying (2.1), and the rectangles Voy C Rn, s = 1,...,k,, and
> n>



t=1,...,kn,, are disjoint, then
k'nl an knl kn2
AN () X Swmse | = TITIP | () XS s || =2 O
n—oo
s=1t=1i€e V4 ¢ s=1t=1 i€V ¢
h h d . 1 (2
where, for each s and t, un s s any one of un’,Un .

Proof: From (2.1) and (2.2), for the purpose of the above convergence, we can assume that IT; (Vg ;) >
Iy, or II3(Vg¢) > lp,. If all the pairs of rectangles Vg, are in Sy(lp,) U S2(lp,) then we have

Eny Eny
- [I1I»P

< (mm ﬂ {X <unst}) HP(
s=1t=1ieV, t=lEV.,
kny kny
HP (m ﬂ {X; <unst}> _HHP
t 11€Vbt s=1t=1
Fon, —1 -
5 e
j= s=jt=1i€V,
J
QA0 <Unst})H
s=j+1t=1i€V, ; =1
kny kny—
+ P(m n {X <unst}
s=1 j=1 t=ji€Vs ¢
kn J
P(ﬂ M {X<unst})HP(
t=j+1i€V, t=1
kny —1 Koy Ky
< 5 (AR s -
j=1 s=jt=1ieV
P (
Ko Ky — Ky Kna
+ P(ﬂ ﬂ {Xiﬁun,S,t}) P(
s=1 j=1 t=jieV, s t=

kny kng
P (mm ﬂ {Xl Sun,s,t}
s=1t=1ieV,

|

s=1t=

( m {Xl S un,s,t}
ieVy St

|
|

1

[ X< unss}

( n {Xl S un,s,t}
i€V ¢

|
)

ﬁ () X < una}

() X < unss}

t=1ieV, ¢

[

t=1ieV,

) HP ( () {Xi < unae}

)_

|

kn, k
P

m {Xl S un,s,t})

i€V, ¢

=j+1t=1i€ V.,

m m ﬂ {Xi<un,s,t}) X

ﬂ {Xl S un,s,t}

ieV; ¢

n ﬂ {Xl S un,s,t}

=j+1iEV,

)
)

P ﬂ {Xl S un,s,t}
i€V, ;

o(1).

If some pair of rectangles Vg, are not in Sy (l,,) U Sa(ly,) we can eliminate l,,, columns or [, rows in

1 2
S knlAi,znl + k’ﬂl knz Ai,?,m

V. in order to obtain V?;t CVe,s=1,...

Koy kg

P (mﬂ ﬂ {Xi < un,s,t})
s=1t=1ieV,

>kn17t:

- 11117

1,...

Koy Ky

s=1t=1

(iEVq t

, kn,, and we obtain

|

ﬂ {Xi < Un,s,t}

Ky kny i K
< (ﬂﬂ N {x <unst}) —P<ﬂﬂ N {x <unst}) +
s=1t=1ieV, s=1t=1ieV} ,



kny kngy kny kngy
P (m m ﬂ {Xl S un,s,t}) - HHP ( m {Xl S un,s,t}) +
s:lt:liEV;t s=1t=1 iEV;t
Ko, Koy Ky
HHP ( ﬂ {Xl S Un,s,t}) - HHP ( ﬂ {Xl S un,s,t})
s=1t=1 ievy, s=1t=1 ieVg

< n ksl bogmaz (P (X1 > ), P (X1 > ul@)) + ko, AT

The next Lemma shows that, for each e1,e2 € (0,1], the events {Mn ([1,m181] x [1,noea] NN?) < ug)}

and { My (R \ ([1,m121] %
tain the limiting distribution of the location of maximum. It follows as a consequence of Lemma 2.1..

[1,n9e9) NN?)) < uf)} are asymptotically independent, and is the key to ob-

Lemma 2.2.: Suppose that the stationary random field X satisfies Ag(ug),ug)

ug),i = 1,2, satisfy (2.2). Then, for each €1,¢2 € (0,1],

), where the levels

P (Mn ([1,’/11&‘1} X [1,”282] N N2) < ug),Mn (Rn \ ([1,71151] X [1,%262] ﬂNz)) < u‘(,?))

-P (Mn ([1,m1e1] x [1,m2e2] N NQ) < ufll)) P (Mn (Ra \ ([1,m1e1] x [1,n282] N NQ)) < uf)) — 0,

as n — oQ.

We finish by proving that the normalized location of the maximum is asymptotically uniform
and independent of its height.

Proposition 2.1.: Let X be a stationary random field with extremal index 0 < 6 < 1 and {an > 0},54
and {bn},>; sequences of real numbers such that

P (My < anz + by) —— G(x),

n—oo

with a nondegenerate distribution function G.
If for x1,z2 € R and uﬁ,) = un(x;) = anx; + by, i = 1,2, X satisfies the condition Ag(ug),ug)) then,

for each e1,e9 € (0,1],
P (Ln € ([1,77,151] [1 ng{:‘g} N N2) 71(

n — bn) < 55) —_— 5152G0(3§).

Proof: For each £1,e5 € (0,1], it holds

P (Ln € ([1,n151] [1,n2e2] N NQ) *1(Mn —by) < ac)
= P (Mn ([1771151] [1,71262} NN ) e Mn (Rn \ ([1,71161} X [1771252] N N2)) ,Mn S And + bn)
= P (Mn(Ra\ ([1,n121] x [1,n282) N1N?)) < My, ([1,n181] X [1,n282] NN?) < anz + by)

By applying Lemma 2.2. with z; € R and u,(ai) = anx; + by, i = 1,2, the above probability converges
to P (V(l) <U 1) < az), where U®) and V) are independent random variables whose distributions
can be obtained as follows:

By attending that

P (Mn (Rn \ ([1,n161] X [1,77,262] QN2)) < Un( ))
= PMn({1,...,[ni(1 —e1)]} x {1,...,n2}) <un(t)) x
P(Mn ({1, [nae)]} x {1, [na(1 = e2)]}) < un(?)) +o(1),



X has extremal index ¢ and, for each ¢t € R,

[n1(1 —&1)] noP (X1 > un(t)) — —(1—&1)logG(t),
[n1e1] [n2(1l — e2)] P (X1 > un(t)) — —e1(1 — e9) log G(t),

and
[n1e1] [n2ea] P (X1 > un(t)) o e log G(t),
then
(2.3) P (VO <t) = lim P (M (R \ ([1,me1] X [1,noss] NN?)) < un(t)) = GO72220 1),
and
(2.4) P (U(1> < t) = Lim P (My ([1,me1] x [1,n85] N1N?) < un(1)) = G220(2).

Therefore, from (2.3) and (2.4), we get

lim P (Ln € ([1, nie1] X [1,nge9] N NQ) ,a,_l(Mn —by) < :U)

n
n—oo

- P (V(l) <UW® < :U>

_ / G@(l—slez)(t)dGa1sg (t)
]—oo,m]

= €1€2G0(ZL‘).
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