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Abstract

Under appropriate dependence conditions, we obtain the asymptotic independence of the joint lo-
cations of the largest extremes and the joint locations of the smallest extremes of a stationary sequence
{Xn},>1- The result obtained allows us to censure a sample, by ensuring that the set of observa-
tions that we selected contains the k largest and r smallest order statistics of the stationary sequence
{Xn},>1, with a pre-determined probability. We present an example of a 2-dependent sequence for
which we can apply this result.
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1. Introduction

For a sequence of random variables X = {X,},~; and a family of real levels {u,},~; we will
denote the kth upper and the rth lower order statistics among X;,i € I, with I C R, = {1,2,...,n},
respectively by Milk) (1) and M. " (I) or simply by Mik) and M %T), when I = R,.

We define the locations of M;k) and M. 5{"), denoted respectively by fflk) and Lgf), by
f(k) = min{l <j<n: Mslk) = Xj}

n

and

Lg”:mm{lgjgnzﬂg“):xj}.

Under appropriate dependence conditions Pereira et al. (2002) obtained the asymptotic inde-
pendence of the locations of maximum and minimum of a stationary sequence X.

Our aim, in this paper, is to obtain the asymptotic independence of the joint locations of the k
largest order statistics and the joint locations of the s smallest order statistics.

The result obtained allows us to censure a sample, by ensuring that the set of observations that
we selected contains the k largest and r smallest order statistics of the stationary sequence X, with a
pre-determined probability.

The rest of the paper is organized as follows: in section 2 we prove that under appropriate
dependence conditions we have the asymptotic independence of an upper and a lower order statistics
of a stationary sequence X, which will be used in section 3. The main result in this section generalizes
Davis s result (1984) since it allows the presence of clusters of high values and clusters of low values
in X.

In section 3, we deal with the asymptotic distribution of the joint locations of the k largest and r
smallest order statistics, as n — o0o. We prove under appropriate dependence conditions that for each

er,e2 € 10,1, (3, (Ra \ ([1,nea] NIN)), AL, (11, mea] NN ) and (D (Ro \ ([1,mez] NN)), MG ([1,nez] NN )



under linear normalization, are asymptotically independent, which, jointly with the asymptotic inde-
pendence of a lower and an upper order statistics, will lead to the asymptotic independence of the
joint locations of the k upper order statistics and the joint locations of the s lower order statistics.

2. Asymptotic independence of a lower and an upper extremes

In Davis (1984) it was proved that if a stationary sequence X satisfies appropriate long range
and local dependence conditions and the sequences X and —X = {—X,,} ., have extremal indexes
equal to one, then we have the asymptotic independence of a lower and an ﬁpper extremes.

In this section we generalize this result of Davis since we allow the presence of clusters of high
values and clusters of low values in X.

The type of long range and local dependence conditions suitable in the present setting is a slight
generalization of condition D(X,uy,v,) (Davis, 1982, 1983, 1984) and the C(X,uy,vy,) condition
(Davis, 1982, 1983, 1984).

Definition 2.1.: Let X be a stationary sequence of random variables and {un},~q, {vn},>1
sequences of real numbers. For each 1 < i < j, set B} (un,v,) as the o—algebra generated by the
events {v, < Xs <wup},i<s<j,and, for 1 <l<n-1

* . . k n
(2.1) Oy = mazr {]P(A NB) — P(A)P(B)|: A € Bi(un,vyn), B € B ;(un, vn)} .

The condition A* (X, up,vy,) is said to hold if there exists a sequence l, = o(n), as n — 00, such
that

(2.2) af, ——0.
" n—oo
P
By assuming (2.2), when we take in (2.1) only the events A = () {v, < X;, < u,} and B =
s=1

q
N {vn < Xj, <uy,}, jointly to the conditions D (u,) for {X,},,~, and D (—vy,) for {—=X,},~, (Lead-
s=1 = =

better, 1988) we obtain the condition D (X, uy, v,) of Davis.

The condition C'(X, uy,, vy) holds if

limsupz (P(X1 > up, Xjp1 < wvy) + P(X1 < vp, Xjp1 > uy)) =0,

where r, = [kﬂ] ,[s] denotes the greatest integer not greater than s and {k,}, ~, is a sequence of
integer numbers such that k,, — oo.

Under C(X, up,v,) and D(X, uy,,v,) conditions, Davis (1982) proves the asymptotic indepen-
dence of the maximum and minimum.

Proposition 2.1.: Let X be a stationary sequence and 61 and 02 the extremal indexes of X
and —X, respectively. Let {an > 0},~1, {bn},>1, {cn > 0},51 and {dn},>, be sequences of constants
such that
(2.3) P (a,;l (ij) - bn> < g;) M)

n—oo

and

(2.4) P (et (M —dy) <y) ——1-(1- H(y)™

n—oo



where G(x) and H(—y) are extreme value distributions. If, for each x,y € R, and u, = u,(x) =
anT + by, vy = vp(y) = cpy + dp, the conditions D (X, up,vy,) and C(X, uy,vy,) hold with {kn}n21
and {ln}n21 sequences of integer numbers verifying

knln
(2.5) ky 00, 0, knapy, —— 0,

n—oo n n—oo n—oo

where o, 1, s the mizing coefficient of the D (X, uy, vy) condition, then

n n

Plag (M~ b)) <t (MO~ d) <9) —— 6" () (1- (01— H))™).

n—~oo

M'Elk> *bn Mg‘:‘) _dn

an ’ Cn

The joint limiting distribution of ( , with a, > 0,¢, > 0, b, and d,, real
constants, will be discussed in terms of the convergence in distribution of the sequence of bidimensional
point processes { (S, [X, un], Sy [-X, —vn])}n21 , where uy, = up () = anx +bp, v, = vp(y) = cry+dn

and the point process of exceedances of wy,, n > 1, by Y = {Y,,}, -, is defined on [0, 1] , by

Sn [Y, w] (- Z]I{y>wn}5

with J, the Dirac measure at a € R.

Under the condition A* (X, uy,,vy) it is possible to characterize the distributional limits for
{(Sn [X, un], Sn [—X, —vp])},,>; and to set a necessary and sufficient condition for its convergence in
distribution. We present that ;esult, which is a corollary of the main result of Nandagopalan (1990) on
the bidimensional sequence of point processes of exceedances applied to the sequences {(X,, —X5)}, >4

and {(un, —vn)},>1 -

Proposition 2.2.: Let X be a stationary sequence. Suppose that A* (X, up,vy,) holds and
{(Sn [ Xy un], Sp [=X, —vn])},,5, converges in distribution to some point process S. Then S is neces-
sarily a compound Poisson process with Laplace transform

2
Ls(f1, f2) = exp —V/ / L—exp | = yifj(=) | | dll(y1,2) dx
[0,1] JNZ\{0} j=1

for each non-negative measurable functions fi and fa on [0,1], where

(2.6) v = —log lim P (Sn [ X, un] ([0,1]) = 0,5, [- Xy, —v,] ([0,1]) = 0)
and

(2.7) (y1,y2) = JLI&Hn(ylayﬁ) (y1,92) € Ng \ {0}

with

Tn Tn Tn Tn
I (y1,y2) (ZH{X sunt = U1 D Iixigoar = 92 1 D Tixsun) + D _xi<on) > 0)

i=1 =1 i=1

Ty = [ﬁ} and {k‘n}n21 is a sequence of integer numbers such that

knl
"t 50, kpat, ——0, k, — o0.
Tyln, 3 n
n n—oo n—oo n—oo

(2.8)



Moreover, if (2.6) and (2.7) hold for some sequence {kp},~, satisfying (2.8), then the sequence
{(Sn [X, un], S [=X, —vn])},>, converges in distribution to the above compound Poisson process.

By considering in Proposition 2.2. only a sequence {X,}, -, of random variables and a sequence
of real numbers {u,},~,, we obtain the result of Hsing et al. (1988).

As a consequence of Proposition 2.2. and its unidimensional version applied to the sequences
{Sn [X, unl}, >y and {S, [-X, —v,]},,5; , we conclude that if X and —X have extremal indexes ¢ and
02, there exists sequences {an > 0},515 {0n}ns1 s {en > 0},5, and {d,},,5, satisfying (2.3) and (2.4),
for each z,y € R and u, = up(x) = ap® + by, vy = Vu(y) = cpy + dn, A (X, un,v,) holds and
{80 X unltys1 s {Sn [=X, —vnl}, 51 and {(Sy [X, un], Sn [-X, —vn])}, 51 converge, then

A U 109091 )
Gr(z) = hmP(Mn gun(x)) G (x 1+ZZ Iy () |,

e i=1j=1
r—1 1 0,\J
. . —log(1 — (y)) 2) i
H(y) = lim P (Miﬂ Svn(y)) =1-(1-H (HZZ ) I3 (i) |
i=1j=1
Fio(ry) = T P (R0 < (o), M) gvn(y))

k—1 r—1max(i1,iz)
log(G F
= G- G~ Faly) 14y Y SO Pl D )
31 =0i2=0 1 :
i1+i2>0 =

where, for each z,y € N,

My(z) = lim I, (z) = lim P (ZH{X Sup} = | ZH{X Sup} > 0)

=1 =1

a(y) = limIl,2(y) = lim P <ZH{X <on} =Y | ZH{X <o} > 0)

n—00 n—00
=1 =1

and II(x,y) is defined as previously.

By attending that the condition C'(X, uy,,v,) allows to despise, for n large, the probability that
happening in to an interval of length r, “brusque ascent” and “brusque descent” the next result
establishes that if the limit distribution of II,, exists then it will be concentrated on

{(Z]_,Zg)EN%\{O}ZZ]_:O\/ZQZO}.

Proposition 2.3.: Let {un}, >, and {vn},, be sequences of real numbers such that
(2.9) nP(X1 >u,) —— 11 >0 and nP(X1 <v,) —— 170> 0.
n—oo n—oo

If X and —X have extremal indexes 01 and 6o, respectively, X is a stationary sequence and the
conditions D (X, tn,vn) and C(X, un,vn) hold with {kn}, 1, {ln}t,>1: {unt,>1 and {vn}, 5, verifying
(2.5), then for each (y1,y2) € N3 \ {0} we have

(i) T}l_{goﬂn (y1,92) =0 if y1y2 #0;

(i) Tim (T (9,0) = 525 Tt (1) = Tim (T, (0,5) = 72252 (1)) =0, y €N,

n—oo n—oo

Tn Tn,
Proof: For sake of simplicity, we denote ZI[{ X;>u,} and Z]I{ X;<vn}» Tespectively, by Sﬁi) and
i=1 i=1

Sﬁz). By the Lemma of asymptotic independence of maxima over disjoint intervals and applying the



Proposition 2.1., it follows that
lim b, (1 P (S = 0,52 =0))

_ :l:nZ (—long” (sﬁp —0,8?) = o))
= —lognli_{goP <M£Ll) <y, MV > un> =vi + vy =011 + Oa7o.

Then, for all (y1,y2) € N3 \ {0} such that y;y2 # 0, we have

010) Tl = (85 =5 =) kP (S =15 = o) (1+0(1))
. n \Y1, Y2 = +o0 .
knP (1) + 55 > 0) v+

n

Since X is a stationary sequence, C(X, uy,, v,) holds and k, P (X1 < vp,) + k, P(X1 > uy) = o(1), we
obtain

kn P (s £0,52 )
— kP (S £0,52 %OUH§X1<un>+o(1)

< {Xi > up, Xj <ovp} | +0(1)
1<z<]<n
< knrnZP X1 > up, Xj <)+ P (X1 <vp, Xj > uy) =o0(1),

Jj=2

which, with (2.10) allow us to conclude that II,,(y1,y2) = o(1) if y1y2 # 0.
(ii) Taking y2 = 0 in (2.10), we have
kP (1) = 3,85 = 0)

I, (y, = 1 1
(1,0) 1+ o(1)
k, P (ng,ll) =y, Sﬁi) =0,v, < X; < un) +0(1)
= (1+0(1))
vy + 12
knP (S5 = y) + o(1)
- L ol),
since
kn P (S,ﬂ}) =y, 8@ £0,0, < X1 < un) — o(1).
So,
kIl 1 (y) P (s(” > o) o(1)
I, (y,0) = P (1+0(1))
B v1 + o(1)
= )220 1 o)),

The second convergence in (ii) is proved by using analogous arguments.
We are now ready to prove the asymptotic independence of an upper and a lower order statistics.

Corollary 2.1.: Let X be a stationary sequence and suppose that C (X, up, vy) and A* (X, up, vy,)
hold with {kn},>, and {l,},>, sequences of integers numbers verifying (2.8). If the sequences X and



—X have extremal indezes 01 and 0y, respectively, satisfy (2.9) and, for each i = 1,2, II,,; converges
weakly to a distribution I1;, then {(Sy [X, un], Sn[=X, —vn])}, >, converges in distribution to the point
process with Laplace transform

L, 1) (f1) LSy, 115 (f2),

for any fi, fo non-negative measurable functions on [0,1].

Proof: Since the conditions of Proposition 2.2. are satisfied with

v=u+1vy =011 + 0270

and
0 if y1y2 #0
I (y1,92) = ¢ 5. i(yn) if y1#0Ay2=0
it Ha(y2) if y1=0Ay2#0

then the limit point process is a bidimensional compound Poisson process with intensity vy + o and
distribution of multiplicities II, with Laplace transform

Ly, 45,1 (f15 f2)

2
exp | —(v1 + 1o / / 1—exp —Zyjfj (x) d11 (y1,y2) dz
[0,1] /NZ\{0} j=1

= exp <—(V1 + v2) /[071] (/N (1 — exp(—y1f1(x))) ——dIly (y1)da

v+ o

# [ (= con(oanha(o)) 2 dMa(m)ds )
= Lgp,,m)(f1) X Lsjyy,m)(f1)-

3. Asymptotic independence of the joint locations of the k largest extremes and the joint
locations of the r smallest extremes

In Ferreira et al. (2002) was introduced a slight generalization of A (u,)—condition which
enable us to deal with exceedances of multiple levels and their locations in disjoint intervals.

Definition 3.1.: Let X be a stationary sequence of random variables and {ug)} o 1=1,2,
n>1

sequences of real numbers. For each 1 <r < s, set Bﬁ(uﬁf)*) as the o—algebra generated b;/ the events
{Xt < u,(f)*}, r<t<s, where u,(f)* € {u( ) %2)}, and, for 1 <l <n-—1
off) = max {|P(ANB) ~ P(A)P(B)|: A€ Bi(uD), B € By (u) }
The condition Ag (X,ug), ug)) is said to hold if there exists a sequence l,, = o(n), as n — 00, such
that a(zgn — 0.

Under A, (X, u,(ll), ug)) , for all ug) = up(x1) = apr1+bp, u,(f) = up(x2) = anwo+by,x1, 22 € R,

and by supposing that the sequence {Sn [X, uq(f)*} }, with u%) € {u,(ll), uq(l)} , converges, Ferreira et

al. (2002) obtained the asymptotic behavior of the joint locations of the k largest order statistics:



Ve € [0,1],

k k-1 k-1

. *() *S

Jim P (ﬂ {an < na}) —e— ) (1—e)) i (1),
i=1 s=1 t=s

where II} is the sth convolution of the probability distribution II; on N, defined in the previous

section.

(r)

Since the rth lower extreme among X;, i < n, M, , is simply given as the rth upper extreme
among —X;, i < n, using analogous arguments as in Ferreira et al. (2002), we conclude that if

JAD) (—X, —v,(}), —m@) holds for all v,(ll) = vp(x1) = cpe1 + dn,vr(?) = vp(x2) = cpxe + dp, 1,29 € R,

and {Sn {—X, —vg)*} }, with v,(f)* € {v,(}),vr(f)}, converges,then

r r—1 r—1
lim P (ﬂ {L&P < nE}) ==Y f(1-2)> 15 (j).
=1 s=1 j=s
In the following, we will define generalizations of the conditions defined in the previous section
in order to obtain for every subsets I, J, I’ J’ of [0,1] such that TUJ =T"UJ =[0,1] and INJ =
I'NJ' =0, the asymptotic independence of the events

{0, (1) < wa(a). I () S un(a) p and { MO ) > valyn), MY (') > valye) |

where the levels w, (x;), vn(yi), i = 1,2, satisfy nino P (X1 > up(x;)) —— 73, nina P (X1 < v (y;)) ——
n—oo n—oo
7/. This in turn will lead to the asymptotic independence of the joint locations of the k upper order

statistics and the joint locations of the r lower order statistics.

Definition 3.2.: Let X be a stationary sequence of random variables and {uq(f)} o {vg)} o
n> n>

i = 1,2, sequences of real numbers. The condition A;(X,(ug),ug)), (v,(ll),w(f))) holds if in (2.1) we

consider the o—algebra generated by the events {vg)* < X < ug)*}, where u,(f)* S {ugll),u,(f)} and
vg)* € {vg),vg)}.

We shall define the mixing coefficient in condition A3 (X,(ug), ug)), (07(11), U7(12))) by

nylp

Definition 3.3.: Let X be a stationary sequence. The condition C(X, (ug),ug)), (vr(Ll),vr(Lz)))

holds if

Tn Tn

limsupkn, Y P(X; > ul)", X; <o) =0,

n—-00 i=1j—1
where ug)* IS {u&”, uq(f)} , vg)* S {vg), vg)} and {k‘n}nzl s a sequence of integer numbers such that
k, — oo.

If u,(ll) = u7(12) = u, and 1)7(11) = vg) = v, we obtain conditions A*(X, uy,v,) and C(X, up, vy).

' Lemma 3.1.: Let X'be a stationary sequence and suppose that, for each x1,xs,y1,y2 € R, and

ug) = Up(x;) = anx;+by, v,(f) = Up(Yi) = cpyi+dn, i = 1,2, the condition A5(X, (usll),u,(f)), (vg), w(f)))

holds and the sequence {(Sn [X,uq(f)*] ,Sn [—X, —U(Z)*D} oy where uq(f)* € {ug),ug)} , vgf)* €
1,2 3

Up, Un } , converges. Then, for disjoint subsets I and J of [0,1], we have the asymptotic indepen-
dence of

(sn [X uﬁ?*} (1), Sn [—X, —v;”*} (I)) and (Sn [X,ug”} (J), Sn [—X, —v,(f)*] (J)) .



Lemma 3.2.: Let X and —X be sequences with extremal indexes 01 and 0, respectively. If
C(X, (ug),ug)), (117(3) (2))) and A5(X (ug),u%)) (v, (1) (2))) hold, where the levels u%),vﬁl), i=1,2,
satisfy

nP(X1>u) —— 7,>0 and nP(X; <o) —— 7/ >0,

- n—0o00

the sequence {ky},~, verifies

knly, %(2)
) knan In 07 kn 0,
n n— o0 n—oo n—oo

and, for each u?)" € {ug),ug)} " e {vg), o2 )} , the sequence {(Sn [X,ug)*} ,Sh, [—X, —vr(zi)*D}n>1

converges, then, by considering A., = {1,. [nel}} i = 1,2, we have, for each £1,e9 € (0,1],
P (M (R \ Acy) < ufD DT (Ac) <@, MO (Ro\ Acy) > oD, M) (Asy) > o)
) (4. ><u< >) »

—P (3 (Ra\ Acy) < 0D, 1T

P (MO (B, \ Azy) > o), MY (A) > o) —— 0.

n
n—oo

Proof: By supposing, for example, that €1 < eg, let I; = (0,€1], Is = (1, 2] and I3 = (g9,1].
Then, by applying Lemma 3.1, we obtain

lim P (37, (R \ Ac) < ol 3L (A2) <l MO (R \ Asy) > o), MO (Az,) > 02)

n—oo

— lmP (s {X u(z)} (I)<k—-1,8, {fx, fug)} (L) <r— 1) X

n—oo

( [X uV| (1) =0, 8, {—X, —1)7(12)} (I) <r-— 1) X

s
P (s [k 00 =0 [ 7] 000,

and since C(X, (ug),ug)) (vg),v%))) and A5(X, (uy, W u%)) (117(11),11,(12))) imply C(X, ne (J)) and

n ,Un
A*(X, S),vr(f)) for each 4,7 € {1,2}, it follows, from Corollary 2.1. that

lim P (N, (R \ Aey) < ufl D (Ac) < ul®, MO (R \ Azy) > o, MO (Az,) > 0f2)

= i P (5 K] (1 < k1) P (50 [X 2] 1) < 1)

P (Sn {X7u£}>] (I) = o) x P (sn {—X, —uf)] (L) <r— 1) x
P (Sn {X,ufﬁ} (I3) = 0) x P (Sn [—X7 —v;”] (I3) = 0)

Therefore, by using stationarity and attending that the sequences X and —X have extremal
indexes 6 and 69, respectively, and A(X, ug)), A(=X, —v,(f)), 1= 1,2, hold, we obtain

tim P (31, (R \ Ac,) <ul, DL (Ac) < 0, MO (By \ Acy) > o, MG (A2,) > o)

n
n—oo

k-1 3
— 67927'{(1782) % 679171(1781) 74917'261 % [1+ZZ 017—261 H*J ] %

1=1j5=1

[1 76'27'252 (1+Zi 027—252 H* ):|

Now, since Ag(X, ugl ), ;2)) and Ag(—X —vg), —1}7(12)) hold, we have

P (BL, (Bo\ Ac) < ulD D17 (Az,) < ul®)PLD (R \ Azy) > oD AL (Az,) > 0P

n

— P (Ra\ Acy) < ulD) P (Al) < ul)P(MD (R As,) > o) P(ME) (A.,) > o)
+0(1)



which also converges to

—027] (1—¢€2) —0171(1—¢€1) —0172¢ SR (617—251)j * 0
e 2TIUTEZ) o e T VITIUTEL) 5 @ TVIT2EL ¢ 1—1—22%'1'11(1) X
i=1j=1 J:

0or! L (Barhea) i .
Lot {1 3OS R )
i=1j=1 J:

Proposition 3.1.: Under the assumptions of Lemma 3.2. we have

PN < b (V{20 <0)) -2 (V(E0 <0} (A {2 < 0r}) o0

i= 1= = i=1

Proof: It follows from the relationship
k ) r ‘
PO <me} ) fa <00}
i=1

=1
P (M) (R \ Ac) < MY (Acy), MUY (R \ Asy) = MY (Asy))

and Lemma 3.2.

We finish this section by exhibiting a stationary sequence that verifies the assumptions of Propo-
sition 3.1.

Example: Let {Y,,} -, be a sequence of independent and identically distributed random vari-
ables with common distribution function, F, and define

Xn =max (Y,,Yn41), n> 1.

Let {u&f )} and {vq(f)} .2 =1, 2, be sequences of real numbers such that
n>1 n>1

n (1 — F2(u,(f))) — 7 and nF?(—ol)) —— 7.

n—oo n—oo

Then X and —X have extremal indexes 6; = % and 6y = 1, respectively. Moreover II;(2) =
lim1II,1(2) =1 and II(1) = lim II, 5(1) = 1.
n—00 n—0o0

Since X is 2-dependent, for each u}, € {ug)mg)} and v} € {v,(ll), v,(f)}, we obtain

Tn

ny P(X1>up, X; < —vp) + P (X1 < —v, X > u)

j=2
= nP(X1>u, Xo<—vp)+P(X; <—v),Xo>u)))+
Tn
ny P(Xy>uh, X; < —vp) + P (X1 < —v, X > u)
j=3
< n(PYr>u,Ya<—v,YV3<—v)+P(Y1 < -0, Yo < -0} Y3 >u))
207, (1— F2(u})) F2 (—v})
< 2n(1—F(u})) F?(—v}) + 2nr,, (1 — F? (u})) F? (—v}) —— 0.

n—oo
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