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Abstract

In this article, we deal with the importance of the generalized jack-
knife methodology in the construction of a reliable semi-parametric es-
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1 Introduction and preliminaries

In the field of statistics of extremes, resampling methodologies, among which
we mention the jackknife (Quenouille, 1949, 1956; Tukey, 1958) and the
bootstrap (Efron, 1979; Efron and Tibshirani, 1993), have recently revealed
to be of high relevance in the adequate estimation of any parameter of ex-
treme events, like a high quantile, the expected shortfall, the return period
of a high level or the primary parameter of extreme events, the extreme
value indez (EVI). In this article, we shall deal with the importance of the
generalized jackknife (Gray and Schucany, 1972) in the obtention of reliable

semi-parametric EVI estimates.

Given an underlying distribution function (d.f.) ', and with the notation
F=(y) :=inf {x : F(x) > y} for the generalized inverse function of F, let us
denote U(t) := F (1 —1/t), t > 1, the associated reciprocal quantile func-
tion. Let the notation RV, stand for the class of regularly-varying functions
with an index of regular variation equal to «, i.e., positive measurable func-
tions g(-) such that for any > 0, ¢(tx)/g(t) — z%, as t — oo (Bingham
et al., 1987). Under a semi-parametric framework, we shall deal with the
estimation of a positive EVI, denoted +, the primary parameter in statistics

of extremes, i.e. we shall consider parents such that
U€eRV, <= F:=1-—F€RV.,,

the usually called heavy-tailed parents characterized in Gnedenko (1943) and
de Haan (1970). These heavy right-tails have revealed to be quite common in
the most diversified areas of application, like finance, insurance, bibliometrics
and environment.

We are then working in DL = Dm(EV,)>0, the domain of attraction for

maxima of a d.f. EV,(x), v > 0, the general extreme value (EV) d.f., given



exp (—(L4+y2)™), 1+yz>0 if v#0
EV,(z) = , (1)
exp(—exp(—z)), r € R it y=0.
This means that, given a sample X,, = (X7,..., X,,), it is possible to linearly
normalize the sequence of maximum values, X,,., := max(Xi, Xo,..., X,),

and to get convergence towards a non-degenerate random variable (r.v.),

necessarily with the d.f. EV, (x), in (1).

For these heavy-tailed parents, given the sample X,, and the associated
sample of ascending order statistics (0.8.’s), (X1, < -++ < X,,.p,), the classical
EVI-estimator is the Hill estimator (Hill, 1975), here denoted H = H(k),
k=1,2,...,n—1, and given by

k
1
H(k) = H(k:Xo) = 7 ) {InXoin =0 X gen}, (2)
i=1

the average of the k log-excesses over a high random threshold X,,_j.,.
Consistency of the estimators in (2) is achieved if X,,_j., is an interme-

diate o.s., i.e., if
k=k,— oo and k/n— 0, asn — oo. (3)

Indeed, whenever working under a semi-parametric framework, functional
EVlI-estimators, like the Hill estimator, in (2), depend on the tuning or nui-
sance parameter k, related with the number of top o.s.’s involved in the
estimation. Due to the high bias of the Hill estimator, in (2), for moderate
up to large k, several authors have been dealing with bias reduction in the
field of extremes, working usually in a slightly more restrict class than D},

the class of models U(+) such that
Ut)=Ct7(14 A(t)/p+ o(t?)), Alt) =~ B t*, (4)

ast — 0o, where C' >0, v > 0, p < 0 and 3 # 0. This means that the slowly
varying function L(t) in U(t) = t7L(t) is assumed to behave asymptotically as
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a constant C'. Note that to assume (4) is equivalent to choose A(t) = 3 t*,

p < 0, in the more general second-order condition

tlggo an(ta:)—jlil(i])(t)—wlnx:x”p—l‘ (5)

As mentioned above, the Hill estimator H(k), in (2), reveals usually a
high asymptotic bias, i.e., as n — 0o, and if (3) and (5) hold, vk (H (k) — )
is asymptotically normal with variance 7? and a non-null mean value, equal
to A/(1 — p), whenever vk A(n/k) — X # 0, finite, the type of k-values
which lead to a minimum mean squared error (MSE). More specifically, it
follows from the results of de Haan and Peng (1998) that for models in (5),
with H (k) given in (2), and with the notation Normal(u,0?) for a normal

r.v. with mean value p and variance o2,

VE(H(k) —~) £ Normal (0,72) + b, VEA(n/k) + o, (\/EA(n/k)) ,
1

b, = =,
where the bias b, VEkA(n/k) =~ 8 Vk (n/k)?/(1 — p), whenever (4) holds,
can be very large, moderate or small (i.e. go to infinity, constant or zero) as
n — oo. This non-null asymptotic bias, together with a rate of convergence
of the order of 1/ V'k, leads to sample paths with a high variance for small
k, a high bias for large k, a very sharp MSE pattern, as a function of k, and

hence a need for bias reduction.

A simple class of second-order minimum-variance reduced-bias (MVRB)
EVlI-estimators is the one in Caeiro et al. (2005), used for a semi-parametric
estimation of InVaR, in Gomes and Pestana (2007b). This class, here de-
noted H = H(k), depends upon the estimation of the second-order parame-

ters (3, p) in (4). Its functional form is

H(k) = H(k;X,) = Hy (k) == H(k)(1 - B(n/k)?/(1 - ). (6)



with H (k) the Hill estimator in (2), and where (B , p) needs to be an adequate
consistent estimator of (3, p). Then, if (3) holds and vk A(n/k) — X #0,
finite, with A(-) given in (4), Vk (H(k) — ) is asymptotically normal with
variance also equal to 42 but with a null mean value. Indeed, from the results
in Caeiro et al. (2005), we know that it is possible to adequately estimate

the second-order parameters 3 and p, so that we get
Vk (H(k) —~) < Normal (0, v*) + 0, (\/EA(ﬂ/k)) :

for H(k) in (6), i.e., asymptotically, H (k) outperforms H (k) for all k.

In order to obtain information on the order of the asymptotic bias of
second-order reduced-bias EVI-estimators, like the class in (6), it is necessary
to further assume a third-order condition, ruling the rate of convergence in

(5), and which guarantees that, for all x > 0,

InU(tz)-InU(t)—ylnz  zr-1 ptp 1
. A(t) p z
lim =

100 B(t) optp

(7)

where |B(¢)| must then be of regular variation with index p’. There appears
then this extra non-positive third-order parameter p’ < 0. Such a condition
has already been used in Gomes et al. (2002a) and Fraga Alves et al. (2003),
for the full derivation of the asymptotic behaviour of p-estimators, in Gomes
et al. (2004), for the study of a reduced-bias EVI-estimator and more recently

in Caeiro et al. (2009), for a comparison of a few MVRB estimators.

It is often assumed that (7) holds with p, p’ < 0 and that we can choose
Aty =atr =y Bt Bt)=81, B8, 8 #0,

where § and (' are “scale” second and third-order parameters, respectively.
More specifically, and only slightly more restrictively than (4), we sometimes

assume that
Ut)=Ct7(1+ A(t)/p+ O(A%(1))) (8)



(see Caeiro and Gomes, 2011, for an asymptotic comparison of reduced-bias

EVI-estimators, under condition (8)). Note that to assume (8) is equivalent

to say that (7) holds with p = p’ < 0 and that we can there choose

FAW) _ €AW
By g

We can then adequately estimate the vector of second-order parameters,

(B, p), and write (Caeiro et al., 2009; Caeiro and Gomes, 2011),

At)=~y B,  B(t)=pt"= ;o §=0/8#0.(9)

Vi (H(k) —~) £ Normal (0, 7) +b_VEkA2(n/k) + 0,(VEA*(n/k)),

)

But even at the optimal level for the estimation of v on the basis of H(k),

in (6), i.e. levels k such that vkA%(n/k) — )\, finite and non-null, as n — oo,

there exists a non-null asymptotic bias, as can be seen from (10). If we still
want to remove such a bias, we can then make use of the generalized jackknife
(GJ) methodology. It is then enough to consider an adequate pair of EVI-
estimators, and to built a reduced-bias affine combination of them (see Gomes
et al., 2000, among others, for the application of this technique to the Hill
estimator). We shall now consider the application of the GJ methodology
to the MVRB estimators in Caeiro et al. (2005), i.e., the estimators H(k),
given in (6).

Algorithms for an estimation of (f,p) which leads to MVRB EVI-
estimators are provided in Gomes and Pestana (2007a,b), among others,
and will be briefly reformulated in Section 2 of this paper. Section 3 is ded-
icated to the use of the jackknife methodology not only in the reduction of
bias of Hill’s estimator, in (2), but also in a further reduction of the bias
of the MVRB EVI-estimator in (6). Finally, in Section 4, we provide a few
results achieved through a Monte-Carlo simulation related with the finite-
sample properties of the new reduced-bias EVI-estimators, denoted ﬁ(k:),
comparatively with the MVRB EVI-estimator H(k), in (6).
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2 Estimation of second-order parameters

All reduced-bias EVI-estimators, like the one in (6), require the estimation
of shape and sometimes even scale second-order parameters, p and (3, respec-

tively. The estimation of (3, p) will be briefly discussed next.

For models in (4), and after taking a decision of working in the region
|p| < 1, the region where bias reduction is indeed needed, as well as common
in applications to real data, we consider a particular member of the class of
estimators introduced in Fraga Alves et al. (2003), parameterized in a tuning
parameter 7 € R. Here we take 7 = 0, the value suggested in previous papers
whenever working in this region of p-values. Given a sample, X,,, we shall

thus work with

(11)

po(k) = po(k; X,,) := min (0 3(T£0)(k;Xn) - 1))

T7(10)(k) Xn) -3
dependent on the statistics
In (M,S”(k; Xn)) ~1lm (M,SQ)(k:; X,) /2)

1l (Mf)(k;; Xn)/2> — 1l (Mﬁf’)(k:; Xn)/6) |

TO(k; X,) ==

where
1 .
M?SJ)(]C) = E ; {h’l Xn—i—i—l:n —1In Xn—k:n}] s ] = 1, 2, 3.

Distributional properties of the estimators in (11) can be found in Fraga
Alves et al. (2003). Consistency is achieved in the class of models in (4), for
intermediate k-values, i.e., k-values such that (3) holds, and also such that
VEk A(n/k) — oo, as n — co. As already suggested in previous papers, we

have here decided for the computation of py(k) at k = k1, given by
ki=[n'"c, €=0.001, (12)

the threshold used in Caeiro et al. (2005) and Gomes and Pestana
(2007a;2007b). With such a choice of ki, and whenever vk; A(n/k;) — oo,
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we get p— p = po(k1) — p = 0,(1/Inn), a condition needed, in order not
to have any increase in the asymptotic variance of the new bias-corrected
Hill estimator in equation (6). Note that with the choice of k; in (12), we
get Vki A(n/k1) — oo if and only if p > (1 — 1/€)/2 = —499.5, an almost
irrelevant restriction, from a practical point of view. Interesting alternative

classes of p-estimators have recently been introduced in Goegebeur et al.

(2008, 2010) and Ciuperca and Mercadier (2010).

For the estimation of the scale second-order parameter (3, in (4), and

again on the basis of a sample X,,, we shall here consider

k)ﬁ ds(k) Do(k) — Dy(k)

Bak) = Bp(k; X,) = (_ dy(k) Dp(k) — Dap(k)’

. (13)

dependent on the estimator p = po(k1;X,,), with po(k; X,,) given before, in
(11), and where, for any o < 0,

—

=13 (1) e pan= 1y (3)

with U;, 1 <1 <k, the scaled log-spacings associated with X,, and given by

Xo—it1:
Uy =i (Koot
! N Xn—i:n

Details on the distributional behaviour of the estimator in (13) can be found
in Gomes and Martins (2002) and more recently in Gomes et al. (2008) and
Caciro et al. (2009). Consistency is achieved for models in (4), k-values such
that (3) holds and vk A(n/k) — oo, as n — oo, and estimators p of p such

that p — p = 0,(1/Inn). Alternative estimators of § can be found in Caeiro

and Gomes (2006) and Gomes et al. (2010).

Remark 2.1. In the simulation study, the MVRB EVI-estimators in (6) will
be denoted Hy(k), to enhance the choice T = 0 in the class of p-estimators

in Fraga Alves et al. (2003).



3 Bias-reduction and the GJ methodology

The pioneering EVI reduced-bias estimators are, in a certain sense, GJ es-
timators, i.e., affine combinations of well-known estimators of v. The GJ
statistic was introduced by Gray and Shucany (1972). One of the main ob-

jectives of the method is related with bias reduction.

Definition 3.1. Let 7" and T.? be two biased estimators of v, with similar

bias properties, 1.e.,
Bias(T\")) = v 4+ ¢(y)di(n), i=1,2.

Then, the associated GJ statistic is the affine combination
7 - g1
l—gq

an unbiased estimator of .

T = . with g =g, =di(n)/da(n) # 1,

Whenever we are dealing with semi-parametric estimators of the EVI
or even of other parameters of extreme events, we have usually information
about the asymptotic bias of those estimators. We can thus choose estimators
with similar asymptotic properties, and build the associated approzximate GJ
(AGJ) r.v. or statistic. This methodology has been used in Gomes et al.
(2000, 2002b), among others, who suggested several AGJ estimators of a
positive EVI, v > 0. Indeed, under the general second-order condition, in
(5), and on the basis of the Hill estimator, in (2), it is easy to find two
statistics %(f ,)f, such that, with P,Ej ), 7 =1, 2, asymptotically standard normal
r.v.s, we have

G 4 0B :
Y bjA(n/k) + op(A(n/k)), by =0bij(p), j=1.2.

The ratio between the dominant components of bias of ’yfll,)c and ’yf,)c is
thus ¢ = by /by = q(p), and we thus get the AGJ r.v.,

4030 _ 4340 — alp) Affi,
’ 1—q(p)




where p must be replaced by an estimator p. After dealing, in Section 3.1,
with a natural AGJ EVI-estimator, and despite of the fact that in most
applications the bias of H(k) is already small, this is not always the case

and a similar argument will be used here to build, in Section 3.2, an AGJ

EVI-estimator based on the MVRB EVlI-estimators H(k), in (6). In Section
3.3, we deal with refined GJ corrected-bias EVI-estimators, and finally, in
Section 3.4, we study the asymptotic bias and efficiency of an arbitrary affine

combination of MVRB EVI-estimators.

3.1 The natural AGJ Hill EVI-estimator

In a context of heavy tails, Gomes et al. (2000) worked with a set of estimators
of a positive extreme value index v, which were real competitors to the well-
known Hill estimator for 7, in (2), among which we refer the so-called natural

AGJ (NAGJ) estimator associated to the Hill estimator, given by
HNACT (k) .= 2H([k/2]) — H(k). (14)

The estimators in (14) were obtained, assuming a known value p = —1,
possibly mispecified, in the NAGJ estimators studied later in Gomes and
Martins (2002),

H(k) = 2-7H (k/2)

HO (k) = HY O (k) = — :

(15)

where p is an adequate consistent estimator of the second-order parameter

p. More generally, we could have considered the affine combination

H(k) - 0711 ([0K)

HG‘J(ﬁ;@)(k) — — ,

0<6<1, (16)

dependent on the tuning parameter 6 € (0,1). The estimator in (15) is thus

a particular case of the estimator in (16), whenever we consider 0 = 1/2.

In Gomes et al. (2000) the study of the estimators in (15) has been post-

poned due to practical reasons, and it has there been claimed that the known
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estimators of p, like the ones suggested, among other authors, by Hall (1982),
Beirlant et al. (1996a,b), Drees and Kaufmann (1998) and Peng (1998) had
a very high MSE for most of the common parent distributions, and that such
erratic behaviour destroyed drastically the theoretical nice properties of the
AGJ r.v.’s, should p be known. However it has also been argued there that
these estimators would potentially be the “optimal” estimators, provided we
were able to get a suitable way of estimating the second-order parameter
p, as we think has been partially achieved by Fraga Alves et al. (2003), for

heavy tails.

3.1.1 Asymptotic behaviour of the NAGJ Hill estimators

The class of estimators H/1 (k) = H%/?)(k), in (15), was built to remove
the main component of bias of the original estimators H(k), which is of the
order of A(n/k). For the associated r.v.’s, H?/(")(k), and again with the
notation Normal(u, 0?) for a normal r.v. with mean value p and variance o2,

we now provide full information on the asymptotic bias of HE/(®),

Theorem 3.1. If the second-order condition (5) holds, if k = k,, is a sequence
of intermediate positive integers, i.e., (3) holds, and if VkA(n/k) —

finite, non necessarily null, then

2 1-2 1-
d Y14 2172 —2177)
VE (HGJ(p)(k) —9) = Normal (0, TEUEE : (17)

Under the third-order framework, in (7), further assuming that A(-) and B(-)
can be chosen as in (9), we have

HYO(k) L g+ 2 27 o, A2(nfk) + 0, (A%(n/k)), (18

Vk

where

W1+ 2% — 21> £(1—2°) (19)
o = u = ——.
@7 1 -2+ ’ Gy (1 —2p)
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Consequently, 'k (HGJ(p)(k) _7) LN Normal(ba(, = \,u,,,0> ), pro-

A%cirYqy

vided that 'k A% (n/k) — X, finite, i.e. even when vk A(n/k) — oo. If
VEk A(nfk) — oo, (H¥ (k) =) JA(n/k) is Oy(A(n/k)).

Proof. For the r.v. H%/() we have a distributional representation of the type
VE(HYO(R) =) L 4 VO 40, (VE An/1)) (20)

where, for r =1, 2,

_ rk/2
Gip) _ Pra— V227 Puy _ k) o
yEIe) = s Be=\ 57 JZIEJ Lo, (21)

with {E£;} a sequence of independent, identically distributed (i.i.d.) standard
exponential r.v.’s. Then Var(Py ) = Var(Py2) = 1, Cov(Py1, Pr2) = V2/2,
and (17) follows.

Note next that under the third-order framework in (7), further assuming

that A(-) and B(-) can be chosen as in (9), we can write

2 P A M0 (€400 (L))

The results in (18) and (19) follow then straightforwardly. O

Corollary 3.1. Under the conditions of Theorem 3.1, the same distributional
results hold if we consider the tail index estimator HE' (k) = HEP)(k),

defined in (15), for any second-order parameter estimator p such that p—p =

0p(1/(VEA(n/k))).
Proof. The result comes essentially from the fact that we have the distribu-

tional representation %'L(ﬁ)(k) L ;L(p)(k) +(p—p) ve(p) (1 + 0,(1)), with
vt = O, (1/VR). .
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Remark 3.1. Note that, as it is well-known from the literature, we have a
non-null asymptotic bias for the original estimators H(k), if the threshold k
is such that vk A(n/k) — X\ # 0. It is indeed a sequence ko = ko(n) such
that ko A(n/ke) — ©(p,v) # 0, the one which provides a minimum MSE
for H(k). From Theorem 3.1, even when vk A(n/k) — X\ # 0, finite, do we
have a null dominant component of asymptotic bias for the r.v.’s, HG)(k),
as can be seen from (20). The same happens for the EVI-estimators, HE'(P),
in a wide sub-class of DXA, whenever we consider the p-estimators in (11),

computed at an adequate fized level ky, like the one in (12).

3.2 An AGJ corrected-bias EVI-estimator

Let us now consider the GJ r.v. associated to the random pair

(F(k), T(0K)), 0< 0 <1, ie.,

HGJ(q,e>(k) = Ul Iinﬁ([ekD’ et (22)
with [H (k)]
B B Bias. |H (k
=9 7 Bias [H(0K])]
Since

BiasooE(k)] _ A%(n/k) ., g%

Biass[H(0k)]  A2(n/[0k]) n/k—oo

we shall consider, in (22), ¢ = 9%, and for an adequate estimate p of p,

we shall consider a class of AGJ EVI-estimators, parameterized in a tuning

parameter 6 € (0,1), the class

. (02 H(k) — 0% H([0k
T (10, 5) = T OO 1) = H1E) — PE) g o<1 (23

Again, and as before, for the sake of simplicity, we advise the choice § = 1/2

and the consideration of

T =T (k:1/2, ) =

H(k) —27% H([k/2))

1—2-2% (24)
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Recall the validity of the asymptotic distributional representation

[l

Vg Dt b AR (1 0,(1)),

where b_ = b(7,p,§) € R, 0 =7 > 0, being P, = Py, with Pyo given

(k)

in (21), an asymptotically standard normal r.v. Indeed, we know that P 2
\/LE (Zle E;, — k) with {FE;},., a sequence of i.i.d. unit exponential r.v.s.
For these estimators, and as n — oo, we know that

\/E(%) LN (1),

o_
H

provided that we choose k such that vAA%(n/k) — ), finite, as n — oo, i.e.
H (k) is asymptotically normal, possibly with a non-null asymptotic bias. On

the other hand, if vk A%(n/k) — oo, then (H(k) —~)/A%(n/k) 2 b_.
We can then straightforwardly prove the following theorem.

Theorem 3.2. Let us further slightly restrict the class of models in (8),

working with models such that
Ut)=C 1" (L+A(t)/p+ O(A*(t)) + O(A%(1))) -

Then, there exists b a function of first, second, third and fourth-order

GJy?

parameters, such that we get the wvalidity of the asymptotic distributional

representation

W1+1/(27% — 1)
VE

again with Py a sequence of standard normal r.v.’s.

ﬁGJl(k:) 4 v+

Py + bg, A*(n/k)) + 0,(A*(n/k)),

3.3 Refined GJ corrected-bias EVI-estimators

Given the achieved theoretical results, the bias reduction we expected for the

GJ EVl-estimators, H%1 (k) and ﬁGJl(kz), in (15) and (24), respectively, was

14



not fully achieved for finite sample sizes. This led us to turn back, to the
AGJ estimator based on an affine combination of either H or H-estimators
computed at two different levels, considering new approximations for the bias

quotient.

As we have seen before, when we consider a weight (g,) equal to the
quotient between the bias of two estimators, we get an unbiased estimator
of 7. Both the H/t and the A" EVI-estimators were developed with this

objective in mind, and using the relationships
(i) Biase (H(k)) = b, A(n/k), Biass (H(k)) = b A*(n/k),
(ii) A(n/(0k)) ~ 0= PA(n/k), as n — oc.

This has led us to g, = 6, and the GJ estimator in (16), and ¢_ = 620,
associated with the GJ estimator in (23).

But we can consider a better approximation for A(n/k)/A(n/(0k)), valid
for a wide class of models. Indeed, we can add a second term to such a
quotient, assuming the validity of an adequate second-order condition on
A(+). In a sub-class of Hall’s class of models, to which belong models like the
generalized Pareto and the Burr, we have, as n/k — oo,

—p
AI?TE;L(/Q]{/:{?)) ~or(1- (%) (07 - 1)
Working in a way similar to the one used for the construction of either

HE (k) or H 7 (k), i.e. working with 6 = 1/2, we get

w7 n). (i (57 ).

and the refined GJ EVI-estimators

HY" (k) == a, (p)H([k/2)) + (1 = a,, (0) H (),

H (k) = a ())H(k/2)) + (1 —a_(p)H(K), ae:=qu/(1—g.), (25)
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with the same asymptotic properties of H%/1(k) and 2 (k), respectively.

The improvement achieved for finite samples is usually significant, par-
ticularly for the GJ Hill estimator, as can be seen from the results in Section
4. Tt is thus worth finding better approximations for the asymptotic bias, or

even estimate the bias through the bootstrap methodology.

3.4 Asymptotic bias and efficiency of an arbitrary
affine combination of MVRB EVI-estimators

Note that an AGJ EVI-estimator can be regarded as an affine combination
of two consistent EVI-estimators, with related asymptotic properties. Just
as done before in Gomes et al. (2000) for the classical Hill estimator, in (2),
the most obvious affine combination associated to the MVRB EVI-estimator

H(k), in (6), is

FGJ(a) (

k;0) := aH([k0]) + (1 — a)H (k). (26)

or the particular case associated to 6 = 1/2,

T7%) = Tk 1/2) = aH(k/2) + (1 — ) HK).  (27)
We have thus a class of estimators parameterized in the tuning parameter a,

to be chosen in the most adequate way.

Remark 3.2. Note that the r.v. HGJ(Q)(k;Q), in (26), has the functional
form of ﬁGJ(q’e)(k), in (22), with a = q/(q — 1) = 0*/(6* — 1). Since
a = q/(q—1) > 1, we shall thus consider only a > 1, in (26), the type
of affine combinations that can lead to a bias reduction. Note however that

H(k) corresponds to a = 0, in (26).

We shall next analyze the behaviour of the asymptotic bias and the effi-
ciency of the particular affine combination, EGJ(G)(IC), in (27), studying first

their asymptotic properties for a possibly non-optimal choice of a > 1.

16



i) For a fixed level k, the reduction in the asymptotic bias of FGJ(Q)(k)
comparatively with the original estimator H (k) is measured through

the asymptotic bias reduction indicator

Bias,[H (k)] B 1
Bias, [ﬁ(GJ(a))(k)] 1=l —2%)]

n—oo

ABR, := lim <

In Figure 1, we present, in the (a, p)-plane, the values of this quotient

(independent of the tail index 7).

ABR

Figure 1: Asymptotic bias reduction indicator.

i7) Let us define the asymptotic efficiency of 7 (k) relatively to H (k) as
the quotient between the two asymptotic MSEs, computed at optimal

17



levels. Provided that a # 1/(1 — 22°), we have

B (a2 + 1)29 1—724;3
AREFF, = (1 ) .

We next show, in Figure 2, and again in the (a, p)-plane, the values of

this asymptotic efficiency.

AREFF

Figure 2: Asymptotic relative efficiency indicator.

It is clear from Figure 2 that for a reduction in MSE we indeed need to
work in a line close to a = 1/(1 — 227). However, the reduction in bias holds

in a wide region of the (a, p)-plane, as can be seen in Figure 1.
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4 Finite sample behaviour: a small-scale

Monte-Carlo simulation

The Monte-Carlo simulation of mean values (Es) and root MSEs (RMSEs)
of the estimators under study are based on 5000 runs. The relative efficiency
of an estimator is defined as the quotient between the simulated RMSE of
the H-estimator and the one of any of the estimators under study, both
computed at their optimal levels, i.e. for any T-statistic,

RMSE(H,)

EFFpy = — 0
REEEnmn = pyrem )

with Ty := T'(k{), with k' := argmin, MSE(T(k)). The simulation of those
efficiencies is based on 20x5000 replicates. Details on multi-sample Monte

Carlo simulation can be found in Gomes and Oliveira (2001).

In this section we will denote the MVRB EVI-estimator FB, 2 defined
in (6), by Hy, due to the reason referred in Remark 2.1. The AGJ EVI-
estimators based on the Hill and the MVRB estimators, defined in (15) and
(24), will be denoted Hy; and ﬁm, respectively. Finally, for the refined GJ
corrected-bias EVI-estimators based on the Hill and the MVRB estimators,

and defined in (25), we shall use the notations Hgy and ﬁog, respectively.

We have considered different parents with a heavy right-tail, like the
Fréchet, with d.f., F(z) = exp(—2~'/7), > 0, the EV d.f., in (1) and the
generalized Pareto (GP) d.f., GPy(z) =1+ InEV,(x), z > 0, with EV,(x)
given in (1). As an illustration of the results obtained whenever —1 < p < 0,
we present in Figure 3 the simulated mean values and RMSEs of the different
estimators under study, for a sample of size n = 1000 from an EV d.f. with

v=10.5 (p=—-0.5).

The situations are diversified, and sometimes, particularly when p ap-

proaches —1, the GJ MVRB EVlI-estimators are not able to overpass the H
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0 200 400 600 0 200 400 600

Figure 3: Simulated mean values (left) and RMSEs (right) of the estimators

under study, for a sample of size n = 1000 from an EV{ s-model.

estimator at optimal levels, in the sense of RMSE minimization, like happens
with a Fréchet underlying parent. This can be seen from Figure 4, similar to

Figure 3, but for a Fréchet underlying parent with v =1 (p = —1).

RMSE (o)
0.2
_ Hy H 1'701
Hyy \ _
) Ry 4 _ HOI
W =2 " Hyp //]
%,f[oz — ;
7 H
7 = H 02
Ho) Ho, 0
0.9 . k 0.0 ; k
0 500 1000 0 500 1000

Figure 4: Simulated mean values (left) and RMSEs (right) of the estimators

under study, for a sample of size n = 1000 from a Fréchet parent with v = 1.

Indeed, as shown, in Figure 5, the REFF-indicators as a function of n,
can be smaller than one, for the GJ Hill EVI-estimators and small n, both for
the EVj5 and the Fréchet(y = 1) models. Moreover, whereas ﬁog, computed
at its optimal level, in the sense of minimum MSE;, just as mentioned above,

attains the highest REFF for EV} 5 underlying parents, as well as for other
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simulated parents with p > —1, it is only the second-best for underlying

Fréchet parents.

REFF (o) REFF (o)

3.5

3.0

2.5

2.0

1.5 4

1.0

0.5

0 2500 5000 0 2500 5000

Figure 5: Simulated REFF indicators, as a function of the sample size n, for

EVys (left) and Fréchet parents with v = 1 (right).

Some general comments:

o All GJ-estimators have a bias smaller than the one of the original esti-

madtor.

e The reduction is higher when the weight ¢ depends on the level k, as
happens with the G.J; EVI-estimators. Regarding MSE, we are able
to go below the MSE of the MVRB H-estimator for a large variety of

underlying parents and small values of |p|.

e Apart from what happens for very small values of p, there is a high
reduction in the MSE of the GJ-estimator, at optimal levels, and com-

paratively with the original H-estimator.
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