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1 Some comments on the excesses and the General-
ized Pareto model

Heavy tail models appear often in practice. A model F is a heavy tail model
whenever the tail function, 1−F , is a regularly varying function with a negative
index of regular variation α = −1/γ, i.e., for every x > 0,

lim
t→∞

1− F (tx)

1− F (t)
= x−1/γ .

The parameter γ(> 0) is the tail index, one of the most relevant parameters of
rare events.

In a context of heavy tails, and with the notation U(t) = F←(1−1/t), t ≥ 1,
F←(y) = inf{x : F (x) ≥ y} the generalized inverse function of the underlying
model F , the first order parameter (or tail index) γ (> 0) appears, for every
x > 0, as the limiting value, as t→∞, of

lnU(tx)− lnU(t)

lnx
,

i.e., with the usual notation RVα for the class of regularly varying functions with
index of regularly variation α,

1− F ∈ RV−1/γ if and only if U ∈ RVγ . (1.1)
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The second order parameter ρ (≤ 0) is the non-positive value which appears in
the limiting relation

lim
t→∞

U(tx)
U(t) − x

γ

A(t)
= xγ

xρ − 1

ρ
, (1.2)

which we assume to hold for every x > 0, and where |A(t)| is of regular variation
with index ρ (Geluk and de Haan, 1987).

For intermediate k, i.e., a seguence of integers k = kn such that

k = kn →∞, kn = o(n), as n→∞, (1.3)

let us think on the excesses over the random high level Xn−k:n,

Vi = Xn−i+1:n −Xn−k:n, 1 ≤ i ≤ k. (1.4)

From the definition of the function U and from the fact the F (X) is a uniform
random variable (r.v.), we get the representation Xi:n = U(Yi:n) where Y is a

unit Pareto r.v., i.e., FY (y) = 1−y−1, y ≥ 1, and since for j > i,
Yj:n
Yi:n

d
= Yj−i:n−i,

lnYi:n
d
= Ei:n where E denotes a standard exponential r.v. and Yn−k:n ∼ n/k,

we may indeed write, whenever we are under the second order framework in
(1.2),

Vi = U(Yn−k:n)

{
U(Yn−i+1:n)

U(Yn−k:n)
− 1

}
= U(n/k)

{
Y γk−i+1:k − 1 +A(n/k)Y γk−i+1:k

Y ρk−i+1:k − 1

ρ
(1 + op(1))

}
(1+op(1))

Then, with δ = γU(n/k), we have

Vi = Xn−i+1:n −Xn−k:n ∼ δ
Y γ
k−i+1:k − 1

γ
, 1 ≤ i ≤ k, (1.5)

i.e., the excesses Vi may be assumed to be the k order statistics in a sample of
size k from a Generalized Pareto model, with distribtion function

GP (x; γ, δ) = 1−
(

1 + γ
x

δ

)−1/γ
, x > 0 (γ > 0), (1.6)

and γ and δ may be estimated through Maximum Likelihood (ML). Since for
ML-estimation in a Generalized Pareto model, it is easier the re-parametrization
in (γ, α) = (γ, γ/δ) (Davison, 1984) we shall assume the excesses Vi to come from
the model

GP (x; γ, α) = 1− (1 + α x)−1/γ , x > 0 (γ > 0), (1.7)

i.e., there exists γ and α such that, for 1 ≤ i ≤ k,

α Vi =

{
Y γk−i+1:k − 1 +A(n/k)Y γk−i+1:k

Y ρk−i+1:k − 1

ρ
(1 + op(1))

}
(1 + op(1)) (1.8)
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2 The ML estimation in a Generalized Pareto model

Let us assume we have access to a sample V = (Vi, 1 ≤ i ≤ k) from the Gener-
alized Pareto model in (5.2).

The joint maximization, in γ and α, of the log-likelihood of the excesses,

lnL(γ, α;Vi, 1 ≤ i ≤ k) = k lnα− k ln γ −
(

1

γ
+ 1

) k∑
i=1

ln(1 + α Vi),

leads us to an explicit expression for γ̂ as a function of α̂ given by

γ̂(k) :=
1

k

k∑
i=1

ln(1 + α̂ Vi) =: Â. (2.1)

Then, introducing the notation:

A = 1
k

∑k
i=1 ln(1 + α Vi), Â = 1

k

∑k
i=1 ln(1 + α̂ Vi),

B = 1
k

∑k
i=1

α Vi
1+αVi

, B̂ = 1
k

∑k
i=1

α̂ Vi
1+α̂Vi

,

C = 1
k

∑k
i=1

α Vi
(1+α Vi)2

, Ĉ = 1
k

∑k
i=1

α̂ Vi
(1+α̂ Vi)2

,

and noticing that
∂A

∂α
=
B

α
,

∂B

∂α
=
C

α

the ML estimator of α is solution of the equation

B̂ +
B̂

Â
− 1 ≡ 0 (2.2)

We may thus write for the ML equations:

γ̂GP (k) = Â = A+
∂A

∂α
(α̂− α) (1 + op(1)) = A+B

α̂− α
α

(1 + op(1)), (2.3)

and, since ∂ (B +B/A− 1) /∂α = (C + C/A− (B/A)2)/α, α̂ ≡ α̂GP (k) is such
that

B̂+
B̂

Â
− 1 ≡ 0 = B+

B

A
− 1 +

α̂− α
α

(
C +

C

A
−
(
B

A

)2
)

(1 + op(1)), (2.4)

i.e.,

α̂− α
α

=
1−B −B/A

C + C/A− (B/A)2
(1 + op(1)). (2.5)
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3 The asymptotic behaviour of the random variables
under play

With {Ei}i≥1 denoting a sequence of independent, identically distributed (i.i.d.),
standard exponential random variables, let us use the notation

Pk :=
√
k

(
1

k

k∑
i=1

Ei − 1

)
, (3.1)

Qk :=
(1 + γ)

√
(1 + 2γ)k

γ

(
1

k

k∑
i=1

e−γEi − 1

1 + γ

)
, (3.2)

which are asymptotically standard normal r.v.’s.

Let us also introduce the notation,

cj =
1

(1 + jγ)(1− ρ+ jγ)
, j = 0, 1, 2, (3.3)

We first state the following straighforward result:

Proposition 3.1. The second order structure between the r.v.’s Pk and Qk is
given by

Cov(Pk, Qk) = −
√

1 + 2γ

1 + γ
. (3.4)

Proof. The result comes straightforwardly from the fact that E(e−γE) = 1
1+γ

and E(E e−γE) = 1
(1+γ)2

. Consequently Cov(E, e−γE) = γ
(1+γ)2

For the r.v.’s under play we have the validity of the following distributional
representations,

Theorem 3.1. If the second order condition (1.2) holds, if k = kn is a sequence
of intermediate positive integers, i.e., (1.3) holds, we have the validity of the
following distributional representations:

A
d
= γ +

γ√
k
Pk + c0 A(n/k)(1 + op(1)), (3.5)

B
d
=

γ

1 + γ
− γ

(1 + γ)
√

(1 + 2γ) k
Qk + c1 A(n/k)(1 + op(1)), (3.6)

and

C
d
=

γ

(1 + γ)(1 + 2γ)
+ op(1). (3.7)
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Consequently, we have

1−B−B
A

d
=

1√
k

(
Qk√

1 + 2γ
+

Pk
1 + γ

)
+
c0 − c1(1 + γ)2

γ(1 + γ)
A(n/k)(1+op(1)) (3.8)

and

C +
C

A
−
(
B

A

)2
d
=

γ2

(1 + γ)2(1 + 2γ)
+ op(1). (3.9)

Proof. Let us think first on A. Since

α Vi = Y γ
k−i+1:k − 1 +A(n/k) Y γ

k−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

1 + α Vi = Y γ
k−i+1:k

(
1 +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
,

and we may write

A =
1

k

k∑
i=1

ln(1 + α Vi)

=
γ

k

k∑
i=1

Ei +
1

k

k∑
i=1

Y ρ
i − 1

ρ
A(n/k) (1 + op(1)).

Since E
[
Y ρ−1
ρ

]
= 1

1−ρ , (3.5) follows. Analogously, we have

α Vi
1 + α Vi

=
Y γ
k−i+1:k − 1 +A(n/k) Y γ

k−i+1:k

Y ρk−i+1:k−1
ρ (1 + op(1))

Y γ
k−i+1:k

(
1 +A(n/k)

Y ρk−i+1:k−1
ρ (1 + op(1))

)
=

(
1 + Y −γk−i+1:k +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)

×

(
1−A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)

= 1− Y −γk−i+1:k +A(n/k) Y −γk−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1)).

Then

B =
1

k

k∑
i=1

α Vi
1 + α Vi

= 1− 1

k

k∑
i=1

e−γ Ei +
1

k

k∑
i=1

Y −γi

Y ρ
i − 1

ρ
A(n/k)(1 + op(1)).
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Since E
[
Y −γ Y

ρ−1
ρ

]
= 1

(1+γ)(1−ρ+γ) , (3.6) follows as well. Finally, α Vi
(1+α Vi)2

may

be written as

1− Y −γk−i+1:k +A(n/k) Y −γk−i+1:k

Y ρk−i+1:k−1
ρ (1 + op(1))

Y γ
k−i+1:k

(
1 +A(n/k)

Y ρk−i+1:k−1
ρ (1 + op(1))

)
=

(
Y −γk−i+1:k(1− Y

−γ
k−i+1:k) +A(n/k)Y −2γk−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)

×

(
1−A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
= Y −γk−i+1:k(1− Y

−γ
k−i+1:k)

+A(n/k)
(

2Y −2γk−i+1:k − Y
−γ
k−i+1:k

) Y ρ
k−i+1:k − 1

ρ
(1 + op(1)).

Consequently

C =
1

k

k∑
i=1

α Vi
(1 + α Vi)2

=
1

k

k∑
i=1

e−γ Ei
(
1− e−γ Ei

)
+

1

k

k∑
i=1

(
Y −2γi − Y −γi

) Y ρ
i − 1

ρ
(1 + op(1))

and (3.7) follows, as well as the remaining of the theorem.

4 Back to the ML estimators

We may state the following:

Theorem 4.1. If the second order condition (1.2) and if (1.3) hold, we have
the following asymptotic distributional representations:

α̂GP (k)− α
α

d
=

(1 + γ)
√

1 + 2γ

γ
√
k

Rk +
ρ(1 + γ)(1 + 2γ)

γ2(1− ρ)(1− ρ+ γ)
A(n/k)(1 + op(1)), (4.1)

and

γ̂GP (k)
d
= γ +

(1 + γ)√
k

Sk +
(1 + γ)(γ + ρ)

γ(1− ρ)(1− ρ+ γ)
A(n/k)(1 + op(1)), (4.2)

with Rk and Sk asymptotically standard normal random variables.
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Proof. In Theorem 3.1 we have got

1−B − B

A

d
=

1√
k

(
Qk√

1 + 2γ
+

Pk
1 + γ

)
+
c0 − c1(1 + γ)2

γ(1 + γ)
A(n/k)(1 + op(1))

Since C = γ2

(1+γ)2(1+2γ)
+ op(1) and α̂GP (k)−α

α = 1−B−B/A
C+C/A−(B/A)2 , we get

α̂GP (k)− α
α

d
=

(1 + γ)2(1 + 2γ)

γ2
√
k

(
Qk√

1 + 2γ
+

Pk
1 + γ

)
+

(1 + γ)(1 + 2γ)(c0 − c1(1 + γ)2

γ3
A(n/k)(1 + op(1)),

and, from the covariance structure between Pk and Qk, (4.1) follows.

Finally, since we have γ̂GP (k) = A+B α̂GP (k)−α
α , we get

γ̂GP (k)
d
= γ +

γ√
k
Pk + c0 A(n/k) +

(1 + γ)(1 + 2γ)

γ
√
k

(
Qk√

1 + 2γ
+

Pk
1 + γ

)
+

(1 + 2γ)(c0 − c1(1 + γ)2

γ2
A(n/k)(1 + op(1))

d
= γ +

1 + γ

γ
√
k

(
(1 + γ)Pk +

√
1 + 2γQk

)
+

(1 + γ)2(c0 − c1(1 + 2γ)

γ2
A(n/k)(1 + op(1)),

from which (4.2) follows.

Remark 4.1. Smith (1987) has already got these same results. The conclusion
of his Theorem 3.2 gives in our notation, and whenever

√
k A(n/k) −→

n→∞
λ, finite

√
k
(
γ̂GP (k)− γ

) d−→Normal

[
λ(1 + γ)(γ + ρ)

γ(1− ρ)(1 + γ − ρ)
, (1 + γ)2

]

5 An alternative approach to reduce bias in the PML
estimation

We have written before

Vi = Xn−k:n

{
Y γ
k−i+1:k − 1 +A(n/k)Y γ

k−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

}
.
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Let us write now

Vi = Xn−k:n

{
Y γ
k−i+1:k

(
1 +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
− 1

}

= Xn−k:n

{
e
γ lnYk−i+1:k+A(n/k)

Y
ρ
k−i+1:k

−1

ρ − 1 + op(A(n/k))

}

= Xn−k:n

eγ lnYk−i+1:k

(
1+

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k

)
− 1


= Xn−k:n

Y γ

(
1+

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k

)
k−i+1:k − 1 + op(A(n/k))


= Xn−k:n

Y γe

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k

k−i+1:k − 1 + op(A(n/k))

 .

Since
Y ρ
k−i+1:k − 1

ρ lnYk−i+1:k
∼ −(i/k)−ρ − 1

ρ ln(i/k)
=: ψik

we expect to get a less biased estimator if we assume that the random excess Vi
comes from a GP model with a shape parameter not equal to γ, as it is usually
done, but dependent on i and k, and more specifically given by

γik = γ eD (nk )
ρ
ψ(i,k) = γ eA

∗(n/k)ψ(i,k), A∗(n/k) =
A(n/k)

γ
(5.1)

assuming thus that we are in Hall’s class of models, with A(t) = C tρ, D = C/γ.

We are thus going to assume that there exists a parameter α such that Vi =
Xn−i+1:n −Xn−k:n comes from the Generalized Pareto model, with distribtion
function

GP (x; γ, α) = 1− (1 + α x)−1/γik , x > 0 (γik > 0), (5.2)

for every 1 ≤ i ≤ k.

The likelihood function of the Vi’s is then

L(γ,A∗; v) =
αk

γk

k∏
i=1

e−A
∗(n/k)ψik (1 + α vi)

− 1
γ
A∗(n/k)ψik−1 ,
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and consequently we have a log-likelihood given by

lnL(γ,A∗; v) = k lnα− k ln γ −A∗(n/k)
k∑
i=1

ψik −
k∑
i=1

ln(1 + α vi)

− 1

γ

k∑
i=1

e−A
∗(n/k)ψik ln(1 + α vi).

We then get an explicit expression for γ̂PML(k), given by

γ̂PML(k) :=
1

k

k∑
i=1

e−A
∗(n/k)ψik ln(1 + αVi). (5.3)

Remark 5.1. As noticed by Laurens de Haan, since α may be chosen equal to
1/Xn−k:n we may think also in a weighted combination of the log-excesses, i.e.
on

γ̂WH(k) :=
1

k

k∑
i=1

e
D̂(n/k)ρ̂

(i/k)−ρ̂−1
ρ̂ ln(i/k) ln

(
Xn−i+1:n

Xn−k:n

)
, (5.4)

where with WH we denote Weighted Hill.

Let us assume everything is known, apart from γ. We may write

ln(1 + αVi) = γ lnYk−i+1:k

(
1 +

A(n/k)

γ

Y ρ
k−i+1:k − 1

ρ lnYk−i+1:k
(1 + op(1))

)
,

and consequently γ̂PML(k) may be written as

γ

k

k∑
i=1

lnYk−i+1:k

(
1 +

A(n/k)

γ

Y ρ
k−i+1:k − 1

ρ lnYk−i+1:k
(1 + op(1))

)(
1− A(n/k)

γ
ψik

)
,

and consequently, with

Bk :=
1

k

k∑
i=1

Y ρ
k−i+1:k − 1

ρ
− 1

k

k∑
i=1

ψik Ek−i+1:k =: Bk1 −Bk2 (5.5)

we have

γ̂PML(k) =
γ

k

k∑
i=1

Ei +A(n/k) Bk (1 + op(1))

Let us srudy the asymptotic behaviour of the random variable Bk in (5.5): the
weak law of large numbers enables to say that both Bk1 and Bk2 converge in
probability towards their mean values. We have

E[Bk1] = E[(Y ρ − 1)/ρ] = 1/(1− ρ).
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On the other hand

E[Bk2] =
1

k

k∑
i=1

ψik E[Ek−i+1:k] = −1

ρ

1

k

k∑
i=1

(i/k)−ρ − 1

ln(i/k)

k∑
j=i

1

j


= −1

ρ

1

k

k∑
j=1

1

j

j∑
i=1

(
i
j

)−ρ (
j
k

)−ρ
− 1

ln(i/j) + ln(j/k)


−→
k→∞

−1

ρ

∫∫
[0,1]×[0,1]

(xy)−ρ − 1

ln(xy)
dxdy = −

∫ 1

0

v−ρ − 1

ρ ln v
dv

∫ 1

v

1

u
du

=

∫ 1

0

v−ρ − 1

ρ
dv =

1

1− ρ
.

Consequently Bk converges in probability towards 0 as k →∞ and

γ̂PML(k)
d
= γ +

γ√
k
Pk + op(A(n/k)), (5.6)

i.e., the usual dominant component of bias, which is for the classical estimators
of the tail index of the order of A(n/k) is null.

The main problems to be dealt with are now related to the maximum likeli-
hood estimation of (α,D, ρ).
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