A note on the excesses over a high threshold*
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Abstract. In this note we are interested in the derivation of the asymptotic
distributional properties of the maximum likelihood estimator of a positive tail index
v, on the basis of the excesses over a high random threshold.
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1 Some comments on the excesses and the General-

ized Pareto model

Heavy tail models appear often in practice. A model F' is a heavy tail model
whenever the tail function, 1 — F', is a regularly varying function with a negative

index of regular variation a = —1/~, i.e., for every x > 0,
lim 1= Fte) =g~/
t—oo 1 — F(t)

The parameter (> 0) is the tail index, one of the most relevant parameters of
rare events.

In a context of heavy tails, and with the notation U(t) = F* (1—-1/t), t > 1,
F<(y) = inf{z : F(x) > y} the generalized inverse function of the underlying
model F, the first order parameter (or tail index) v (> 0) appears, for every
x > 0, as the limiting value, as t — oo, of

InU(tzx) —InU(t)

Inx

9

i.e., with the usual notation RV, for the class of regularly varying functions with
index of regularly variation «,

1-FecRV.,, ifandonlyif Ue€ RV, (1.1)
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The second order parameter p (< 0) is the non-positive value which appears in
the limiting relation

I UU(ftx))_xw_wazp—l (12)
e At p '

which we assume to hold for every z > 0, and where |A(t)| is of regular variation
with index p (Geluk and de Haan, 1987).

For intermediate k, i.e., a seguence of integers k = k,, such that
k=ky,— oo, kyp=o0(n), asn— oo, (1.3)
let us think on the excesses over the random high level X, .,
Vi=Xn—it1n — Xn—km, 1<i<k. (1.4)

From the definition of the function U and from the fact the F'(X) is a uniform
random variable (r.v.), we get the representation X;.,, = U(Y;.,) where YV is a

1 Yjm d

unit Paretor.v.,i.e., F\.(y) = 1—y~ ", y > 1, and since for j > i, $¥* = Y;_i.n—,

d .
InY;.,, = E;.,, where E denotes a standard exponential r.v. and Y, ., ~ n/k,
we may indeed write, whenever we are under the second order framework in

Vi=U n—k:n) {U(Ynmn) - 1}

U(Yn—kn)
=Umﬂﬁﬁzwm—1+AWMnﬁwmx“ﬁ?1u+%u»}@wAm

Then, with 6 = U (n/k), we have

Yk’tiﬂ-k -1 .
Vi=Xn—it1n — Xn—kn ~ o fa 1 <7<k, (15)
i.e., the excesses V; may be assumed to be the k order statistics in a sample of

size k from a Generalized Pareto model, with distribtion function
-1/
Gp(x;%a):1—(1+7§) , >0 (7>0), (1.6)

and v and J may be estimated through Mazimum Likelihood (ML). Since for
M L-estimation in a Generalized Pareto model, it is easier the re-parametrization
in (7, ) = (v,v/0) (Davison, 1984) we shall assume the excesses V; to come from
the model

GP(z;v,0)=1—(1+az)™Y7", >0 (y>0), (1.7)
i.e., there exists v and « such that, for 1 <i <k,

YP_ i
0 V= { Vs = LAWY 2 0 0 1) | (4 0,(1) (19



2 The ML estimation in a Generalized Pareto model

Let us assume we have access to a sample V = (V;,1 < i < k) from the Gener-
alized Pareto model in (5.2).
The joint maximization, in v and «, of the log-likelihood of the excesses,

k
1
InL(v,05V;,1<i<k)=klna—klny— (—1—1) Zln(l-i—a Vi),
v =1

leads us to an explicit expression for ¥ as a function of @ given by

k
Z: (1+a V) =: A (2.1)

w\H

Then, introducing the notation:

A=LYF m(l+aVy), A=LYF, m(1+a V),

n_1 k aV;
_kZzl 1+aV-’ B_k =1 1+aV;’

_1yk aV; A_ 1yk av
=k 2i=l (Tha V)% C=%2im1 ma v

and noticing that
0A B oB _C

da  a’ da  «
the M L estimator of « is solution of the equation

B+

::>>\ &)
—_
[
(@)
o
)

We may thus write for the M L equations:

7P (k) = A=A+ gi (@—a)(1+0,(1) =A+B 5‘&0‘(1 +op(1)), (2.3)

and, since 9 (B + B/A — 1) /da = (C + C/A — (B/A)?)/a, a = a%F (k) is such
that

~ B B a—a C (B\?
B+ ZA 1=0=B+——-1+ - (C+A—<>>(1+op(1)), (2.4)

A

ie.,

d—a  1-B-BJA
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3 The asymptotic behaviour of the random variables
under play

With {£;},-, denoting a sequence of independent, identically distributed (i.i.d.),
standard exponential random variables, let us use the notation

k
P =k (; Z;E — 1) : (3.1)
VO 2R (1S 1
Qr = S (k;e vEi _ 1+7> , (3.2)

which are asymptotically standard normal r.v.’s.
Let us also introduce the notation,

1
Cj = B B 9
T A+ A= p+ )

j=012, (3.3)

We first state the following straighforward result:

Proposition 3.1. The second order structure between the r.v.’s P, and Q} is
given by

V14 2y
Cov(P, = ——. 3.4
(P, Q) Ty (3.4)
Proof. The result comes straightforwardly from the fact that E(e %) = ﬁ
and E(E e 7F) = (1+17)2. Consequently Cov(E, e F) = ﬁ O

For the r.v.’s under play we have the validity of the following distributional
representations,

Theorem 3.1. If the second order condition (1.2) holds, if k = k, is a sequence
of intermediate positive integers, i.e., (1.3) holds, we have the validity of the
following distributional representations:

e

ALy 7 P+ co A(n/k)(1+ 0p(1)), 53
a 7 ~ . . ) |
B T Ty kST AR o), (3.6)
and
c< 1 +o,(1). (3.7)

(1+7)(1+27)



Consequently, we have

1opBa L (@ B e el ) 6

A VE\VI+2Zy 1+y y(1+7)
and
C+C_<B>2£ 7 +0,(1) (3.9)
A \A (1+79)2(1+2y) 27 '

Proof. Let us think first on A. Since

YP -1
k— :k
Vi = Ve — 1+ AM/E) Y %(1 +0p(1))

p
Yk—i+1:k —1

l+aVi = Y, <1 + A(n/k) (1+ Op(l))) ,

and we may write

k
1
A = k;ln(l—ka Vi)

k 4
=1

k k vo
- Iy EO0 T An/b) (1+0,(1),

Since F {Yp_l} = 1 (3.5) follows. Analogously, we have

p 1-p>
Ye o1
aVy Viliw — 1+ AM/E) YL (14 0,(1))
1 7 N Yp—z‘ kL
tav Vs (14 Aln/k) B804 0,(1)))
— Ykp—i+1~k -1
= |1 +Yk—vi+1;k +A(n/k)f(l +0p(1))

P 1

X (1 — A(n/k) Y’“—”/l;k 1+ op(l))>

= 1=Y, T+ Aln/k) Ykl’ﬂ:kw(l + op(1)).
Then
B = 1 - oV
k — 1+aV;
= 1- 1§: - B +1zk: v Yo A(n/k)(1+ op(1)).
k =1 k =1 ' P '



Since E [Y‘V s 1 , (3.6) follows as well. Finally,

_ Vi
o } = T a—p) 7 may

_aV;
(1+a V5)
be written as

Y1
— Y, g+ Aln/R) YD z+1 w14 0p(1))

Vi (1 Aln/b) =214 0,(1)))

Y? | —1
- — —2 k—i+1:k
= (Yk i+l x(1 Yk i+1: &) +AM/R)Y, " 211 k%u +0p(1))>

Ve . .1
x (1 — A(n/k) 7’““;’“

Yki—ﬂ;—i-l:k( Yki i+1: k:)

(1 +0p(1))>

1

_ B YO —
A(n/k) <2Yk i1k Yk—’;—&-l:k) %(1 + 0p(1)).

Consequently

¢ = kz 1+aV

1 | S R ANY -1
- k;e—wl—ew»m;(n T YT) S (L o(1)

and (3.7) follows, as well as the remaining of the theorem. O

4 Back to the ML estimators

We may state the following:

Theorem 4.1. If the second order condition (1.2) and if (1.3) hold, we have
the following asymptotic distributional representations:

APk —a o A+ N)VIH2Y o p(l+7)(1+29)
a Wk PRI -p-p+7)

A(n/k)(140,(1)), (4.1)

and

5OP () £ 4 (1&7) Sy + 7(1(1_2;()1(7_;'1) 5 AR+ 0,(1), (42)

with Ry, and Sy asymptotically standard normal random variables.



Proof. In Theorem 3.1 we have got

e
Since C = rr=shrrrgy + 0p(1) and E-0=2 — BBl e get
acr(k) —a 4 (149)? (1+27)( Qe B >
a vk Vit2y 14y
# D20 = ALLT 4601811 1 0,01,

and, from the covariance structure between Py and Qy, (4.1) follows.

Finally, since we have Y97 (k) = A+ B %, we get

~GP(1y 4 s en Aln 1+ +2y) Qk Py
5 (k)—’y—k\/EPk-F 0 A(n/k) + R <m+1+7>
(1 + 2”)/)(00 — 01(1 +")/)

o A(n/k)(1+ 0p(1))

_|_

4 +1f(1+vpk+mczk)

(1+7)%(co — c1(1 +27)

+ 2 A(n/k)(1+ 0p(1)),

from which (4.2) follows. O

Remark 4.1. Smith (1987) has already got these same results. The conclusion
of his Theorem 3.2 gives in our notation, and whenever 'k A(n/k) — A, finite
n—oo

6Py ) s Normal | AN+ P) 2
VEGEE) =) = Normel | Sy =y 4

5 An alternative approach to reduce bias in the PM L
estimation

We have written before

YP -1
Vi=Xn—kmn {Ykﬂ/—i-i-l:k I+ A(n/k) k—i+1: k%(l + Op(l))} .



Let us write now

p 1:k 1
‘/i = n kn k i+1:k l—l—A(n/k)%(l—l—op(l)) —1
Y i
= X, kn{ 0 Yie—i 1kt Aln/k) =5 — 1—|—0p(A(n/k))}
n 7 1
_ n kn{ YInYi_it1:k +A(7/k)p1li.Y:1i1k) 1
N 1+A(n/k) lljlyz-&—lk 1)
= n kn{ k— Z+1k’y ’ Rk _1+OP(A(n/k))
A(n/k) 1le+1k -1
pInYE 11k
= n kin k H—lk _1+0p( (n/k))
Since ) ‘
Yicirn — 1 N (k)P -1 —: i
pln Yk—z+l:k pln(i/k) ’

we expect to get a less biased estimator if we assume that the random excess V;
comes from a GP model with a shape parameter not equal to v, as it is usually
done, but dependent on 4 and k, and more specifically given by

D ()" (Gk)

AT/RPER) A% (k) = Aln/k) (5.1)
Y

Vik =7 € =7ve
assuming thus that we are in Hall’s class of models, with A(t) = C t*, D = C/~.

We are thus going to assume that there exists a parameter a such that V; =

Xn—it1:n — Xn—k:n comes from the Generalized Pareto model, with distribtion
function
GP(z;v,a)=1—(1+az) Y% >0 (5 >0), (5.2)

for every 1 < i < k.

The likelihood function of the V;’s is then

k
L(v, A% v) O‘—kH /R (1 4 g )3 R



and consequently we have a log-likelihood given by

k k
InL(y,A%v) =klna — klny — A*(n/k) Z@bik - Zln(l +a v;)

i=1 i=1
1 k
- — Z e~ AT/ In(1 4 a vy).
7=
We then get an explicit expression for ¥7M(k), given by
APML (k) Z e A /MY In(1 + aVj). (5.3)

i=1

Remark 5.1. As noticed by Laurens de Haan, since o may be chosen equal to
1/ Xk we may think also in a weighted combination of the log-excesses, i.e.
on

AWH n/k P %1 <Xni+1:n) 5.4
k Z Xn—k:n ’ ( )

where with W H we denote Weighted Hill.

Let us assume everything is known, apart from v. We may write

A(n/k) Vi, — 1
(1 +aV;) = ~vInYe siqp | 1 1+0,(1) |,
n(l+aVi) =ynY; +1.k< + S plnYk—z—H:k( + 0p(1))

and consequently Y% (k) may be written as

k
> Vit (1 + An/k) Yiiira 1(1 +op(1))) (1 - A(T’Ly/k>¢}ik> :
i=1

N B

v opInYi i1k

and consequently, with

. V0w —1 1 :
By, = z ; . % Zlbik Ex—iv1:k =t Br1 — By (5.5)
we have
k
APML %Z A(n/k) By (1+0p(1))

Let us srudy the asymptotic behaviour of the random variable By, in (5.5): the
weak law of large numbers enables to say that both By and By converge in
probability towards their mean values. We have

B[By] = E[(Y” — 1)/p] = 1/(1 - p).



On the other hand

k ko, k
1 11 (i/k) P —1<1
EB = = ik Bl Eg—it16] =— | — . =
[Bra] k;wk [Ek—it1:k] p k; (i/k) JZ;J
N—P [\ —P
k i (i J _
_ 1 1212<9> (k>
o \ k225 & W) + ini/R)
1 P—1 Tor—1 '
— —= // (zy) dacdy——/v dv/du
k—oo  p In(zy) o plnov v U
[0,1]x[0,1]
Lor—1 1
- / vl g = L
o P 1—p
Consequently By, converges in probability towards 0 as k — oo and
~ d
FPME (k) £ 4+ =Py + 0p(A(n/k)), (5.6)

vk

i.e., the usual dominant component of bias, which is for the classical estimators
of the tail index of the order of A(n/k) is null.

The main problems to be dealt with are now related to the maximum likeli-

hood estimation of («, D, p).
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