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1 Introduction and preliminaries

Let X, Xo,..., X, be independent random variables (r.v.’s) with common dis-

tribution function (d.f.) F', with a heavy upper tail, i.e. for large =,
1—F(z) =2 "7L(2), (1.1)

where L(z) is a slowly varying function, i.e., for every x > 0, L(tx)/L(t) — 1
as t — oo. Consequently, 1 — F € RV_,,,, where RV, stands for the class of
regularly varying functions at infinity with index of regular variation equal to «,
i.e., functions g with infinite right endpoint, and such that tliglo g(tx)/g(t) = x“

for all x > 0. F is thus in the max-domain of attraction of an Eztreme Value

(EV) d.f.,
EV,(z) := exp{—(l +'yx)_1/7} , 1+v2 >0, yeR, (1.2)

with v > 0. We denote such a fact by F' € D(G,).

Then the log-spacings
Vie=In X, 100 —In X5, 1 <0 <0k,

where X, denotes the i-th ascending order statistic (0.s.) associated to the
sample X, = (X1, Xo,...,X,), are, for k = k, — o0, k = o(n), as n — oo,
approximately distributed as the k o.s.’s associated to an exponential random
sample with mean value . This leads to the well known Hill estimator for ~

(Hill, 1975),

??'M—‘

k
Z ln Xn—it1n —1In Xn—k:n] .

Here we shall more generally work with the class of estimators,

k
Xn—i n
0 =3 e () azn [0=a] o



Apart from the first order condition,
FeD(G,) iff 1-FeRV_, iff UeRV, (1.4)
where
Ut):=F~(1-1/t), t>1, F~(u) =inf{z: F(z) > u},

we shall assume, in order to be able to derive the asymptotic normality of the
estimators under study, the validity of a second order condition. More specifi-
cally, we shall assume that there exists a function A and a parameter p < 0 such

that

. InU(tr) —InU() —ylnz 2 -1
1 = 1.
P A(t) p (15)

for every x > 0.

In section 2 of this paper we deal with the asymptotic behaviour of the class
of estimators in (1.3) and compare them asymptotically at their optimal levels.
As expected, the value a = 1 provides the optimal results within this class. This
led us to the introduction, in section 3, of a Generalized Jackknife estimator of
~ associated to any pair of estimators in (1.3). We first come to a general class
of Generalized Jackknife r.v.’s, dependent on a tuning parameter o and on the
second order parameter p in (1.5). Such a second order parameter is either
mispecified at p = —1 or adequately estimated through p, explicited later on.

The class of tail index estimators is given by

~GI@) gy = _ =P foy gy 0P s N
0 =20 fw - 228 sPm L et )

with /v\fla)(k) given in (1.3). Indication on the choice of « is also provided.
Mispecification of p = —1 in (1.6) is also considered. Finally, in section 4, we
proceed to a comparison of the proposed estimators, for finite samples, through

the use of Monte Carlo techniques.



2 The asymptotic behaviour of the initial estimators

We first state the following lemmas

Lemma 2.1. Let us denote

Wi = kaZZ By i, > 1, (2.1)
=1

where E;p, 1 <1 <k, are the k ascending o.s. associated to a standard expo-

nential random sample of size k. As k — oo,

E [W,ga>] - % +o (1/\/E> , (2.2)
Var [Wéa)} ~ M, (2.3)
2a—1) k <W,§“) - ;) = 7\ (2.4)

18 asymptotically a standard normal r.v.

Moreover, the second order structure between W]ga) and W,gﬁ) s such that

(@) () 1
~ 2.
(Cov[Wk , Wy ] Bt -1k (2.5)
and consequently,
(@ @) _ V(2a—-1)(25-1)
Cov (Zk 2y ) o151 . (2.6)
k
Proof. Since E [Ex_;11.1] = Z 1/,
]:
k k k j
1 1 1 1
E = — a—1 - . - - — 1
L e e
1= J=1 1= 1=
From the fact that S2%  i* 1 = k%/a 4+ O(k*1), (2.2) follows. Also, denot-

.2
ing o4k 1= Cov (Eg—iy1:k, Br—jik) = Var (By_max(ij)+1:6) = O rmax(ij)ko a0nd

writing W,g ) in (2.1) as

1 k i a—1
e kz< ) Er—it1:k;,
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and both (2.3

) and (2.4) follows. Similar computations lead us to (2.5). Indeed,

kC’ov(W,ia),WkEﬁ /// (zy)?Hayz)* "t + /// (zy)* Hayz)?~?

Lemma 2.2. The following identities hold true:

M-

1

(]

=1

-

=1

I'(k — p+1

)<1+ﬂ>: aBla

(a+pB)a+p-1 +68-1)

and (2.6) follows straighforwardly.

 T(k+1-p)
- (L=p)T(k)

.

_T(k+1-)p)
- 2-pT(k)

B Lk+1-p)
— (3=p(k)

More generally we may say that

-

(1-p)(2-p)

O]

(2.10)



Proof. Let us denote {E}} -, asequence of i.i.d. standard exponential r.v.’s and
the set of exponential o.s Ey_;11.%, 1 <1 < k. Rényi’s representation theorem

enables us to write

k—i+1 ) J k
Ekﬁuﬁ_ijk_]+1:§: L 1<i<k. (2.11)
Then, since
1 k ePEr—it1n _ ZepE
k i=1 P Tk
PE_1 1 1k ePPr—itik_q 1
and FE [e 5 } = 1, we have E [EZi:l %} = 1—5- The use of

Rényi’s representation (2.11), or the direct computation of E [epEk—iJrlik], which
is equal to I'(k+1)I'(i — p) /(I'(k — p+1)I'(7)), enables us to obtain immediately
(2.7). From (2.7), and writing artificially ¢ = (i —1) + 1, (2.8) follows. Similarly,
from (2.7) and (2.8), and writing artificially 2 = (i — 1)(i —2) +3(i — 1) + 1, we

get (2.9), and asymptotically we derive (2.10).

The main result of this section is given in the following;:

Theorem 2.1. Under the first order condition in (1.4), and for k intermediate,
i.e., such that

k =k, — oo, k=o(n), asn— oo,

the statistics ’y(a)(k:) in (1.3) are consistent for the estimation of the tail index
v. Moreover, under the second order framework in (1.5) we have the validity of

the asymptotic distributional reprepresentations

ALy Y @Y A1+ 0y(1
W) L T 204 AR o)
where Z,ia) is the asymptotically standard normal random variable in (2.4).

Proof. We may write

k
1 n i+1:n 1 a—1 U(Yn—i-l—l:n)
il an—rln - a In ——n—uring
ke Z: { Xt } ke Z._ ' {n U(Yntom



where Y;.,, 1 < i < n, are the ascending o.s. associated to an i.i.d. standard
Pareto sample of size n, from a parent F,(y) =1 -y~ !, y > 1.
Since Yo it/ Yook = Yieisin, 1 < i <k, InYiy, £ Eiy, and from (1.5),

which enables us to write

P —1
Ul(tx) zvlnx+x

A(t)(1 +o(1)),

for every = > 0, and as t — oo,, we get

k k
1 ca—1 aniJrl:n 1 —1 U(Yn—k:n Yk—i+1:k)
D D R M e e R |
ko ! { " Xn—k::n } ko ' { " U(Yn—kn)

=1

k

iy w&l{ka%Hﬁ+-(dEkifk‘l)zun/m<1+oA1»}

i=1
Wi 1 }k:
e’ .a—1

with nga) given in (2.1).

epEk7i+1:k _ 1

) >AWMM1+%OD,

The law of large numbers, together with the result (2.10) in Lemma 2.2, enables

us to say that

k .
i Z jo—1 ePEr—it1e _ v 1 .
> ;)i aa-p

Now the use of this relation and of (2.4) enables us to write

()
1 .a—1 Xn—i-l—l:n} Y v Zk
— Nty Sneetlin U0 TSk
ko Z { ank:n 042 (2a — 1)1{2
+ ———— A/k)(1 + 0p(1)),

a(e—p)

where Z,ga), given in (2.4), is asymptotically standard normal, and the result

follows. O

We next proceed to an asymptotic comparison of the estimators at their
optimal levels in the lines of de Haan and Peng (1998), and also Gomes et

al. (2000b, 2002b) for a set of Generalized Jackknife statistics, Gomes and



Martins (2001) and Caeiro and Gomes (2002) for specifically built “asymptot-
ically unbiased” estimators of the tail index, and Gomes and Martins (2002a)
for “Maximum Likelihood” and “Least Squares” estimators of v, based on the
scaled log-spacings. Suppose 7; (k) is a general semi-parametric estimator of the
tail index, for which the distributional representation

Vi

holds for any intermediate k&, and where Z} is an asymptotically standard normal

(k) =~ + —=2Z; + be A(n/k) + 0p(A(n/k)) (2.12)

r.v.; then we have
\/EW:L(]C) -] 4 N(Ab.,of), as n — 00,

provided k is such that vk A(n/k) — X, finite, as n — oo. In this situation
we write Biass [Y5(k)] := be A(n/k) and Var [5(k)] := 02/k. The so-called
Asymptotic Mean Squared Error (AMSE) is then given by

oe

AMSE [y;(k)] = —

+ b2 A% (n/k).

Using regular variation theory it may be proved that, whenever by # 0, there
exists a function ¢(n), dependent only on the underlying model, and not on the

estimator, such that

— 2 1
lin p(n) AMSE [330] = 225 (63) T (82) 7% = LMSE [,
n—oo p
where 77 =7 (k§(n)) and k§(n) := arginf AMSE [}, (k)].

k

It is then sensible to consider the following:

Definition 2.1. Given two biased estimators %(Ll)(k) and %(?)(k), for which
distributional representations of the type (2.12) hold, with constants (o1,b1)
and (02,b2), b1,ba # 0, respectively, both computed at their optimal levels, the
Asymptotic Root Efficiency (AREFF) of 37%) relatively to ﬁ(%) 18

n

AREFF1|2 = AREFF,W\Q) ~(2) ‘=

n0 1Tno




Then we have:

Proposition 2.1. For every a > 1,

2
(a = p)(2a— 1)\ T5
AREFF,, = ( =)o <1

More than this: both the asymptotic bias and the asymptotic variance of‘y\,(f‘)(k),
a > 1, are bigger than the asymptotic bias and the asymptotic variance, respec-

tively, of the Hill estimator.

This leads us to the consideration of a Generalized Jackknife estimator
associated to any pair (a, 8) € [1,00)2. For details on the Generalized Jackknife

estimation see Gray and Schucany (1972).

3 Generalized Jackknife estimators of the tail index

Let us think on two of the estimators in (1.3),

(k) and 3P (k), a#B, a, B> 1.

The quotient between the dominant component of bias ot these estimators is
given by
Gop(p) = m,

dependent on p, unknown. We may thus mispecify p, for instance in —1, a
central and proeminent value of this second order parameter, as done before in
several papers, among which we mention Feuerverger and Hall (1999), Gomes
et al. (2000b, 2002b), Caeiro and Gomes (2002), Gomes and Martins (2002a).
We may also estimate p adequately, either internally as in Beirlant et al. (1999)
and Feuerverger and Hall (1999) or externally, as done successfully in Gomes

and Martins (2002b), through any of the p-estimators available in the literature,
like the ones in Gomes at al. (2002a) and Fraga Alves et al. (2003).



3.1 Mispecification of p

If we mispecify p = —1 we have the bias’ quotient

o = tns-1) = 50 ).

We thus get the Generalized Jackknife class of estimators
~(a) (8)

~GJ(— n (k) — qapyn  (k
fi(ﬁ 1)(k) — ( )1 _q%,i: (k)
1 ~ ~
= 5oa (B 30® —a@+13PW), B

dependent on the tuning parameters « and 5 (o, 8 > 1).

On the basis of Theorem 2.1 and Lemma 2.1, we get straightforwardly the

general distributional behaviour of the new estimators ﬁfi([;l)(k:) in (3.1):

Theorem 3.1. Under the conditions of Theorem 2.1 we get the following asymp-
totic distributional representation for the Generalized Jackknife estimators in
(3.1),

(-1)

GJ
~GJ(— P — 1
G Ly e 2GS A k)14 o)

(3.2)
with Z,?i(ﬂ_ 2 asymptotically standard normal, and
Gei-y _ eflatl) J 1 B+ 2(B+1)
@B B—al {2a—1 " (a+1)223-1) (a+1)(a+p-1)
_ 203 -0 —a+5
= af \/(2&—1)(2&—1)(044—,6’—1)’ a7 f. (3:3)
For the particular case 3 =1, we are dealing with the class of estimators
~GT(— 1 ~ ~(a
5D = —= (2030 () = (@ + DA (K)), a> 1, (3.4)

(=1

and we get, also with Z,?i asymptotically standard normal,

~ciny d v jale+d) iy, o(l+p) . .
Tn,a ’7+\/% 2 — 1 Zk,a +(1 _p)(a_p) A( /k)(1+ p(l)) (35)
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Remark 3.1. Notice that among the values (o, 3) € [1,00)%, a # f3, the pair
providing the smallest value for O'Sté(il) in (3.3) is (o, B) = (1,2), or equivalently
(o, ) = (2,1). In Figure 1 we present the asymptotic characteristics of the

. ~GJ(-1) .
estimator vn,a( ), i.e., of

o7V = Vala +4)/(2a - 1)
as a function of a, and the squared bias term
balp) = (a1 4 p)/((1 = p)(a = p)))®
as a function of |p|, for a = 1.5,2,4.

2.3 0.2

2.2 A

2.1 0.1
2.0
1.9 a o lpl
1 2 3 4 0 1 2 3
Figure 1: Asymptotic characteristics of /'%? 7Y standard deviations (left) and

squared bias (right).

Remark 3.2. The estimator with smallest asymptotic variance in the class of

estimators herewith considered, i.e.,
T (k) = 430 (k) — 332 (k) (5.6)

18 asymptotically equivalent to the “Maximum Likelihood” estimator studied in

Gomes and Martins (2002a), and given by

M=

(26 — k — 1)U;
1

.
Il

9

i(2i — k — 1)U,

AME( ;Ejj ( f)U)

1=1

M?r‘

s
Il
—
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where U; = i [In Xy _jr1n — In Xp—iin], 1 <i <k, are the scaled log-spacings.

An asymptotic comparison of ﬁff i(_l) and the Hill estimator 72 both

computed at their optimal levels, enable us to state the following result:

Theorem 3.2. For p # —1, we get the following asymptotic efficiency relatively
to the Hill estimator:

ala+4)\’ a—p \T-%
200 — 1 all + pl

AREFFq 1 =

The ARFEFF measure is presented in Figure 2.
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Figure 2: Asymptotic relative efficiency [plane («, p)].

3.2 Estimation of p

Let us assume next that we estimate p through an estimator p, adequately
chosen so that p— p = 0,(1) at any of the levels on which we are going to base

the estimation of the tail index ~.
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Theorem 3.3. Under the conditions of Theorem 2.1,

~GI0P) (1) — _ — VAW (Y = (4 — p)A()
A0 1= =gy (2= AP B — (= 93 ®)
d ele =2p(1—p)) G
= 7+ Z +o,(A(n/k)), (3.7
v e A S oA ), (1)
where Z,gGJ(p)) 1s asymptotically standard normal. The same distributional re-

sult (3.7) holds for the tail index estimator in (1.6), i.e., if we replace p by an
estimator p such that p—p = o,(1) for levels k such that vk A(n/k) — X, finite.

Proof. The proof of (3.7) follows the lines of the proof of Theorem 2.1. The

second part of the theorem follows from the fact that

eolk) i= AEO ) = s (300 ~300)) = 0, (V).

and
TP (k) = AST (k) + (P — p) @p(k) (L + 0p(1)).

Then, whenever vk A(n/k) — A, finite, i.e., A(n/k) = Op(1/Vk), the conditions
in the theorem enable us to guarantee that (p — p) ¢,(k) = op(A(n/k)). O

Remark 3.3. For p we may choose the estimator considered in Gomes and
Martins (2002b), which is based on the class of estimators in Fraga Alves et al.
(2003). More specifically, we shall here consider the estimator

where




with

% :
, 1 X o\
M9 (k) = = p Snoitln i —1.2.3.
O N (e REEREEX
We have p— p = O, (1/ (Vk1 A(n/k1))) = o,(1) for any level k such that

VE A(n/k) — X, finite.

Remark 3.4. The minimization of the variance term in (3.7), i.e., the value

a (a—2p(1—p)) _ 14+ /1-4p(1-p)
p?(2a—1) = Qmin = '

Qnin ‘= arg min
(0%
This suggests the consideration of the estimator

~GI(D) :_M{Amk _a—ﬁwwk}
35270 =-S5 B 0w - 2T w]

for which the distributional representation in Theorem 3.3 also holds.

4 Simulated distributional behaviour

In Figures 3 and 4 we present the mean value and mean squared error
patterns, as functions of k, the number of top o.s. used, of the estima-
tor (3.8) (denoted p in the figures), together with the estimator in (3.6),
a = 2 (denoted (—1) in the figures), for two parents with p = —1: the
Fréchet, F(x) = exp (—x_l/”/), x > 0, with v = 1, and the Student-t with
v = 2 degrees of freedom, for which p = —2/v = —1. The behaviour of the

Hill estimator is pictured for reference, and the simulation is based on 5000 runs.

Figures 5 and 6 are equivalent to the previous two figures, but now for
populations with p # —1: the Generalized Pareto, F(z) = 1 — (1 +~ z)~ /7,
x >0, with p = —1/y = —0.5 (and consequently, with v = 0.5) and the Student
with 8 degrees of freedom, for which v =1/8 = 0.125 and p = —2/8 = —0.25.
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Figure 3: Fréchet parent with (v, p) = (1, —1)
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Figure 4: Student(2) parent with (v, p) = (0.5, —1)

In Table 1 we present for different simulated models a simulated measure of
efficiency of the new estimator relatively to the Hill estimator, both computed

at their optimal levels, i.e.,

MSE 1]

W. (4.1)

REFFG )0 =

This measure was computed on the basis of a multi-sample simulation of size

5000 % 10. For details on multi-sample simulation see Gomes and Oliveira (2001).
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Figure 5: Generalized Pareto parent with (v, p) = (0.5, —0.5)
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Figure 6: Student(8) parent with (v, p) = (0.125, —0.25)

Some overall remarks:

1. For Fréchet models, one of the typical heavy tail parents, the new estimator
in (3.8), at its optimal level, overpasses the Hill estimator, also at its
optimal level, if we estimate p through p. If we consider the actual p = —1
the reduction of bias is too big, and the new estimator has a negative bias

for all k. A similar conclusion may be drawn for all simulated models with

p=—1

2. As p approaches 0, the new estimators considered, computed at their op-

timal levels, compare both favourably with the Hill estimator. This is

16



2.5

Table 1: Relative efficiencies REFFg )i in (4.1).

n 100 200 500 1000 2000

STU(p=—.25) | 1.8864 | 1.7541 | 1.6029 | 1.4994 | 1.4306

STU(p = —.5) 1.4002 | 1.4905 | 1.3702 | 1.3130 | 1.3385

GP(p=—-.5) 1.3131 | 1.2825 | 1.2714 | 1.4182 | 1.6768

FRE (p=-1) | 0.9858 | 1.1034 | 1.1834 | 1.3014 | 1.2840

STU(p=-1) 0.7135 | 1.1776 | 1.2609 | 1.2831 | 1.3318

GPp=(-1) 1.0752 | 1.2100 | 1.2999 | 1.4128 | 1.5210

STU (p = —2) 0.3529 | 0.6082 | 0.7945 | 0.8039 | 0.9185

GP(p=-2) 0.7774 | 0.8732 | 0.9845 | 1.0640 | 1.0947

indeed a kind of behaviour shared by all the “asymptotically unbiased”
estimators considered before, and it is essentially due to the high bias of

the Hill estimator in this region of p-values.

. For small values of p it has been difficult to find competitors to the Hill

estimator. However, with this class we are indeed able to overpass the Hill
estimator for large n, again through the use p. An illustration of this is

presented in Figure 7.

E MSE
0.1
H
0.05 - (=D
0
(-1
H
0
T T T T k 0 T T T T k
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 7: Generalized Pareto parent with (v, p) = (2, —2)

17



References

1]

[10]

Beirlant, J., Dierckx, G, Goegebeur, Y. and G. Matthys (1999). Tail index estima-

tion and an exponential regression model. Extremes 2:2, 177-200.

Caeiro, F. and M. I. Gomes (2002). A class of asymptotically unbiased semi-
parametric estimators of the tail index. Test 11:2, 345-364.

Feuerverger, A. and P. Hall (1999). Estimating a tail exponent by modelling de-
parture from a Pareto distribution. Ann. Statist. 27, 760-781.

Fraga Alves, M.I., Gomes, M.I. and L. de Haan (2003). A new class of semi-
parametric estimators of the second order parameter. Portugaliae Mathematica

60:1, 193-213.

Gomes, M.I., de Haan, L. and Peng, L. (2002a). Semi-parametric estimation of the
second order parameter — asymptotic and finite sample behaviour. Extremes 5:4,

387-414.

Gomes, M. I. and M. J. Martins (2001). Generalizations of the Hill estimator —
asymptotic versus finite sample behaviour. J. Statistical Planning and Inference

93, 161-180.

Gomes, M.I. and Martins, M.J. (2002a). Bias reduction and explicit efficient esti-
mation of the tail index. Notas e Comunicagoes C.E.A.U.L. 5/2002. To appear in

J. Statistical Planning and Inference.

Gomes, M. I. and M. J. Martins (2002b). “Asymptotically unbiased” estimators of
the tail index based on external estimation of the second order parameter. Fxtremes

5:1, 5-31.

Gomes, M. I., Martins, M. J. and M. Neves (2000b). Alternatives to a semi-
parametric estimator of parameters of rare events — the Jackknife methodology.

FExtremes 3:3, 207-229, 2001.

Gomes, M.I., Martins, M.J. and M. Neves (2002b). Generalized Jackknife semi-

parametric estimators of the tail index. Portugaliae Mathematica 59:4, 393-408.

18



[11] Gomes, M. I. and Oliveira, O. (2001). The bootstrap methodology in Statistical
Extremes — choice of the optimal sample fraction. Fxtremes 4:4, 331-358, 2002.

[12] Gray, H.L. and W.R. Schucany (1972). The Generalized Jackknife Statistic. Marcel
Dekker.

[13] Haan, L. de and L. Peng (1998). Comparison of tail index estimators. Statistica
Neerlandica 52, 60-70.

[14] Hill, B.M. (1975). A simple general approach to inference about the tail of a dis-
tribution. Ann. Statist. 3, 1163-1174.

19



