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Abstract. In this paper we are interested in the derivation of the asymptotic
distributional properties of a weighted log-excesses’ estimator of a positive tail index ~.
One of the main objectives of such an estimator is the accomodation of the dominant
component of asymptotic bias, together with the maintenance of the asymptotic
variance of the maximum likelihood estimator of -, under a strict Pareto model.
We shall here consider the external estimation not only of a “shape” second order
parameter p, but also of a “scale” second order parameter 3, being then able to decrease
the asymptotic variance of the final estimators under investigation, comparatively to
the one of the “asymptotically unbiased” estimators already available in the literature.
The “asymptotically unbiased” estimators herewith considered will also be studied for

finite samples, through Monte Carlo techniques, as well as applied to real data in the
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field of finance.
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1 Introduction and motivation for the new class of

estimators

Heavy-tailed models appear often in practice in fields like telecommunication
traffic, insurance and finance. A model F' is said to be heavy-tailed whenever
the tail function, 1 — F, is a regularly varying function with a negative index of
regular variation « = —1/7, i.e., for every z > 0,

1i 1-— F(ta:) _ [L'_l/’y,

im
t—oo 1 —F (t)
Then we are in the domain of attraction for maxima of an Eztreme Value dis-

tribution function (d.f.),
EVy(x) = exp(=(1+92)"Y7), 149220, v >0,

and we write F' € D, (EV,). The parameter v is the tail indez, one of the

primary parameters of extreme or even rare events.

In a context of heavy tails, and with the notation U(t) = FF—(1—-1/t), t > 1,
F(y) = inf{z : F(z) > y} the generalized inverse function of the underlying
model F', the first order parameter (or tail index) v may also appear, for every

x > 0, as the limiting value

5 = lim InU(tz) —InU(t)

t—00 Inz ’

i.e., with the usual notation RV, for the class of regularly varying functions with

index of regularly variation c«,

FeD,(EV,) (y>0) iff 1-FeRV. ., iff UeRV, (1.1)



The second order parameter p (< 0) is the non-positive value which appears

in the limiting relation

— — P —
o IO() DU 3z _ a2 -1 (12
t—00 A(t) P

which we assume to hold for every x > 0, and where |A(t)| is then of regular

variation with index p (Geluk and de Haan, 1987).

For intermediate k, i.e., a sequence of integers k = k,, between 1 and n such

that
k=ky,— oo, kp=o0(n), asn— oo, (1.3)
let us consider the log-excesses,

\%

=Xy i —In X g, 1<i<Ek<n, (1.4)

where X;.,, denotes, as usual, the i-th ascending order statistic (0.s.), 1 <i <mn,

associated to a random sample (X7, Xo, -+, X},).

From the definition of the function U and from the fact that, denoting R a
uniform random variable (r.v.), F~(R) is ar.v. with d.f. F', we get the represen-
tation Xj., < U(Y;.n) where Y is a unit Paretor.v.,ie., F,.(y) =1 -y~ !, y > 1.
Indeed, 1 — 1/Y £ R. Since for j > i, Yjun/Yim % Yjin—i» Y < Ei,
where {E;} denotes a sequence of independent, standard exponential r.v.’s and
Yin—km ~ n/k, as n — oo, we may indeed write, whenever we are under the first

order framework in (1.1),
d d
V;-k =In U(Yn—i-l—l:n) —1In U(Yn—k:n) ~ In Yk—i—i—l:k =7 Ek—i+1:k7

ie., the V,,’s, 1 < ¢ < k, are, approximately, the £ o0.s.’s from an exponential

random sample with mean value . This argument justifies the well-known Hill



estimator (Hill, 1975):

E

e

1
H(k) = > I Xpitim —In Xy} =
=1

k
> Vi (1.5)
i=1

More specifically, under the second order framework in (1.2), we may say that

for intermediate k, i.e., whenever (1.3) holds true,

Y, -1
V, Ly Y+ % A(n/k) (1+0p(1)), (1.6)

[

where the o0p(1) term is uniform in 4, 1 < ¢ < k.

Let us write now

An/k) Y iy — 1
Yoo p InYe i1k

Vz‘k = yInYi i1k (1 + (1 + Op(l))>

P
An/k) Ye—iy1e !

= vye 7 PWV—ivik By i+ 0 (An/k)) .

It thus follows that

P _
A(n/k) Ye—iy1: "

V'ik —~ve 7 pPInYg i1k Ek—i—l—l:k = 0p (‘/zk -y Ek—i—l—l:k) . (17)

Note also that, for 1 < <k,

V0w —1 Gk P-1 B
oY i1 pln(i/k) Uy = V(i/k) =y, (p) [V = 1], (1.8)

with 1 a limited function (see Lemma 5.1).

The validity of (1.7), together with the approximation in (1.8), lead us to
expect to be able to get a less biased estimator of the tail index -y if we assume
that the random log-excess V, , in (1.4), comes from an exponential model with
mean value not equal to v, as it is done to support the estimator in (1.5), but

dependent on i (and k), and more specifically given by

Y =7 eAm/k) djik/’ya I<i<k



We shall herewith restrict ourselves to the case p < 0. We shall thus assume

that we are in Hall’s class of models (Hall, 1982; Hall and Welsh, 1985), with a

tail function

| () = (%>1/v <1+§(%>p/’7+0($p/7>>, as T — oo,

with C > 0, 6 # 0, p < 0. We may then choose A(t) = v ( t*, dependent on
the tail index =, the “scale” second order parameter § and the “shape” second
order parameter p.

Since we may write the approximation,

o B R by g __WRT o g
‘/ik; e k k—i+1:k> %k P hl(l/k) ) >0 >

the likelihood associated to the k log-excesses, V, ,1 < i < k, is proportional to

L¥(7, 0, p) = exp (—klnv—ﬁ( ) Zm— Z ~# (n/k)F ”) (1.9)

Should we know § and p, the maximization of £* would lead us to

¥ =WLEg ,(

??'I'—‘

k
S O Sy )
More generally, and for j > 0, we shall denote

k
A9 = %Z Wi =B /R by (1.10)

k
Loy v vm—ﬁ(%)”< S ! z><1+op<1>>
=1 =1

=: B]ij) -0 (—

k) BUY(1 4 0,(1)), (1.11)

where the op(1)-terms are also uniform in i, 1 <i < k.

It seems thus sensible to replace Hill’s estimator in (1.5) by a weighted com-

bination of the log-excesses, i.e., by

n—k:n

k
1 B (n/k)? ¥, Xn—i+1m
WLE; (k)= E LTI (4) : (1.12)



where with W LE we denote a Weighted Log-Excesses’ estimator, being B and p
any consistent estimators of the second order parameters 3 and p, respectively.

We use the obvious notation QZJ\M =—((i/k)™" = 1) / (p In(i/k)), 1 <i<k.

Remark 1.1. The class of estimators in (1.12), although a linear combination
of log-excesses, is not in the class of kernel’s estimators of Csirgd et al. (1985),
because the weights of the log-excesses are not functions of i and k through the
quotient {i/k}. It does not also belong to the more general class of Drees (1998),
now because the weights are dependent on the second order parameters’ estima-
tors B and p, which may use a larger number of order statistics than the number
k used in the estimation of the tail index . In Drees’s class of functionals, the
minimal asymptotic variance of an “asymptotically unbiased” estimator is given
by (v(1 — p)/p)* > 42, whereas, as we shall see later on, we are here able to ob-
tain estimators with an asymptotic variance equal to 72, the asymptotic variance

of the Hill estimator in (1.5).

Remark 1.2. If we work with the excesses over a high random threshold,
W, = Xn—ivin — Xn—km, 1 <1 < k, and in a similar way try to accomo-
date bias in these excesses, assuming that W, comes from a Generalized Pareto
model, with d.f. GPy, o(w) =1—(1+ aw) Yk w >0, vy = vy B/ i
Vi given in (1.8), 1 < ¢ < k, we arrive at the mazimum likelihood tail index

estimator,

k
1 ~ o~
(k) — =B(n/k)P; a w.
(k) = - Z.El e Fn(l+a W),

obviously dependent on the mazximum likelihood estimators Q, B and p of a, 3
and p, respectively. If we do not estimate o through maximum likelihood, but we
further think that for heavy tails, a possible estimator of the scale parameter o

in the GP model is {1/ X,—kn}, we come again to the estimator in (1.12).



Let us assume everything is known, apart from v. We may state the follow-

ing:

Theorem 1.1. Let us consider the r.v. WLE(k) = WLEg, ,(k), given by the
functional expression in (1.12) but with (B, ,5) replaced by (B, p). Under the
second order framework in (1.2), and for levels k such that (1.3) holds, the

asymptotic distributional representation,

WLE(k)= A £+ % Ni+ Ry, Ry = oy(A(n/k)), (1.13)

holds true, with N}, ~ Normal(0,1).

Consequently, vk (WLE(k) — ) is asymptotically normal with variance equal
to 42, and a null mean value not only when Vk A(n/k) — 0, but also when
VEk A(n/k) — X # 0, finite, asn — oo. We may even guarantee the asymptotic
normality of W LE(k) if we further consider levels k such that VkE A(n/k) — oo,
provided that 'k Ry, n_%o A, finite.

Remark 1.3. Theorem 1.1 provides thus a technical motivation for the estima-
tor in (1.12) when we assume that all the model parameters, but the tail index -y,
are known. If we estimate 3 and p consistently, using perhaps a number of top
order statistics larger than the one needed for the estimation of v at sub-optimal
levels, i.e., levels k such that vk Ry, — 0, being Ry, the remainder in (1.13), we
hope to be able to get also an asymptotic variance equal to 2, which is smaller
than the minimal asymptotic variance we have been able to reach so far with

“asymptotically unbiased” estimators of .

The main problems to be dealt with are then related to the estimation of
f and p in order to get WLEj ﬁ(k‘) in (1.12). Computationally, we shall pay
special attention to the external estimation of the second order parameters (3

and p. Such a decision is related to the discussion in Gomes and Martins (2002)



on the advantages of an external estimation of the second order parameter
p — or even their misspecification, as in Gomes et al. (2000) and Gomes
and Martins (2004) — versus an internal estimation at the same level k, as
done in Beirlant et al. (1999) and Feuerverger and Hall (1999). In section 2
we shall briefly review well-known estimators of the second order parameters
6 and p, providing additional information on the class of (§-estimators. We
also deal with an extra estimator of G based on the log-excesses, which is
asymptotically equivalent to the first one. In section 3, we derive the asymptotic
behaviour of the W L E—estimator in (1.12), estimating p externally and § both
internally and externally. In section 4, we shall exhibit the performance of
the W LE—estimator, comparatively to the classical Hill estimator and to one
of the “asymptotically unbiased” estimators proposed in Gomes and Martins
(2002), through the use of simulation techniques. We shall also consider a
case-study related to the exchange rate of the Euro against the UK Pound,
in order to illustrate the behaviour of this new estimator. Finally, in section

5, we shall provide an appendix, with the proofs of the main results in the paper.

2 The second order parameters’ estimators

2.1 The estimation of p

We shall first address the estimation of p. We have nowadays easy access to
classes of p-estimators which work well both theoretically and in practice, like
the ones introduced in Gomes et al. (2002) and Fraga Alves et al. (2003). The
estimators of p to be considered in this study are particular members of the
class of estimators proposed by Fraga Alves et al. (2003), where an heuristic
non-optimal choice of the threshold seems to provide interesting results for a
large set of models. Under adequate general conditions, such a class provides

semi-parametric asymptotically normal estimators of p < 0, which show highly



stable sample paths as functions of k, the number of top o0.s.’s used, for a
wide range of large k-values. Such a class of estimators is parameterised in a
tuning parameter 7, but we shall consider only, in the simulations, the statistics
associated to 7 = 0 and to 7 = 1, usually preferable whenever |p| < 1 and

|p| > 1, respectively. Let us consider the statistics

In (Mff) (k)) ~1n (M,‘f)(k)/z)
lin (M,(f) (k;)/Q) 1 (M,(f’)(k)/ﬁ)
T (k) = / (2.1)

(MPOw) - (MPwy)”
f
(u@a2) - (uPae) " -0

if 7=0

where

MU)(/@):le: I Anzitln : i>1 MY =Hin (15
§ hl{ ez M0 = Hin 1)
The statistics in (2.1) converge towards 3(1—p)/(3—p) for every 7 > 0, whenever
the second order condition (1.2) holds, k is such that (1.3) holds and, as n — oo,

Vk A(n/k) — co. We may thus get a class of consistent estimators for p,

3 (T (k) -1
p(k) = o) (k) := — <m )- (22)
T (k) - 3

The theoretical and simulated results in Fraga Alves et al. (2003) led us to
consider the p-estimators associated to a high level k1, already used with success

in Gomes and Martins (2002) to estimate the tail index . Such a level kq, given

by

2n
= mi -1, | — 2.
k1 = min (n , [lnlnn]> , (2.3)

where [z]| denotes, as usual, the integer part of z, has not been chosen in any op-
timal way, but works well in practice. We shall thus work with the p-estimators,
_ 3@t -1

: i=0,1, (2.4)
T (ky) — 3




with Tﬁi)(k:) and ki given in (2.1) and (2.3), respectively. To denote generally
any of the estimators p;, i = 0,1, or more generally any of the estimators in

(2.2) computed at the level kj in (2.3), we shall often use the notation p.

Remark 2.1. Note that p(k) in (2.2) is consistent for the estimation of p
whenever k is intermediate and vk A(n/k) — oo. Moreover, it is possible
to prove (Fraga Alves et al., 2003) that p(k) — p = O, (1/ <\/E A(n/k)))
Consequently, with p; given in (2.4), p; — p = O, (1/ (V1 Aln/k1))) =
Op ((In, n)(1*2p)/2/\/ﬁ), i = 0,1, with the obvious notation In, n = Inlnn.

2.2 The estimation of § based on the scaled log-spacings

In the computational study in this paper, we have considered the estimator of

[ obtained in Gomes and Martins (2002), and based on the scaled log-spacings
Ui = z{ln aniJrl:n —1In ani:n}a 1 § ) S k. (25)

Such an estimator is given by

e (L) (507)(150)- (1507 )

By (k;p) ==

In Gomes and Martins (2002) has been derived, under the second order
framework, the asymptotic behaviour of BU(k'; p). We shall here summarize the
results therewith presented, together with further results on BU(k:; p), p any of
the estimators in (2.2) computed at the level k1 in (2.3), as well as on BU (k; p(k)).

Theorem 2.1. If the second order condition (1.2) holds, with A(t) =~ (8 t°,

p <0, if pis a consistent estimator of p, if k =k, is a sequence of intermediate

10



positive integers, i.e. (1.3) holds, and if Vk A(n/k) — oo, then BU(k‘,ﬁ) n
n—oo
(2.6) converges in probability towards 3, as n — oo. Moreover,

5 (1. 4 7By v v vo_

where BZ ~ Normal(0,1) and
o _ 1Bl =p)Vv1-2p

o
By Ip|

(2.8)

The distributional representation (2.7) remains true if we replace BU (k,p)
by BU(k;ﬁ), with p any of the estimators in (2.2) computed at the level ky in
(2.3). If VE A(n/k) RY — X, finite, we may further guarantee the asymptotic
normality of BU(k; D).

If we consider BU (k,p(k)), then

~

By (k,p(k)) = B ~ =B In(n/k) (p(k) —p). (2.9)

Remark 2.2. As shown in Gomes and Martins (2002), under the second order

framework in (1.2), and for levels k such that (1.3) holds,

1 k i a—1 47 ’YZ]ga) A(n/kj)
E;(%) U = E+< (2a_1)k+ P (1+0,(1)),

with
() T i\ 1
Zy ' =+/Ra—-1) k| = - E;,—— >1 2.1
denoting {E;} again independent, unit exponential r.v.’s. Since the denominator

of EU(k:;ﬁ), in (2.6), converges towards {—y p*/ ((1 — p)*(1 —2p))}, we may

write

Bo(kip) & _PU=p 0 =2p) (L (Z,(j) 7 )

2 ARy \VE\I-p VI-2
o2 A(n/k)

T ) (o)

11



and, if Vk A(n/k) — oo, we have

R Z(l) Z(l_ﬂ)
By(kip) L 15 ( b _ K >+0p(1)-

+
VE A(n/k) \1—-p VI=2p
Hence, since the asymptotic covariance between Z](cl) and Z,glfp) 18
VI=2p/(1 — p), we may choose BY in (2.7) as

1 1—
B - (1—0)\/1—2P(Z£) 2" )

1d

1—p V1—-2p

with Z,ga) given in (2.10).

Remark 2.3. For i = 0, 1, let us denote @1 = BU (k1, pi), with p; given
in (24). From (2.9), we get By — f = Op (In(n/k1)/ (Vi A(n/k1))) =
O, (In, n (In, n)3=20/2/\/n), again with the notation In,n = Inlnn and In, n =

Inlnlnn.

2.3 A first simulation experiment

We have here implemented a simulation experiment, with 1000 runs, for an
underlying Burr parent, F(x) = 1 — (1 —|—:U_p/7)1/p, xz > 0, with p = —0.5
and v = 1. For these Burr models, 3 = v for any p. We have estimated (3
through BU(k; Po), computed at the level k used for the estimation of the tail
index, as well as computed at the level k; = min(n — 1,[2n/Inlnn]) in (2.3),
the one used for the estimator py in (2.4), and again not chosen in any optimal
way. We use the notation 301 = EU (k1;p0). The estimates of 5 and p have
k; o), 7o) and

WLE; (k). The simulations show that the tail index estimator WLE;
01, PO Bo1, po

been incorporated in the W LFE-estimator, leading to WLEE (
U

seems to work reasonably well, as illustrated in Figure 1.
The discrepancy between the behaviour of the estimator WLE Bov. 7o (k) and
the r.v. WLEg3 ,(k) suggests that some improvement in the estimation of sec-

ond order parameters may be still welcome, but the behaviour of the mean

12
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Figure 1: Mean values and Mean Squared errors of the estimators under study for samples of size

n = 1000, from a Burr parent with vy =1 and p = —0.5 (8 =1).

squared error of the W LE—estimator is rather interesting: the new estimator,
VVLEB01 ﬁo(k)’ is better than the Hill estimator not only when both are con-
sidered at their optimal levels, but also for every sub-optimal level k, and this

contrarily to what happens with W LFE (k:), as we may also see in this

ﬁU (k PO)
same figure.

2.4 Estimation of 3 based on the log-excesses

Since our tail index estimator is a linear combination of the log-excesses, we
thought it would be sensible to consider here an approach for the estimation of

3, based now on the log-excesses, V,,, 1 <i <k, in (1.4).

Let us introduce the notations:

1 k
=1

with 1 given in (1.8),

w|>—‘

k
Z (i/k), 1 <i<k, (2.11)

?r‘lH
el

k u -1
Dowifk), 1<i <k, ¢f(u) = ———.  (212)
=1

13



Remark 2.4. The following limiting relations hold true:

1 (tar-1 In(1 —
lim s, = ——/ : iy = —m=p) (2.13)
k— 00 pJo Inz p
and
R B 1
lim s; = — [ (77 —=1)doe = ——. (2.14)
k=00 P Jo L—p

The derivative of the log-likelihood (1.9) in order to 3 leads to the maximum

likelihood equation

k
kamve n/kﬂm_%z -

But this equation does not lead to consistent estimators of 3, because as we shall
see later on, in Remark 5.1, the first member, equal to A,(Cl) — v S, with A,(Cl)
and s given in (1.10) and (2.11), respectively, converges, as k — oo, towards
v(1/(1 —=p)+1In(1 —p)/p) # 0. In order to get convergence towards 0 we shall

replace, in the second sum, ;5 by

Vi = P (i/k) = —Yix hl(i/k):(i/k)%, 1<i<k.

The “quasi-maximum likelihood” (-estimator is thus solution of the implicit

equation,
<1§: e /) sy ) <1§: ?«) (lzk: o8 /R D v )
ke L= Tk k 4 i
= AW — 5 AV —0. (2.15)

If we use a first order approximation for e = 1+ x, as x — 0, we come to the

explicit B-estimator:

B, = (-



quite similar to the estimator in (2.6), but with U; replaced by V,, and (i/k)~"

replaced by v, .

With the obvious notation for El(j ) and 55, J >0, with B,(Cj ) and sy given in
(1.11) and (2.12), respectively, we may write:
s (Y GBY B
\% 7p - n El(gl) A(2) 9
and we may further state the following result, similar to Theorem 2.1, but now

related to the (-estimator herewith considered:

Theorem 2.2. If the second order condition (1.2) holds, with A(t) =~ (8 t°,

p <0, if pis any consistent estimator of p, if k = ky, is a sequence of intermedi-

ate integers, i.c., (1.3) holds, and if we further have lim vk A(n/k) = oo, then
n—oo

o~

B, (k;p) in (2.16) converges in probability towards (3, as n — co. We may write

By (ko) L5+ m By + Ry, with Ry =oy(1), (2.17)

where B,: X Normal(0,1), being

T T T (@ —ay)
with
1 In(1 —2p) —2In(1 — p)
_ _ 2.1
ay 1_— pa as pQ ( 9)
and
2 uP—-—1vP-1\1—-w
2 —_
o] = p // ( T o > ” du dv. (2.20)
0<u<wv<l1

The distributional representation (2.17) remains true if we replace Bv(k,,o) by
3‘/ (k; p), with p any of the estimators in (2.2) computed at the level ky in (2.3). If
VE A(n/k) RY — )\, finite, we may further guarantee the asymptotic normality
of By (ks p).

15



Again, if we consider Bv (k, p(k)),
B, (k,p(k)) — B~ =B In(n/k) (p(k) —p), asn— oo, (2.21)

i.e., the rate of convergence of BV (k,p(k)) towards (B is of the order of

n(n/k)/ (VE A(n/k)).

Remark 2.5. Note that the result in Remark 2.3 holds true if we replace BU by
BV. For the difference between o in (2.8) and o5, (2.18) see Figure 2 in
Remark 3.3.

3 Asymptotic behaviour of the tail index estimator

3.1 The Weighted Log Excesses’ estimator and the external es-

timation of 7 and p

If we estimate 8 externally, in an adequate way and at a larger level than the
level k on which we are going to base the estimation of the tail index v, we may
be able to keep the asymptotic variance of the final tail index estimator equal
to the asymptotic variance of Hill’s estimator. Indeed, as a consequence of

Theorem 1.1, the use of Cramer’s delta-method enables us to state the following;:

Theorem 3.1. Under the conditions of Theorem 1.1, the same distribu-
tional representation (1.13) holds true if we consider the tail index estima-
tor WLEB, ﬁ(k‘) for any consistent estimators B and p of B and p, respec-
tively, such that both {B — B} and (p— p)In(n/k) are simulataneously op(1)
and 0,(1/(Vk A(n/k))), for the k-values on which we base the estimation of the
tail index . These conditions for p and B hold true if we consider levels k such
that Vk A% (n/k) — X\, finite, and the estimators in (2.2) and (2.6) [or (2.16)],
respectively, both computed at the level ki in (2.3).

16



Remark 3.1. We think that this is a remarkable result from a practical point
of view, because we are able to reduce the dominant component of bias, without
increasing the asymptotic variance. We may thus expect to obtain, for the new
estimator, a mean squared error smaller than that of the Hill estimator for every
level k, either sub-optimal or optimal. We have thus been able to overpass the

old trade-off between variance and bias.

Remark 3.2. Note also that the levels k such that vk A(n/k) — X, finite, are
sub-optimal for this estimator. To go further to the optimal level associated to
this estimator, we should go into a third order framework, like the one considered
in Gomes and de Haan (1999), Gomes et al. (2002) and Fraga Alves et al. (2003),
considering levels k such that vk A(n/k) — oo, as n — oo.

3.2 The joint estimation of v and ( at the same level

The following result follows straightforwardly from Theorems 1.1, 2.1 and 2.2:
Theorem 3.2. If the second order condition (1.2) holds, with A(t) = ~ (8 t°,
p <0, if k =k, is a sequence of intermediate integers, i.e., (1.3) holds, and if

p is any of the estimators in (2.2) computed at the level ki in (2.3),

d y1—-p) v
WLE, ws p, o8 =7+ gk Br + op(Aln/R) (3.1)
and
WLE (k) Loy QYOOI B 20002 v (3.2)
3 5). 5 = 0] n , .
By (k; p), p v (a2 — az) NG k P
where Bg and BX are asymptotically standard mormal T.v.’s. Hence,

Vk (WLEB (k; ) ﬁ(k) — 7) are both asymptotically normal with a null mean

value whenever Vk A(n/k) — A, finite, non-necessarily null. The asymptotic

standard deviations of WLEEU k: D), ﬁ(k‘) and WLEEV *k: P, ﬁ(k:) are thus ruled
by
wiee 7y (1—p)
Ty p) = ) (3.3)
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and

wLe Y Vaio? + a3 — 2a3ay
03 k: B) 2 ’
6\/( ; D) ay — a2

(3.4)

respectively, with (a1,az) and o? given in (2.19) and (2.20), respectively.

Remark 3.3. If we compare Theorem 3.1 and Theorem 3.2 we see that the
estimation of v and (B at the same level k induces an increase in the asymp-
totic variance of our final ~y-estimator of factors given by ((1—p)/p)? or
(a20? + a2 — 2a2az)/(a? — a2)?, both greater than 1, according as we base our es-
timation of B on the scaled log-spacings U; or on the log-excesses Vi, respectively.
In Figure 2 we provide both a picture and some values of UBU/(ﬂ’y), O'BV/(,B’)/),
d

WLE LE WLE

w . .
UEU(R; ﬁ)/fy and Uﬁv(k; ﬁ)/fy, as a function of |p|, with 95,5 95, GBU(k; 5 an

WLE . . .
o~ . _ givenin (2.8), (2.18), (3.3) and (3.4), respectively.
By (k; p)
5
WLE WE | 0. (.
o Iol%,0 %a0| & Y94
By
4 0.1 11.00 12.04| 12.05 13.20
v 0.2| 6.00 6.24| 7.10 7.40
0.3| 4.33 4.44| 5.48 5.63
e 0.4 350 3.57| 470 4.80
I3, 0.5| 3.00 3.05| 4.24 4.32
aﬁUWL(Ek) 1.0 2.00 2.04| 3.46 3.55
________________________________________________ 1.5/ 1.67 1.70| 3.33 3.44
2.0 1.50 1.54| 3.35 3.50
2.5| 1.40 1.44| 3.43 3.62
0 T
0 0.5 1 1.5 2 | 2.5
Pl

Figure 2: “Rulers” of the asymptotic standard deviations of BU (k; p), Bv (k; p), WLEE ks p) p
v (ks p),
and WLEBV s p), p? fory=p8=1.

Notice that there is only a very slight difference between the asymptotic vari-
ances of BU (k; p), based on the scaled log-spacings, and ﬁv (k; p), based on the
log-excesses, but such a difference is not at all relevant in practice, and the two

estimators provide practically the same results when incorporated in the estima-
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tion of the tail index ~v. Due to the slightly smaller asymptotic variances asso-
ciated to the use of the scaled log-spacings U;, we shall use, in the simulations,

such an estimator of [3.

4 Simulated behaviour of the estimators and an ap-

plication to real data

4.1 The simulation experiment

In Figures 3 and 4 we present the mean value and the mean squared error
patterns of the W L E-estimator for two typical heavy-tailed distributions, the
Fréchet d.f., F(x) = exp (—3:_1/7) , * > 0 and the Burr d.f., respectively, both

with v and |p| equal to 1.

1.5 E[] 0.02 MSE[]

H H

WLE )
1.0 - 0.01

B fov.0)
WLE, .
0.5 ; : : : k 0.00 ‘ (B,‘p) ‘\M_E(‘“"b“) k
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 3: Mean values and Mean Squared errors of the estimator under study for a sample size

n = 1000, from a standard Fréchet parent with v =1 (8 =0.5, p = —1).

The interesting pattern we have got before appears here as well. As said
before, we think that the most important feature of this estimator lies on the
fact that its mean squared error is smaller than the mean squared error of the

Hill estimator for all values of k. For values of |p| > 1, illustrated here in Figure
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E[*] MSE[]

2.0 0.05
H
H 0.04 -
1.5 -
0.03 -
WLE s
( WLE(5 )
0.02 -
1.0
WLE/; .
(Bov. o) 0.01
E: .
0.5 ; ; ; ; k 0.00 ‘ ‘ ‘ (ﬁoyﬁo) K
0 200 400 600 800 1000 0 200 400 600 800 1000

F igure 4: Mean values and Mean Squared errors of the estimator under study for a sample size

n = 1000, from a Burr parent v =1 and p = —1 (8 =1).

5, with a Burr parent with (v, p) = (1, —2) such a nice feature disappears when

we use pp, but it is kept if we use p; instead.

E[] MSE[*]
1.5 0.03
0.02
1.0
0.01
0.5 : ‘ ‘ : k 0.00 k
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 9: Mean values and Mean Squared errors of the estimator under study for a sample size

n = 1000, from a Burr parent with vy =1 and p= -2 (8= 1).

The simulation performed for other models enables us to say that it is always
safe to use the new estimator VVLEE01 5 whenever we are in Hall’s class of
models and the Hill estimator clearly exhibits a reasonably high bias, either

positive or negative, — and this means that we are for sure in a region of p-

values such that [p| < 1. If |p| > 1 we shall then use WLE; - Anyway, to
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achieve the M SE pattern of the r.v. WLEg ,, further work on the estimation
of the second order parameters, or more generally of the bias’ function still needs

to be developed.

4.2 An illustration

We shall herewith consider an illustration of the performance of the above
mentioned class of estimators, through the analysis of the FEuro-UK Pound
daily exchange rates from January 4, 1999 till December 15, 2003. In Figure 5,
working with the ng = 593 positive log-returns, we present the sample path of
the ﬁ£f) estimates in (2.2) (left), as function of k, for 7 = 0 and 7 = 1, together
with the sample paths of the classical Hill estimator, H, and of WLEﬁm, 5o
(right).

2.00
1.50
H
1.00 -
0.50 1 E. .
Bor.Po
i y=0.3
0.00 ; ; — Kk
0 200 400 600

Figure 6: Estimates of the second order parameter p (left) and of the tail index  (right) for the
Daily Log-Returns on the Euro-UK Pound.

The sample paths of the p-estimates associated to 7 = 0 and 7 = 1 lead
us to choose, on the basis of any stability criterion for large k, the estimate
associated to 7 = 0. From previous experience with this type of estimates,
we conclude that the underlying p-value is larger or equal to —1, and the
consideration of 7 = 0 is then advisable. The estimate of p is in this case

po = —0.66. We further get Bo =1.03.
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Regarding the tail index estimation, note that the Hill estimator exhibits a
relevant positive bias, as may be seen from Figure 5 (right). The other estimator,

WLE-

Bon ﬁo(k)’ which is “asymptotically unbiased”, reveals without doubt a

smaller bias, and, in an easier way, enables us to take a decision upon the
estimate of v to be used, with the help of any stability criterion. Indeed, for any
level k, any estimate considered on the basis of WLEBm, ﬁo(k) performs for sure
better than the estimate based on H (k). In Figure 6, we represent the estimate
~4 = 0.3, the median of the WLE; ﬁo(k) estimates, for thresholds k& between
[n_QﬁO/(l_QﬁO)] /4 =9 and [4 X n_zﬁo/(l_Qﬁo)] = 150. It is worth noticing that
in Gomes et al. (2003), the use of a Best Linear Unbiased Estimator and an
heuristic stablity criterion led us also to an estimate 5 = 0.3. We have there
used the following rule: given a set of tail index estimates J(k), 1 < k < n,
based on the observed sample of size n, consider those estimates with a small

number 7 of decimal figures, and denote them 7, (k).

1. For any possible value a in the domain of 7, (k), consider the largest run
associated with a, i.e., R(a), the maximum number of consecutive k values

such that 7, (k) = a;
2. Consider as a data-driven estimate of the tail index, ¥ = argmax R(a).
a

Here, if we consider the tail index estimates WLEB% 5o (k) with one decimal
figure, the largest run is also associated to the value 0.3. Such a largest run has
a size equal to 131 (49 < k < 189). If we began counting the run from the first
time the value a appears, even if after that we get some values smaller than a,

we get a run of size 177 (13 < k < 189).

5 Appendix

5.1 Proof of Theorem 1.1

We shall base the proof of Theorem 1.1 on the following lemmas:
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Lemma 5.1. For every p < 0, ¢¥(u) = —(u”—1)/(plnu), in (1.8), is a

limited increasing function in u € [0,1], assuming values in [0,1]. Moreover,

Y*(u) = —lnu ¢Y(u), in (2.12), is decreasing in u € [0, 1], assuming values in
[07_1/p]'

Proof. From the definition of ¢ in (1.8), ¢¥(u) = —(u™” — 1)/(plnu),
dp(u)/du = (1 —u™+u"Plnu"?)/(—p uln?u). From the inequality,

(u?—=1)/uP<lnu” 0<u<1 weget d(u)/du > 0. We have trivially
¥(0) = 0 and ¥(1) = ilinlp u P (pul) = iliri u™” = 1. On the other side,
since ¥*(u) = (u™? —1)/p, dip*(u)/du = —u=P"1 < 0,if 0 < u < 1, and
P (0) = =1/p, ¥*(1) = 0.

O

Lemma 5.2. For integer values j, let us consider

. 15
B = 2 0 B, §20, (5.1)
i=1
and
k p

. 1 oYy =1

Q=g vl 2, (5.2)

i=1
with ¢ given in (1.8), being {E;} and {Y;} sequences of i.i.d. standard exponen-
tial and Pareto r.v.’s, respectively. Denoting E the mean value operator, both

E <P]§j)> and E <Q§€j)) converge towards

O ey
P o Inf 7l

1
aj == dv = —/0 Y (v) Inv dv < o0, j>1, (5.3)

with ag = E(P,go)> = 1. For the particular cases j = 1,2, a1 and a2 are
explicitly given in (2.19). Moreover, for j >0,

O'JQ- = lim k Var (P,E,j)>

n—oo

2 w P —1vP-1\"1—-v
_ 2 —1]. (54
7 / / ( na oo > ” du dv < oo [og=1]. (5.4)

0<u<wv<1
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Consequently, for j > 0, P,Ej) in (5.1) converges in probability towards a;, as
k — oo, with aj, j > 1, given in (5.3), agp = 1.

Also

k Cov (P,g‘)),P;”) ~ay=1/(1-p). (5.5)

Proof. For j = 0, the law of large numbers enables us to guarantee immedi-
ately that P}go) = % i FE; converges in probability towards [E (P,go)> =1=:ag.
For 7 > 1, the u;? of Rényi’s representation of exponential o.s.’s as lin-
ear combinations of independent standard exponential r.v.’s (Rényi, 1953),

(]
Ein= > Ej/(n—j+1),1<i<n, enables us to write

7j=1
k k k

§ U B (Bii) = DL B (Z 5)
: g A

1< 1N 1

- (i)

r=i
r=i

as given in (5.3). Note that, from Lemma 5.1, [¢)| < 1, and consequently,
0<a; <a; =1/(1-p), for any j > 1, being thus finite. Since
L
Cov (Ep—it1:k Ex—rs1:6) = Var (Ey_max(ir)+1:%) = Z >

S
s=max(i,r)

EVar (PO) = 2 S 0 Var (B i)
1<i<r<k
2 Ll LA
P~ 2 P (u) Y (v) (1—_1)) du dv
o 0<u<v<l1
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Again from Lemma 5.1, for every p, sz(p) is non-increasing in j and bounded
by 0(2) =k Var (P,EO)> = 1, being consequently finite. Since E (Péj)> — a; and
Var (Plij )) — 0, as k — oo, P,gj ) converges in probability towards a;, for every

7 > 0. We also have

k Kk
0) (1 1
k Cov (P,g ) P )) = EZJZ »Cov (Bp—is 1k, Ep—jtr:k)
L[k Eoq ki1 ko
= AU St D )
i=1 j=i s=j =1 j=1 5=t
[ j kg k—1 koo _]
-k Z%Z 25_2 +2_ Vi Z )
j=1 i=1 s=j 7j=1 s=j+1
[ k j k—1 s ]
RS SIS SERD S S
7j=1 s=j 7=1 s=j+1
1 1q
— / w(u)du/ —dv=a; =1/(1 - p),
k—o0 0 u U
and (5.5) follows. O

Proof. (Theorem 1.1). As seen before in (1.6),

Y/ . -1
d —i+1:
Vie =7 Briprir + % A(n/k) (14 0p(1)),
with the op(1) uniform in 4, 1 <14 < k. Also,
n\»r n\~r
exp (=5 (7) 0u) =1-8(3) vu 0 +001),

with the o(1)-term again uniform in i, 1 < i < k. We may then write

WLE(k) = _Z *Bn/k)”wzkv

k
= 5 Z -8(3) (%Zwik V) (1+0,(1).
i=1

v%m+mwm(ﬁﬁﬁf0u+%mx

I~
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with P,gj) and Qg) given in (5.1) and (5.2), respectively. The law of large
numbers enable us to guarantee that Q,E}) converges in probability towards
E((Y?—-1)/p) = 1/(1 — p) = a1, and from Lemma 5.2, P,gl) converges also

) and Q,(Cl) converge in probability to-

in probability towards a;. Since both P,gl
wards a; = 1/(1—p), (1.13) as well as the remaining of the theorem follow, with
N, = Vk (P,EO) - 1), i.e., the usual dominant component of bias, which is for
the classical estimators of the tail index of the order of A(n/k), is now of smaller

order. O

5.2 Proof of theorems in Section 2

Proof. (Theorem 2.1). Consistency of BU(k:, p), with p any consistent estimator
of p, together with the result in (2.7) have been proved in Gomes and Martins

(2002). Next, note that

%Bu(k;ﬂ) = —BU(k;p) In? (n/k)(1 +0,(1)), 7 >1,

and, provided that (p — p)In(n/k) = 0,(1),

By (k; 9) = By (ks p) — By, (K3 p) In(n/k) (B = p) (1 + 0p(1)).
Consequently, (2.7) holds true, with p replaced by p. If p is any of the estimators
in (2.2) computed at the level k1 in (2.3), p— p = O, ((Inln n)(1*2p)/2/\/ﬁ), as
noticed in Remark 2.1, and consequently (p — p) In(n/k) = opy(1).

The result related to ﬁU (k, p(k)) comes from the fact that, since
dBU(ka p)/dp = —ln(n/k) //B\U(ka p)v

~

By (k, p(k)) = 6 =5 (p(k) — p) In(n/k)(1+ 0p(1)),

and (2.9) follows. O

Before the proof of Theorem 2.2, we first state a lemma, proved in Chernoff

et al. (1967):
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k
Lemma 5.3. (Chernoff et al., 1967). Let Zy, = > o (Er — 1) /k. Let vy =
r=1

[k
+ > a2, =k Var(Zy). Then VE Zy, /v %, Normal (0,1) if and only if
r=1 n—00

max |a,i| =o <\/E vk>, as k — oo.
1<r<k

We shall next prove the following lemmas:

Lemma 5.4. For any j > 0, and with P,gj), a; and 0'32- given in (5.1), (5.3) and

(5.4), respectively,

PV = V& (P,Ej) ~E (P,gj))) Jo; & Normal(0,1). (5.6)

Proof. We may write,

k k k r
Py = %Zd}kak—i—&-l:k Z%/) Z — = %Z <% ZWk) E
=1 = r=1 =1
N o liam (B, — 1) + lza(j)
"k — rk T k — rk T k —~ rk

Since a Z @I Jr, with ¢, = (i/k), ¢(u) increasing in u € [0,1], and

varying between 0 and 1, we have

- J
o )__ xr -1
O‘ki kz zkk_>oo/0 (—plnx da < co.

Also, v,(g) = \/k Var( (j)> = \/k: Var (P,gj)) — 0j(p), finite and given in

ald)

max ok

1<r<k

(5.4). From Lemma 5.3, vk Z /v is asymptotically standard normal, and
consequently vk Z,C / oi(p) and Vk (P,gj )_E (P,gj ))> /oi(p) are also asymp-

totically standard normal, as k — oo. O
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Lemma 5.5. For every j > 1, and with 1(u) given in (1.8), the function
oj(u) == —Inu P (u), 0 < u < 1, is bounded, 0 < ;(u) < —1/p, 0 < u < 1,

with a unique mazimum at ko € (0, 1), being ¢;(0) = p;(1) = 0.

Proof. From Lemma 5.1, || < 1, and consequently ¢; is non-increasing in
j, and bounded by ¢1(u) = ¥*(u) < —1/p, for every u € [0,1]. Let us
think on the function g(u) = —p ¢;(u"/?) = —Inu((u—1)/Inu)’, with
the same type of behaviour of ¢;(u) for 0 < w < 1. We easily get
g(w)=—((u—1)/Inu)’ " (julnu—(j—1)(u—1)) /(ulnu) = 0 if and only if
julnu—(j—1)(u—1) =0,0 < u < 1. Equivalently, with ¢ = 1/u, we get
Int = (jj;l> (t—1),t> 1. For j > 1, this equation has a unique solution, and
the result follows. O
(4)

Lemma 5.6. For any integer j > 0, and with P’ a; and 0'? given in (5.1),

(5.3) and (5.4), respectively,

B (0 )iy % et G

Proof. From Lemma 5.4, vk (P]Ej) —E <P]§j))) Joj ~ Normal(0,1). It is thus

enough showing that

) . S 1
E<P3>—a‘:—§ J E ——/ ~vdv:0<—>,
k J k pa w—bk — r 0 90]( ) \/E
where ¢;(v) := —Inv ¢ (v) was studied in Lemma 5.1 and in Lemma 5.5, for

j=1and j > 1, respectively. Note that

k kfll 1 k 1 1
- < -1 k) < - - < - +1 k)<=
D GEmemSY L e pEdamGmsr

and consequently, since E (P,g”) — 3 0 (i/k) = 2 2 ¥, [Z 1+ %],
~ : .

1kj ) Ly : 1k¢ik 1en1
@;m < E (P )—E;%(z/zf) <yt Iyl
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Hence

consequently,
k 1 = L&
chpl i/k) < / p1(v) dv < EZgol(z/k) = EZ 01(i/k) —
=0 =1
ie.,

1 1 1
< dv — — k) < ——.
0< [awa PRl <

For any integer j > 1, and as seen in Lema 5.5, 0 < ¢;(u) < —1/p, ¢;(0) =
¢;(1) = 0, first increasing on [0, so] and next decreasing on [sg, 1]. For each k,
define ko € [1, k] such that ko/k < so < (ko + 1)/k. Then

ko k

1 k—1
% > eili/k)+ D ;(i/k) S/O @j(v) dv < % (Z <Pj(¢/’f)+<ﬂj(80)>-
=0 i=ko+2 i=1
Hence,
1 k 1 1 k
- (Zl wj(i/k) — @j(SO)) < /0 @j(v) dv < z (Zl @;(i/k) —|—g0j(so)> .

and consequently,

k 1
F 60— [ e d

Then, for any j > 1,

() 1+Ink 1
E(R) —a| < -5

Consequently, for any € > 0, k=€ (]E (P,gj )) — aj) — 0, and the lemma follows.
O

Lemma 5.7. For j > 0, and for B,(cj) in (1.11),
) d
B £y e+ P a0 AR+ 0p(1),
with aj, o; and F,(cj) given in (5.3), (5.4) and (5.7), respectively.

29



Proof. We have for j > 0,

G o4y Ll ( p+1k 1)
Bkj = EZ - Ep_iv1x + A(n/k) %Z - (14 0p(1))
=1 =1
d
£ oyt P g A K1+ op(1).
0
Proof. (Theorem 2.2). Notice that
Bokip) v siB”-BY
B A(n/k) g BtV _ i’

with B](Cj) given in (1.11). Noticing that a; = 1/(1 — p) is the limiting value of

sy, as n — 0o, and assuming p known, we have

A(n/k) By (kip) 4 @ B (1+0(1)) - BV

v B a BV (1+0(1)) — BY
I (P = o P) + (3 = az) A(n/k) + 0, (A(n/R))
7(af — az) (1 + 0p(1) ’

S

and consequently,

3 (0 »1)
Bv(k;p) d Y (:L1Pk —0'1Pk % . v
=1+ + Ry, with R, =o,(1),
g8 vk A(n/k) 2 oo e = o)

Le., BV (k; p) converges in probability towards (3, provided that vk A(n/k) — oo,
as n — o0o. The same result is true if we replace p by p, any consistent estimator
of the second order parameter p.

Next, note that also here
d ~ ~
d—pﬁv(k;p) = =By (k; p) In(n/k)(1 + 0p(1)).

Consequently, (2.17), (2.21), as well as the remaining of the theorem follow, as

in the proof of Theorem 2.1. O
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Remark 5.1. Note that, more generally than Theorem 1.1, and with the same

notation as before, we may say that, for every j > 0,

; ; n\P o A(n/k j
AP = B -5 (1) B o) = Y - AU B0,
O;i —(i A(n/k
Lyt L2 P wagn /) - 2 (0 a0,
d Y 05 =5
L o+ PV 4 o, (A(n/k)).

5.3 Proof of theorems in Section 3

Proof. (Theorem 3.1). Denoting W := W LE(k), it is enough noticing that

ow oW

ow
T = Or (A/R), oz = Oy (A(/R) o = Oy (Aln/K) In(n/K)
O*W O*W
256, = Or (AG/K In(n/8) . 2o = O (Aln/k) 2 (n )

Consequently, the use of the §-method, enables us to write

WLE; (k) = WLEg,(k) ~ (B~ B) x Op(A(n/k))

+(p = p) x Op (A(n/k) In(n/k)). (5.8)

If B and p are consistent for the estimation of § and p, respectively, and
(p—p) In(n/k) = op(1), the two terms in the second member of the previous re-
lation are o,(A(n/k)). In order to have no kind of modification in the asymptotic
variance of WLEg ,(k), we need to impose the two extra conditions in the the-
orem, i.e., {B— B} and (p — p)In(n/k) need both to be o, (1/ (\/E A(n/k:)))
If we consider the estimators 7 and 3 in (2.2) and (2.6) [or (2.16)], respectively,
computed at the level &y in (2.3), p—p = O, ((In, n)1=2°)/2/\/n), and we merely

need to guarantee that
VE A(n/k) In(n/k) x (p—p) == 0.

31



Such a result is obviously true if vk A(n/k) — A, finite, but we may even
have the same result if V& A(n/k) — oo. Indeed, if vk A(n/k) — oo, k is of
a larger order than n=2/(1=20). Then n/k < O (n¥/1=20)), In(n/k)/A(n/k) <

O (n_p/ (1=2p) 1py n), and consequently,

0< ‘ —0, (5.9)

n—oo

(p— p)In(n/k) 0 (Inlnn)1=20)/2 Inn
Anfk) | S 1/@(1-27))

i.e., Vk A(n/k) (p— p)In(n/k) — 0, as n — oo, provided that vk A%(n/k) — X,

finite, as assumed. O

Proof. (Theorem 3.2). Since (5.8) holds true with 3 replaced by BU (k), but
OWLEg, (k)08 = O, (A(n/k)) and B, (k) = 8 = Oy (1/ (VE A(n/k))), we
are going to get an extra term of the order of 1/v/k, which is going to modify
the asymptotic variance of our final tail index estimator. When we base the
estimation of 3 on the scaled log-spacings in (2.5), with the same notation as
before, and noticing that Ny = Z,gl), Z,ga) given in (2.10), the term of the order
of 1/Vk, in WLEBU ), ﬁ(k:), is going to be

1 1—
A (o 0=p0-20) (7 z
VE\F p? l—p VI=2p) )’

which may be written as

Y 1-p\* 0y (1—pVI—2p Z(1-p)
ﬁ((T)Zk_ 2 )

Since Z ]E,a) are asymptotically standard normal r.v.’s and the asymptotic variance
between Z,gl) and Z,gl*p) is given by /1 —2p/(1 — p), (3.1) follows. The result

in (3.2) follows in a similar way. O
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