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1 Introduction

The Fisher and Tippett theorem of extreme values (Fisher and Tippett, 1928) states that all possible
non-degenerate weak limit distributions of normalized partial maxima of independent, identically
distributed (i.i.d.) random variables (r.v.’s) Xj, Xo, -+, X, -+ are (generalized) extreme value
distributions. That is, if there are normalizing constants a,, > 0 and b,, such that, for all z,

lim P{a;l (max (X1, , Xp) — bp) <} = G(x), (1.1)

n—oo

where G is some non-degenerate distribution function (d.f.), we can redefine the constants in such

a way that the limit G is one of a one-parameter family of distributions,

xp (— z)~ Y T i
Gv(x)::{ep( (1 4~y2) Y1), T4yz >0 if y#0 12)

exp(—exp(—x)), z € R if v=0
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the (generalized) extreme value distributions, given here in the von Mises-Jenkinson form (von
Mises, 1928; Jenkinson, 1955). We say that the d.f. F' of the r.v.’s X, Xo,--- is in the domain of
attraction of G if (??) holds with G = G, and use the notation F' € D, (G,).

For the application of extreme value theory it is necessary to estimate the parameter v. Several
estimators for « have been proposed in the literature. We mention Hill’s estimator (Hill, 1975),
valid in the range v > 0, Pickand’s estimator (Pickands, 1975), the so-called “maximum likelihood”
or ML estimator (Smith, 1987), based on the approximate Paretian behaviour of the log-excesses
over a high random threshold and valid for v > —1/2, the probability weighted moment estimator
(Hosking and Wallis, 1987), valid for v < 1/2 and the moment estimator (Dekkers et al., 1989).

In order to develop a new estimator, consider a combination of Theorems 2.6.1 and 2.6.2 of de
Haan (1970): a d.f. F, with right endpoint

zF :=sup{t: F(t) <1} € (0, +o0],

is in the domain of attraction of the extreme value d.f. G, ie., (??7) holds with G = G, and

X1, X5, -+ have d.f. F, if and only if

A =F@) 7" [T (= F(x)a2dx dy 14~y if v>0
L, - 2 =e(M=9 1, . . (13)
v 2 (7" (1~ F(a)e2dr) Lo <0

Let X;, 1 <i<n,beniid. r.v.’swithdf FeD,, (G,), and let X;,, 1 <i <n, denote the
associated ascending order statistics. We can build a statistic starting from the left hand-side of

(??7), noticing that it can be written as

(1—-F@®) ' {[mEdF(x) - [F(1-L)dF(z)}] E(n(X/t)|X >t)—E(1—t/X|X >t)
{(A=F@)-L [ (1-1L)dF(z) }” - E?(1-t/X|X > 1) ’

and replacing F' and ¢ by the empirical d.f. F}, and a high random threshold X,,_;,, with k < n,

respectively. The result is
MY (k) — Ly (k)

on(k) == <Lg)(k))2 : (1.4)
where, we define for all j > 1,
LY (k) ._1Zk: 1_M ’ MW (k) ._1Zk: 1 Xnit1n ’
{CES < XnM’n) SRUUCES DS (n o ) TS



The statistic in (?7) is easily transformed into what we call the Mized Moment (M M) estimator

for the extreme value index v € R:

on(k) — 1
AMM () = MM (. x ] << 1) := Gl : 1.
AMM () = MM (., 1 <j<k+1) 1+ 2min (3, (k) — 1,0) (16)

Since the estimator in (?7?) is not location invariant, we also propose an alternative class of extreme
value index estimators, invariant for changes in location, and dependent on a tuning parameter p,
0 < p < 1. Such an estimator has the same functional expression of the estimator in (??), but the

original sample, X;, 1 < i < n, is replaced everywhere by
X=X = Xpppl41, 0<p <1, 1<i <.
We shall thus define for any p € (0,1),
A M (ks p) = AWM (ks X jrin — Xppplyrnr 1 <G < b+ 1), (1.7)

A similar procedure can be applied to any of the classical estimators, like the Hill, the Pickands
and the Moment estimator, and has already been used for quantile estimation in Araijo Santos et
al. (2006).

The estimator in (??7) seems an interesting alternative to the most popular extreme value index

estimators for a general v € R. The most attractive features of this new estimator are:

e It is valid for any v € R and, contrary to the M L estimator (valid only for v > —1/2), and it
has a simple explicit functional form, similar to the ones of Pickands and Moment estimators,

also valid for all v € R.
e It is very close to the M L estimator for v > 0.

e Its variance falls off rapidly when v becomes negative. See Figure 7?7, where we use the

obvious notations O'EI, 0123, 02M, U?M s a&v . and 012\/[ \; for the asymptotic variances of the Hill,
the Pickands, the moment, the maximum-likelihood, the weighted-moment and the mixed
moment estimators, respectively. Note that for all values of v < 0, the new estimator attains
the minimal asymptotic variance, among the above mentioned estimators. For v > 0, its

asymptotic variance is equal to that of the M L extreme value index estimator.

e A shift invariant version with similar properties is available, the one provided in (??). The
asymptotic variance of the estimators in (??) is the same and the dominant component of
asymptotic bias is never bigger, provided we keep to adequate k-values and choose an adequate

tuning parameter p whenever v < Q.

e There are accompanying shift and scale estimators that make e.g. high quantile estimation

straightforward.



-2.0
Figure 1: Asymptotic variances of different extreme value index estimators as a function of the extreme value index +.

The scope of this paper is as follows. In section ??, we state the main results leading to weak
consistency and asymptotic normality of the estimator in (?7) and its location invariant version in
(??). Section ?7? is devoted to a small-scale Monte Carlo simulation, that illustrates the performance
of the new proposed estimators. In section 77 we state and prove a few auxiliary results needed in

section 77?7, where we provide the proofs of the theorems in section 77.

2 Main results

The following extended regular variation property (de Haan, 1984) is a well-known necessary and

sufficient condition for F' € D,, (G,):

Ultz) — U(t) { Ll if 4 £ 0 | 21)

Inz if y=0

for every x > 0 and some positive measurable function a, with U standing for a quantile type

function associated to F' and defined by

1

U@y:<1_F)%:hﬁhnF@ﬁzl—1}

Theorem 2.1. Suppose that F has a right endpoint ¥ = U(oc) > 0 and (?7?) holds for some
v € R. Let k = k, be an intermediate sequence, i.e., a sequence of positive integers ky such that

kn, — oo and k, = o(n), as n — oo. Then,

lim @, (k) = ¢(7)

n—oo

in probability, with ¢(v) defined in (?7).



Corollary 2.1. Under the conditions of Theorem 77, the mived moment estimator 3MM (k) is a

consistent estimator of the extreme value index v € R, i.e., for any intermediate sequence k = ky,,

—~ P
M (k) —

Apart from the first order condition in (?7), we shall need a second order condition, specifying
the rate of convergence in (??). We shall assume the existence of a function A, possibly not changing

in sign and tending to zero as t — oo, such that

Ultz)-U(t)  z7—1

2 mCAO I 127t -1 27 -1
lim ) i :Hw@y:<x . ) (2.2)
t—00 A(t) p\ vtp Y

for all x > 0, where p < 0 is a second order parameter controlling the speed of convergence of
maximum values, linearly normalized, towards the limit law in (??). Under these circumstances,
we say that the function U is of second order extended regular variation, and use the notation
U € 2ERV (v, p). We remark that tlirglo A(tx)/A(t) = xP, for every x > 0, i.e., |A| is regularly
varying with an index of regular variation equal to p. We denote this by |A| € RV,.

From Theorem A in Draisma et al. (1999), together with the modifications in Ferreira et al.
(2003), we know that if ¥ > 0 and there exist a(-) and A(-) such that (??) holds, with p < 0,
~v # p, then, with

A= (G =)+ = max(0, ), 23)

U(t)
and
[;:tlim <U(t)—a(t)), for v+ p < 0, (2.4)
—00 ’y
_ 0 if <p<0
A(t) o= 1 g g<i_< r (0 <y < —pandl=0) (2.5)
At) o CT ) 0 sTP<7o TS mpanet ' '

too if y+p=0o0or (0<y<—pandl#0) orp<y<0

Theorem 2.2. Assume that U satisfies (77), with the restriction v # p, and that 2F > 0. Let
k =k, be an intermediate sequence, let A be the function in (?7) and let ¢ be the limit in (?77?). If

we further assume that

A= lim
n—oo

{ VE A(n/k) if ¢= oo (2.6)

Vi A(n/k) otherwise
s finite, we may guarantee that

VE@alk) — (7)) % N (A by,02),

n—oo
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where

1— .
(1*27)(177(72)(1)7277,;) if v<p<0
_—(l—y) :

by = by(v, p) = (T—27)2(1-37) if p<v<0

® e\l e Zf o o

(1_/))(14'7_.0) v+p
0 otherwise

and
2 (1+7)? if ¥>0

2
g.,= 0 (")/) = { (1_ )2(6 2 +1) . .
o T mrisaay o 7 <0

Corollary 2.2. Under the conditions of Theorem 77

VEGFEMM(E) —7) -5 N (A bo?),

where
be(v, p) if ¥>0 _ oo(v) if ¥>0
b="b,,,,(7,p) = v . , o =0% (v):= o2 . :
MM (%w_(gjyﬁ;)Q if v<0 MM (1f§1;4 if v <0

We may further specify a non-null asymptotic bias in the region of the (v, p)-plane where
b, =0, i.e., the region R := {(v,p) : p<y=0o0r (0<vy< —pandl#0) ory=—p}. Itis then
necessary to split R in three regions, R = Ro U R U Ra, with Ry := {(v,p) : v = —p/2},

Ri = {(v.p):p<y=0o0r (0<y<—p/2, 1 #0)},

Ry == {(v.p): (=p/2<y<—p, L #0) ory=—p}.
Note that in R, A=o0 (ZZ) and in Ro, A’ = o(A).
Proposition 2.1. Under the conditions in Theorem 77, if we now further assume that in the region
R1UTRa,

. { VE A (/k) i (1.p) € R
oo | VEAn/k) if (7.p) € Ra

s finite, we may guarantee that

VE@a(k) = 0(1) = N (Abo, ),

where

2(14+7) .
bo = bo(7,p) := e B AN CNORS
0 ol p) : B R

A-p)(A+r—p) — 7% Vs P 2

and o = 03 = (1+7)*.



Remark 2.1. Corollary 7?7 remains valid under the conditions of Proposition 77, with b, replaced
by bo.

In order to tackle the extreme quantile estimation problem, we shall next introduce an estimator
for the scale a(n/k), on the basis of the fact that not only
1
Xt LK) L+ 1) p

a(n /) oo |

(see Proposition ??), but also that it is possible to combine Lgll)(k:) and Lﬁf)(k:), both given in (?7),

in order to obtain a consistent estimator for 1 + |y| (see Proposition ??, again). Specifically,

M)
1 1<Lnl(k)> L 14,

-1

and this enables us to introduce the following estimator for a(n/k):

k

a(2) = Kok Ly (k) L (k)

a . (2.7)
2 Lg)(k) _ [La(ml)(k')} 2

Theorem 2.3. Suppose F' satisfies (7?) for somey € R and ¥ > 0. Let k = k,, be an intermediate

sequence. Then, with a(n/k) given in (77?),

A/ p,
a(n/k) n—oo

(2.8)

Let us further assume that the second order condition (?7) holds with vy # p, and that, with A and
¢ given in (??) and (?7?), respectively, (7?) holds, for \ finite. Then,

WD) Y 0y e
Vi (G 1) = N )

where
—m if v<p<0
N TS S AR
(v+p)(1+%2p’3(1+2%p) if c= ve
— ) T3 otherwise
and

2(1+ [y)? (1 + 6]y| + 1292)
(T+ 2y +3y)A +4y])’

o =02(7) = (7,)" + eR.



Proposition 2.2. Assume that the second order condition (7?) holds, with vy # p, and that z¥" > 0.
Let k = ky, be an intermediate sequence such that (?7) holds, for A finite. Then

a(n/k) Xn—km —U(n/k)

d
Cam/k) 0T a(/h) )n:o (. A, B).

where (I', A, B) has a joint normal distribution with mean vector (Ab, Abx,0), b and b, provided in

Vi @W(k) —7

Corollary 7?7 and Theorem 77, respectively, and covariances given by

{ o (1=7)2 (1292 —4v+1) Zf o <0

(1*27)4(11*372)(1*47) :
- (1152 if v>0

Cov <\/E G (k) =) VE <ZEZ?Z; N 1>>

(5 -

(™) =1 75

We shall next compare the estimator in (??) with the so-called Maximum Likelihood (ML)

=

Cov (x/% M (k) =),

col(a ().

=

estimator, ‘V\%L(l@), obtained on the basis of the excesses X;,_iy1n — Xy—pn, 1 <@ < k. These
excesses are approximately distributed as the k top order statistics associated to a sample of size
k from a Generalized Pareto (GP) d.f., given by

1—(14+~z/o) Y7, 2>0, 1+ya2/c>0 if v#£0
1 —exp(—z/o), >0 ift v=0

GPy(z;0) = { ;
with o > 0. The asymptotic behaviour of M (k) has been worked out by Smith (1987) and Drees
et al. (2004). We shall prove the following result:

Theorem 2.4. Let %V[L(k:) be a sequence of solutions of the maximum likelihood equations asso-
ciated to the above mentioned set-up. Assume also that F' € D, (Gy) with v > 0, (??) holds and
k = k, is an intermediate sequence. If Vk A(n/k) = O(1), as n — oo, then

VE @M k) =AM k) Lo (2.9)

n—oo

If Vk A(n/k) = O(1), as n — oo, and v > —p/2, (7?) still holds.

If we consider the shift invariant version of the extreme value index estimator in (??), i.e., the
estimator in (??), the asymptotic variance of 3} (k; p) is kept at the same level and the dominant

component of bias changes only in a few cases, as may be seen in the following:



Theorem 2.5. Assume that all the requirements in Theorem 7?7 hold, except possibly the require-
ment ¥ > 0. Assume further that U has a positive derivative at the point 1/(1 —p). Then, for the
same levels k as in Theorem 77, i.e., intermediate levels k such that (7?7) holds, for X finite,

VE@MM (ks p) —7) -5 N (W, 0?),

n—oo

with
b if v>0o0ry<p<O0

b* =0b"(v,p,p) = { b oF .
Toaagy 4 P<7=0

where b and o* are defined in Corollary ?? and z*'/ (¥ — U(1/(1 — p))) is interpreted as 1 when

.’EF:OO.

Remark 2.2. Recall that in the region 0 < v < —p/2, 1 # 0, in order to get a possibly non null
and finite value for the asymptotic bias, like the one provided in Proposition 77, we had to consider
k wvalues such that \Vk Zz(n/k:) — A\, finite, as n — oco. For these values of k, the changes in the
asymptotic bias are then significant, when we consider the shift invariant estimator. FEverything
depends on the relative behaviour of the three reqularly varying functions, ZZ, AJU and 1/U?, all
with an index of reqular variation equal to —2~. This is the main reason why we think sensible to
restrict ourselves to levels k such that Vk A(n/k) — A, getting then a null value for b. If in this
region of the (v, p)-plane, we consider levels k such that vk A(n/k) — X\, finite, we get an infinite
asymptotic bias. Consequently, in this particular region, the M L estimator, also shift invariant, is

expected to perform better than the MM estimator.

Remark 2.3. Note however that for heavy tails, and regarding bias, the new estimator compares
favourably with the classical Hill estimator, 3 (k) = Mél)(k), with MT(ZI)(/{) given in (77?), in the
whole (7y, p)-plane. Indeed, for levels k such that vk A(n/k) — X\ # 0, the ones that are usually
considered under a heavy-tailed second order framework, the asymptotic bias of V'k (‘y\f(k) — ’y) 18
always greater than zero and equal to A/(1 — p), whereas we are now able to get a null bias in
the region v + p < 0. A similar remark applies to the Moment’s estimator, 7M (k) = M,Sl)(k) +
3 {1 - (Mvg)(k)/[Mél)(k)]2 - 1)_1}, with M given in (?7?), as well as to Pickands’ estimator,
FP(k) o= ((Xn—pr/a1n = Xor/2ln) / (Xn-fo/210 = Xn-kn)) /2.

3 Finite sample properties

We have run a small-scale Monte Carlo simulation, on the basis of N = 1000 runs, for underlying
Fréchet parents, with d.f. F(z) = exp(—z~'/7), 2 > 0 (y = 1), for a sample size n = 1000. In
Figure ??, we picture the mean values (E) and the mean squared errors (MSE) of the mixed

moment estimator in (?7) and its location invariant versions in (??) associated to p = 0.1 and



p = 0.01. We use for these three estimators the obvious notation MM, MM©1V) and M pf©-001)
respectively. For comparison, we also picture the same characteristics for the Hill, the Moment and

the POT-maximum likelihood estimators, denoted H, M and M L, respectively.

E(* MSE(®)
1.05 ©) . 0.02 7 -
H/ y \
/
J
J
i
j‘ MM
1.00 —AF———— 0.01 -
0.95 { : : : A k  0.00 : : : : k
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 2: Mean values (left) and mean squared errors (right) of the M M estimators, together with the alternative estimators
H, M and ML, for samples of size n = 1000 from a Fréchet model with v = 1.

This same type of graph appears for other models, and makes clear the importance of the new
class of estimators. Note also that the class of estimators in (??) is location invariant, and such a
nice property has been obtained practically without any kind of payment: the variance of the new
class of estimators is the same, and the bias may even be smaller, as may be seen in Figure 77,

equivalent to Figure 7?7, but for underlying extreme value G parents, with v = 0.5.

MSE(®)
0.03
/ |
/e | ;
0.021| | ;5
| |
\/ ;
N g )
i e
MM OOV y=0.5 1P
0.01 4 s ML
| MM©OD
| -~
| MM ©OD
0.4 ‘ ; — k 0.00 ; ; ; : k
0 200 400 600 800 0 200 400 600 800 1000

Figur € 3: Mean values (left) and mean squared errors (right) of the M M estimators, together with the alternative estimators

H, M and ML, for samples of size n = 1000 from an extreme value G~ model with v = 0.5.

We find particularly interesting the consideration of the tuning parameter p, which may help
us on the choice of the “best” estimate, on the basis of any adequate stability criterion. Note

however that, as illustrated in Aradjo Santos et al. (2006), a shift induced by small values of p

10



when the underlying model, unknown, has an infinite left endpoint, may lead to stable sample
paths around a target not close to the true value of «v. We illustrate such a fact with an underlying

standard normal model. Figure 7?7 is thus equivalent to the previous figures, but for a standard
normal underlying parent.

Bl MSE[*]

0.06

0-11 MM = MM

0.04 X

100 200 300
F igure 4: Mean values (left) and mean squared errors (right) of the MM = MM estimators, together with the alternative

estimators H, M and M L, for samples of size n = 1000 from a standard normal model with (y =0, p = 0).

Finally, in Figure 7?7 we exhibit the behavior of the different estimators for an extreme value
model with v = —0.1.

ETe]

MSE[ ]

0.02

~ ML

‘ ‘ k
0 100 200 300 400

Figure 9: Mean values (left) and mean squared errors (right) of the MM = MM estimators, together with the alternative
estimators H, M and ML, for samples of size n = 1000 from an extreme value G~ model with v = —0.1.

Note the fact that as p decreases we get sample paths closer and closer to the target value ~.

Note also the fact that despite the much larger bias of the mixed moment estimators, the statistic

11



MM (©-001) clearly overpasses all other estimators considered, regarding mean squared error.

4 Auxiliary results

Lemma 4.1. If (??) holds for some v € R, then the auziliary function a(t) in (??) is of regular
variation at infinity with index v, i.e., a € RV, and

lim a(?)
AT

— 7, = max(0,7).
Moreover,
e if v >0, both functions a and U belong to RV, ;
o ify <0, then xt" := tlirglo U(t) exists, tlilglo a(t)/(zF" = U(t)) = —y and ¥ — U(t) € RV,

Furthermore, with v_ := min(v,0), and provided that " = U(cc) > 0,
_ Y-
lim InU(tx) —InU(t) =z 17
t=oo a(t)/U(?) -

for every x > 0. (4.1)

Proof. The first part of the lemma comes from Theorems 1.9 and 1.10 in Geluk and de Haan (1987).
Equation (?7) follows easily when we distinguish between the cases v > 0 and v < 0. ]

Lemma ?7 above together with Drees inequality (Drees, 1998) and Proposition 1.7 in Geluk
and de Haan (1987) yield the following uniform bounds:

Lemma 4.2. If (??) holds for some v € R then, for any € > 0, there exists tg = to(€) such that
fort >ty and x > 1,
Ulte) =U((t) 27 -1
at) 9

InU(tz) -InU®) 2"~ -1
a(t)/U(t) V-

<eax'- e

“+e
‘Seaﬁ” :

and

<(1+e z+T

Lemma 4.3. Assume that (??) holds, i.e., U € 2RV (v, p). Then,

1+ A(%) (1nx+ln2mA(t)> (1+ o(1)) if v=p=0
1+ A {25+ A (o7 g — 2= 1) (L+o)} if v<p=0
Ul}ff)): L+ A@) 2 A (et - } if v<0,p<0 . (42)
) (#52) + 74D (et 1)<1+o<1>> i 4>0, p<0
7+Z(t)(“” 1>—|-A()(x71naz——>(1—l—o( ) if p=0<~

12



Proof. Directly from (77?), we get

Ultz) . _ a(t) {xv; L, A;t) (x“’f:i; 1 ﬂy_ 1) (1+ 0(1))}

With the notation in (?7?), i.e., a(t)/U(t) = v, + A(t), we may write

vt <$77— 1> LT (:ﬂ - 1) AW (W" -1 a7 1> (7. + A1) (1 +0(1)

Ul(t) Y p Y+ p y

and (?7?) follows for any p < 0.
If p =0 and 7 # 0, then, also directly from (?7?), and by continuity arguments,

Ute) _ _ at) {xvv_ Ly Ait) (amnx— ﬁ; 1) (1 +0(1))}a

and things work as before, with A(t)/p replaced by A(t)/~ and ﬂ;j;l
case v = p = 0 comes again directly from (?7?) and by continuity arguments. [}

replaced by 7 Inxz. The

Proposition 4.1. Let U € 2ERV (v, p) as introduced in (??). Let c be the limit in (?7).

(i) If v >0,
U(t)

— =y zP—1 . _
m Z g ay=d T T = (4.3)
t—o0 A(t) ' —x7 %{1 if ¢=+o00

for all x > 0, where, with A(t) given in (?7),

AR .
Awy={ a0 V=5 (4.4)
A(t) if ¢=+o00
Necessarily, Z(t)’ € RV, with
] .
sl P T (45)
-y if c=+x

(ii) If v <0, we need further to assume that v # p. Then,

2¥Inz if y<p=0

Ut) (1 _ U ) _x—1 ytp_1 .

a* B z <p<0
tim SOV U@ T T ey Cgpe L7<e<0 g
t—00 A*(t) ’ S if p<y <0

In“z  if p<vy=0

13



where

# if y<p=0 a(t) 1_@ if y<p=0
. % if vy<p<0 . a(t) 1—% if v<p<O
AT() = 2AM @)= 2 AW '
—=— if p<y<0 a(t)(1+T) if p<y<0
—At) if p<vy=0 a(t) if p<y=0
(4.7)
Necessarily, |A*(t)| € RV, with
i <p=<0
P N f v<p _ (4.8)
vy oif p<y<0
Proof. We shall consider the cases (i) and (i7) separately.
Case (i) : v >0
e If v >0, p<0and (??) holds, we have, from (?7?),
Ulte) ., — (x”—l) v A(t) (a:7+p—1 :ﬂ—l)
—x7 = A(t + - + o(A(t
U(t) W p T+p g (4()

If ¢ = Fo00, then A(t) = 0 (A(t)) and

U(ta:) Y g 7 —1\ — o (4
HORE (_7 )A(t)+ (A(t)) .

If c = v/(y+p), we get A(t) = Vvig) (14 o(1)). Since in this region v # —p, we may further

write
T - (A0 () S (- o)
- 5 (5) e
Consequently,

- 7 = 2K, (2), 4.9

U(t$) _ Y xP—1 . . Y
o v 7 :{ :U'yip if e=-"L

with K ,(z) and Z(t) defined in (??) and (?7?), respectively. Finally, (??), together with the

fact that
Ultz) . L Ulz) (U@ .\ U
o " T T <U<m> o ) “xh(U(m) e > (L +o(1)).

leads us to the limit in (??), with A(¢) and p given in (??) and (??), respectively.
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e If v > 0 and p = 0, we get, again from (?7?)

D = (T v a ( e~ T )+ o(an)

5
— ( (x - ) (lnx - x_l; 1) + 0(A(t))> .

But if v > 0 and p = 0, then ¢ = /(v + p) = 1, A(t) = A(t) + o(A(t)), and

U(tx)
U(t)

— 27 = A(t) 27 Inz + o(A(t)).

Consequently, (??) holds, with A(t) = A(t) =~ A(t)/(y+p) and p=p = 0.
Case (i) : v <0

o If v < p=0, we get, again from (?77?),

U 2’ -1 A —
0 (- oim) = S (e T o)
_ :U“/V— 1 (1 A(t ) At) 2 Inz + o( A(D))
and with a* < @),
( ) (t) ) — o

Consequently, (??), (??) and (??) follow in this region of the (v, p)-plane.

o If vy < p<0,a(t)/U(t)

A(t) = o(A(t)), and again from (?7),
) _ x7—1+A(t) <x7+p—l a7 -1

a0 el G RRV10)
= ﬂv_l <1 - Aé”) - A[()t) <$’:i; 1) +o(A(t))

and with a*(t) = a(t) (1 — %),

u) (, U@l _a"—1  A@t) (277 -1
o (t) (1 U(m))‘ Tt (wp

)+ otao).
and the results in the proposition hold.

o If p <~ <0, A(t) = 0 (A(t)), and also from (??), we get

_ . 27— 1\ 2
(%tx)) =1-40) (lﬁ7 1> +A2(t)< 77 1) (1+o(1). (4.10)

15



2y v

2
— Consequently, for v < 0, since (%) = % (5’027*1 9”*1)

ue) (, U@ _ $7—1_2E(t) x27—1_a:7—1 )
a(t) <1 U(m)) D ~ ( 2 5 ><1+ 1)

_ x7—1(1+2A(t)>_2A(t) <;p27—1

v g Y

and with a*(t) = a(t) (1 + 2 5@)),

U (, U@\ _a7-1 2A@1) (2> -1
2 (0 <1 U(tm)‘ T T ( 2

) (o)

and the results in the proposition follow.

— If p <y =0, then from (?7), we get

Ut) U(t)
a(t) (1 " U(ta)

and the result in the proposition follows as well.

) =Inz — A(t) m2z(1+o(1)),

[
Corollary 4.1. Under the conditions and notations of Proposition 7?7, and for ~v > 0,
-1 _
tm InU (tx) —gl(if)(t) —ylnz _ Ky (x) = { %pw_l ZZ Z;f;f) , (4.11)
for every x > 0, and with A provided in (77).
Proof. The proof follows immediately from relation (?7). ]

Remark 4.1. Note that the second order condition in (??) is the usual second order condition
for heavy tails, i.e., for v > 0. Note also that, from (?7), A(t) = o (g(t)) whenever ¢ = £o0.

Consequently, and as n — oo, if Vk A(n/k‘) — X # 0, finite, VE A(n/k) — Xy + p)/y # 0 if
c=7/(y+p), but VE A(n/k) — 0 if ¢ = +o0.

Remark 4.2. The most common heavy-tailed models with p = —y and 0 < v < —p (then necessarily
with 1 # 0), are such that

Ut)y=Ct"(1+At7+Bt 7 +0(t7?)), A B#0, C>0.

For these models,

Ultz) —U(t) = C ~ ¢ <x7; L _pw» <$i;1> +o(t—2”’)> :

16



and
Ulta)-U(t) _ o7—1 .
C vyt ¥ X — 1
—

—Bt=2v t—o0 —y

i.e., p+y = —7, or equivalently, p = —2~. Then, (?77) holds, provided that we choose

-
alt) = CrHt

=— At)=2B~yt ™™
T BT (t) g

and

S = (1= AT (2B ) T ().

Consequently, with A(t), I and c provided in (?7), (??) and (?7), respectively,

— _ _ A(t) A _ .
- gl gl - _ ) —
Aty=-A~vt7(1+0(t77)), O~ 2B (1+0@™) . +oo, i.e. ¢ = t00,
and
U(t) — o) _ oop (1+AtT7+ Bt +o(t™))—Ct"(1-2Bt 2 +o(t™))

= Ct'(AtT7+3Bt 2 +o(t ™)) o AC#0, e, 1=AC#£0,
—00
as mentioned at the very beginning of this remark. Indeed, we could also have written

Ut)=1+Ct" (1+Bt 2 +0(t?)), ast— cc.

We shall now provide in more detail the general behaviour of In U (tz) —InU(t) and U(t)/U (tx)
in the region where the limiting value ¢ in (??) is 00, i.e., the region where A(t) = o (A(t)). Recall
that such a region is {(7,p):p<y<0ory=—por (0<~vy<—p, I #0)}, with [ given in (?7).

The results in the following lemma come straightforwardly from (??) and Taylor’s expansion.

Lemma 4.4. Assume that (??) holds. If p < v <0, then

01w (P 7 (“’”1>2—A3<t> <9”71>3<1+0<1>>

Y Y
AL A®) <a:”f+p -1 a7-1
P Yt+p Y

) (I+0(1)). (4.12)
If 0 < v < —p, since A may dominate A% as well as the other way round, we write

=) () e

A1) (‘”: 1>2 Yo (Z%)) (4.13)

InU(tz) —InU(t) = yInz + A(t) <

N |

17



vy _ {1 A (w . 1> - vﬁ(;) (xpp— 1 x—v; 1> +o(A(t))

0 (9” — 1>2 +o (ZQ(t)) } . (4.14)

-
Remark 4.3. Note that for heavy-tailed models, the second order condition (?7) implies a third
order behaviour of the function InU(t), whenever we are in the region 0 < v < —p, and |l # 0, a
region where A(t) = o (A(t)). Also, since |A| € RV_,, |A| € RV, and A’ e RV_s,, A dominates
A if p > —27v, but if p < —2~, A% dominates A. The third order behaviour of nU(t) may be

written as

InU(te)-InU({#)—yInz  z=7—1

lim _ = K5 (),
where
Bt {A@ if 0<y<-2 K o) %{fzf_xjf if 0<y<-—8
=90 AL py, N\T) = _ —v_ ‘ :
o i g <y <—p - i —f<y<p

Consequently, for this type of models, the second and third order parameters, p and 1, respectively,
are given by

_ _ { — if 0<y< -2

p=-y = ) :

Y+p if —§<y<-p

Note also that in the region —5 < v < —p we get p # 1. And the situation 17 = p is the one
that most often happens in practice, for standard heavy-tailed models like the Fréchet, the Burr,
the Generalized Pareto and the Student’s t d.f.’d. For these d.f.’s p = —2~. Howewver, if we induce
a shift | # 0 in the above mentioned models, this relation between v and p mo longer happens.
pif 0<y<1)2

y—1 if 1/2<vy<1
For more details on the way the third order framework may be used in Statistics of Extremes, see

Also, for the extreme value G~ model, p = =1, p = —v and 1 =

Gomes et al. (2002) and Fraga Alves et al. (2003), papers dealing with the estimation of the second
order parameter p, and Gomes et al. (2004), a paper dealing with reduced bias extreme value index

estimation.

After the statements in Proposition 7?7 and Corollary 7?7, and again on the basis of Drees’

inequality (Drees, 1998), we may now state the following:

Lemma 4.5. If (??) holds for some v > 0 then, for any € > 0, there exists ty = to(€) such that

18



fort >ty and z > 1,

2
U _ g~ 1— 20N (1 — g
Yle) ~ K., ,(2)| < ex 7PTe ( vit) )N — 277 = 1)K, ,(2)| < exPTe,
A(t) A(t)
InU(tz) —InU(t) —ylnz R (2)] < eaPte
< Y,P — ?

A(t)
with A(t), K, (), A(t), p and I?%p(ac) given in (?7?), (7?), (??), (??) and (?7?), respectively.
If (?7) holds for some v < 0 then also, for any € > 0, there exists to = to(€) such that fort >ty

and x > 1,
U(t) U(t) 71
a*(t) (1 B U(tm)) T Ty

A*(t)

- K;,P('x) S € $’Y+p*+5

and

(&6 (- 51 )2 _ <3ﬂvfl)2 —2 <$77— 1) K ()] < ex*7e,

now with K7 (), (A*(t),a*(t)) and p* given in (?7?), (77) and (?7), respectively.

Here and throughout the paper, let {Y;,,}!" | be the ascending order statistics associated to the
independent r.v.’s {Y;}!_, with common standard Pareto d.f., 1 —y~1, for all y > 1. For the proofs,

bear in mind the equality in distribution
d
{Xinkioy = {UVin)}y -

. . . . as ’ . .
Since k = k,, is an intermediate sequence, Y,,_ — 00, Rényi’s representation enables us to
n y In—kn )
n—oo

write v
Qin = %ﬂn L Vit 1<i<k, (4.15)
n—k,n
and for any measurable function g,
k
1 da 1
E Y 0@ia) £ 2 Y g, (416)
i=1 =1

Proposition 4.2. Under the first order condition (??), for intermediate sequences k = ky, with
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MT(Lj)(k) and Lglj)(k:), j>1, given in (?7), the following limits in probability hold:
(Xn—k,n) M,gl)(k) i} 1

a(n/k) n—oo 1 —n
2 -1
(Bt 2 e (k) v 2 e
a(n/k)) " n—co  1+1[y]" \a(n/k) " n—oo 14 |9
Xn—k )2 P 2
. L%Q) k — 3
(a<n/k> ®) % W+ 2h)
a(n/k) n—oo (1 + [y[)(1+2y)(1 +3[v])
X a2 P 24
n—k,n L(4) k .
<a<n/k>> L )T G 1) T R ) W)
Proof. First define
k
Lk,n = <n> Ynfk,n-
Since k = k,, is an intermediate sequence,
Lin - 1 (4.17)

(cf. e.g. Smirnov, 1952). If (77?) holds, then, as stated in Lemma ?7?, a € RV,,. It thus follows from
the uniform convergence theorem for regularly varying functions (see Geluk and de Haan, 1987,

Theorem 1.3) that
a (Ynfk,n) a (% Lk,n) P

k) _ TAk b By (4.18)
a(%) a(z) el
Concerning My(Ll)(k:), we may write
k
Xnkn> d CL n kn 1 n 2+1n) an( n— kn)
) MO (R L il
(S ) pn £ s @ Vo ton) JU (Vo)

and the core of this part of the proof lies at relation (??). Hence, using (??) and applying the
result in Lemma 77, related to InU, we get

1 k Y H—ln) an(Yn—kn 1 & ’y_ - v_+e
%ZZ: Yoon) /U (Yot EZ:: kZQ . (4.19)

Let us look at the right hand-side of (??): for an intermediate sequence k = k,, the

law of large numbers and (??) ensures that the first term converges in probability towards

floo y=2(y'- —1) dy/vy_ = (1—~_)"1, asn — oo, while for any € > 0, the second term is such that
1 k n P 0o
- ’Y € -2 v_+e
? gz — /1 Yy dy < oo.
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A similar reasoning can be applied to the obvious lower bound that comes from Lemma ?7, and

we get

7ZIHU n— Z—l—ln) an( n— kn) i} 1
nkn)/U(nkn) n—oo 1_7_'

Hence, (?77?) and Slutsky’s theorem yield the result.

The moment statistics L%j )(kz), j =1,2,3 are based on the random terms

ank,n (1 o ank,n > g a (Ynfk,n) U (Yn—i—i-l,n) -U (Ynfk,n) U(Ynfk,n)
a(n/k) a(n/k) a (Yn—k,n) U (Ynfz#l,n) ’

Under condition (??), Lemma ?7 guarantees that, for any ¢ > 0, and sufficiently large n,

i=1,2,- k.
aniJrl,n

k k
1 Veivin) = U (Vnoin) U (Yot 1 71 N e
- Z +1 ( k, ) ( k, ) < +e€ Qz.n +e Q’Z‘H— QZ Z++ )
k i—1 Yn kn) U(Yn—i—l—l,n) k i—1 ’ ’

The law of large numbers and (?7?) ensures that this upper bound is equal in distribution to

k k
1+€ Y7 -1 —Y,te € v_ e
i > Z,Y Y; +%§:Yi
=1

=1

and converges in probability towards

Lbe [% o v i+e v, o2y e
S Yy (YT =y T dy + € v dy.
1

Since € > 0 is arbitrary, Lebesgue’ s dominated convergence theorem may be applied to the first
integral with dominating function given by g(y) = ((1 + €0)/7) (y”— teo _ gm0y 760)), for all y > 1
and € < €y < 1+ |v|, integrable against dy/y? and such that
o o
llm 1 + 6/ <y7,+50 _ y_(7+_60)) ig — 1/ (y77 _ y_'Y+) d% — 1 — 1 .
0 v v 14 y? (=7 )0 +7) 1+

The second integral is finite for any € < 1 —v_. Consequently, the second sum in the upper bound

is stochastically bounded. We can establish a similar asymptotic lower bound, and apply a similar
reasoning to that lower bound. From (??7) we thus get
ank n P 1
) LW (k : 4.20
(o) 2w 2y (420
Now, (??) jointly with (??) imply the convergence

ank,n d a(Ynfk,n) U(Ynfk,n) i) 1

= — 4.21
an/K) —aln/k) (V) e 7, 2y
and (?77?) together with (?7) imply that
2 ~1
Xn—kn Lg) (k) P Yy '
a(n/k) n—oo 14|yl
The proofs of the other limiting results are similar and are therefore omitted. ]
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Lemma 4.6. Let k = k, be an intermediate sequence. If the underlying quantile function U
satisfies (77) with v < 0, then, for any j >m > 1,

(Lt )1 §~U s (1- Ll Y ((atnt)
a(n/k) k i=1 U (Yn—k,n) U (Yn7i+1,n) P U (Yn—k,n) ‘
Proof. Since U (Yy—kn) < U (Yn—it1,n), for i =1,2,---  k, we may write

(55 ) ()

(U ) (S ()

=1

It follows from the first inequality of Lemma ?7? that the second factor is Op(1). [}

Remark 4.4. If we consider a*(t) in (?7), since a*(t) ~ a(t), as t — oo, the results in Lema 77

and Lema ?? obviously hold if we replace a(n/k) by a*(n/k).

The two following lemmas follow immediately from the central limit theorem (cf. Billingsley,
1979, Theorem 29.5):

Lemma 4.7. Fory >0,

2
1< 1< _ SIS (1—5’57) ?
k;mn_l’kz(l_yg_’kz 2 1+ (1 +2y)
L (P, P, Py),

k—o00

where (Py, Pi, P2) has a joint normal distribution with mean zero and covariance matriz given by

2\ _ 2\ _ 2 2\ _ (5+117)
{ E (PO) - 1’ E (Pl) - (1+'y)’2y2((12+2?:/))’ E (PQ) - (1+’y)2(1—|—27)32(1+37)(1+4'y)
J’_
E(RR) =i BEBOR) = mipree: B (AR = mepiemm

Lemma 4.8. For v <0,

ﬁ(;i(wfy_l> 1_7’1«2 <Y7_1> (1—7)21—2’7))'6%0 .

=1

where (P, Py) has a joint normal distribution with mean zero and covariance matriz given by

@2\ a2\ 5-11 * DxY _
E((P)*) = gopamy  B(B)) = ampaarasormy £ PR = gopamos:
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Again with Y a unit Pareto r.v, let us denote, for any «, G <0,

a2 (v (5)) = ey 422

Proposition 4.3. Assume that the second order condition (??) holds with v > 0. If k = ky, is an

intermediate sequence, then, as n — oo,

e = e 2 AR o) 4 o, (A/m) + 0y (1/VF)
MWOE) = ~+ 7\/];“ +d,, A(n/k) + oy (K(n/k:)) + 0, (1/\/E) ,
k) = % + 5% +d,, Aln/k) + o, (An/k)) + o, (1/VE) |
(10w} = i wa + 12+’ny \2 i dfl f i”/ Yt op (An/k)) + 0, (1/VE).
LW = g 3)(71: =+ & \/1;2 +d,, An/k) + o, (A(n/k)) + o0, (1/VE) .

where A(t), p and dop are given in (77), (7?7) and (?7), respectively, and B is a standard normal
r.v. independent of (Py, Pi, P»), the normally distributed vector in Lemma ?7. Moreover, we get
1 1
~ d, =d_ ;= )
1—p 1 T 14+ —0)

2v(2+3v—p)
I+ +29)A+y—p)A+2y—p)

d, =doy=

M-

dy, =2 (A5 = d-2q5) =

Proof. Since (??) holds, (k Y,,_./n)” = 1+~ B/Vk + o, (Z(n/kz)) + op (1/\/%), with B a

standard normal r.v. (see de Haan and Ferreira, 2006, Theorem 2.4.2) and X,,_j iU (Yo—kn),

we may write, as n — 00,

S T (M) A () (M) T () o (A ()

- Z((://: (1 + 7\/5 +o, (Zl(n/k)) + o, (1/\/E>> .

Notice now that from (??), a(n/k)/U(n/k) = v+ A(n/k), and consequently,

Xn—kn U(n/k

~—

=

~—

U/k) 1 (A,
a(n/k>‘7<1 Y 4F “”)‘

Consequently,

Xokw 1, B Anfk)
a(n/k) v Vk ok

(14 0p(1)) + 0p (Z(n/k)) +op (1/\/E) .
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The use of (??) and (??), together with the inequalities in Lemma ?7?, for v > 0, leads us to

k k k
MOE) = 1Y wyisA(2) (;zm,m o) Zﬁ“) |
i=1 i=1 =1
L(l)(k‘) = 1i (1—Y7'Y) _g(ﬂ) 1iK (Y)_Fop(l)iy’wr,mré
" k& ‘ k) \ k& k&=
[Pk = Ek: (1- Y‘7)2 -4(%) 2 Ek: (1-%77) Ko (v) + o(1) f:y"”ﬁ*e
" N k =1 i k k =1 i R k =1 i 7

with (Lﬁﬁ(k), Mgﬁ(k)), K, ,(x), A(t) and K., ,(z) given in (??), (?2), (22) and (??), respectively.
The law of large numbers implies that the partial sums associated with the op,(1) terms are negligible.

Hence, all the results in the proposition follow straightforwardly. ]

Let us now define, again with a*(t) given in (?7),

Xn_k P 1
My = ) MY 4.23
P () w2 (4.23)
j
Li = <X?‘}“]:)> LU(k), j>1 (4.24)
n
k j

(m,g) . U(Yn k,n ml U( n— z+1n - U<Ynfk,n) S N

R = <a (/%) ) kz; U Vo ir) L Ty s dzmzt (4.25)

Proposition 4.4. Under the conditions in Proposition 77, for v < 0, with L;, j =0,1 given in

(??), and if k = ky, is an intermediate sequence,

bt e e () o ( (1) +o (7).

*

x 2 Ly e (T L (T
(Lp)? 4 (117)2+127 51%+17A (E)—FO;D(A (k))juop(\%)
Li < (1—7)?1—27)+2\/?+2d2/1* (7) +on (4 (Z))J“OP(\}E)

as n — 0o, where (P, P¥) is normally distributed with mean vector zero and covariance matrix

given in Lemma 77, and with p* and do g given in (77) and (?7?), respectively,

d'y,():ﬁ if v<p=0
d;: doﬁﬂ,*:ﬁ if y<p<Oorp<y<O0 , (4.26)
2 if p<y=0
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2 (d2y0 = dy0) = Ty if v<p=0
d; =9 (dyyip —dogip) = gopyao sy o 1<p<0orp<y<0 . (427)
6 if p<y=0

Proof. The results in Lemma 77 for v < 0, lead us to the following distributional representations,

Li < : %in — ' k Op(l s YHp e
1 - E Z:: + A n k, n Z:: v, p Qz n L ; Qz n
and
; i k Z < > +A Yo kn ( 22 < ) K’y,p (Ql,n) + Op]i ) Z; (Qi,n)’wrp N ) )

with K (z) and A*(t) given in (??) and (?7), respectively. Since (??) holds for any intermediate

sequence k = ky,, the use of (??) and (??) enables us to write:

Eoyr_q k
it e (1) (13,00 ZW“)

v

=1 1=1
a 1 u YT —1\?2 n 1 u Y7 -1 0
x4 - ) A (= - i * p Y+p*+e )
b k2< v > i (k)<k22< v )K ZY )

The random term associated to o,(1) is stochastically bounded. Indeed the integral appearing in
the limit of that term is finite for any € < 1 — v — p*. The law of large numbers ensures then that
dy =E (K ,(Y)) and dy =E ((Y’Y 1) K3 (Y)) Taking P and Pj as the normal limiting

r.v.’s of Lemma 7?7 and noticing that

(1 5) () 2 (- 2 o

we bring the proof to an end. ]

5 Proof of the main results

Proof. [Theorem ??]. The proof of Theorem ?7 relies essentially on the results in Proposition ?7.

Note first that the estimator in (??7) can be written as

5 () — e/ B) M () — (Ko ion fa” (/1) L1 () _ M — L |
’ (X)) (189 (1)) (@ (/R X i) (1)
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We shall now consider the cases v > 0 and v < 0 separately. If v > 0, the use of Proposition 77,

together with Slutsky’s argument, leads us to:

p 1—(1+7)!

An k) — =1+
) 2% S !
If v <0,
k
1 U (Yn—i 1 n) U (YTL—/C n)
MOE - 1MW) £ = {ln+’—<1_’
n ( ) n ( ) k ; U (Yn—k,n) U (Yn—i-i-lﬂ’b)
k
1 U(Yo—kn) >> < U (Yn—pn) > }
- = —In(1-(1-——5)) - (1- 77— (51
k ; { < < U(Yn—it1n) U (Yo-it1n) o
Note now that
2 z?
0<-In(l-2)-2-- < 31—2)
U(¥an)

and use it to deal with (77?), after assigning x := 1 — o1 . Then, with M} and L}, j = 1,2

YnfiJfl,n)
given in (?7?) and (??), respectively, we get, with R,(ij ) defined in (77),

),
n

L U (Yo n) x  R®Y
2 n—k,n * * 2 k.n
Z2 T AneRR) ok Z2 kR
> < “a*(n/k) (M =L)< 5+

Then, since a* (n/k) /U (Yn_kn) — 0, R>Y = 0, (a* (n/k) JU (Yn_kn)) = 0p(1). From (2?) and
Proposition ?? we know that (L) - 1/(1—+)2and L}/2 —— 1/((1 —~)(1 — 27)). Therefore,
Slutsky’s theorem leads us to the desired result, i.e.,

UVpbp) M{ —Lia Ly P 1-79

R 77 R R T =

, v <0. (5.2)

Proof. [Corollary ??]. Theorem ?7? ensures the consistency of @, (k) as an estimator of the strictly
increasing function ¢(v), in (?7). Hence, by simple inversion and a Slutsky’s argument, we get the

consistency of MM (k), in (?7), for any real 7. [

Proof. [Theorem ?7|. Let us consider first the case v > 0. Due to the definition of &, (k) in (7?)
and given the limits in probability provided in Proposition 77, we write
2

(1) _ 7@ _ (1) 2
V() - (1) = vE SO T HO =0 (1) (222 [v& (a0 -9)

GRO) v

(14 0p(1)).




Now, the results in Proposition 7?7 enable us to write

VE{Balk) = (1+7)} = (T)z [ Py = (290 P) + Vi A (T) (doy, = (1+29)d,, )]
ro, (EA(F)) ot

and, on the basis of Lemma ??, we easily get an asymptotic variance equal to (1 + 7).

o fc=7/(y+p), p=p, A(n/k) =~ A(n/k)/(y + p) and we get

VEA(F) ]

O BT ) )
+op (VEA (7)) + o)

2
VE{Ba(k) — (14 7)} = (1?)

and the asymptotic bias provided for the region where ¢ = /(v + p) follows.
= (0. Consequently, the asymptotic bias of

o If c = :i:OO, ﬁ: -, g(t) = Z(t) and dM1 - dL1
VE{@,(k) — (1 ++)} is null provided we consider levels such that vk A(n/k) — ), finite, as

n — oo.
If v < 0, we use the distributional representation in (?7). Similarly to the proof of Theorem

??, if we now use the inequalities, 0 < —In(1 —z) — 2z — 22/2 —23/3 < 2*/(4(1 — 2)), 0 < 2 < 1,

fora =1-U (Yn—rn) /U (Yn-it1,n), we get
Ly @ (/K 15 _U(Vakn) Ly atk) Ly R
a* (n n—kon . . a*(n n
724_773 7k:’(M1_L1)<72+773 ki”
2 " U(Yptn) 3 a*(n/k) 2 U(Ynkn) 3 4
with R,(Cr?l’j ) in (??7). Due to the limits in probability provided in Proposition ??, if we consider

levels k such that vk A(n/k) — )\, finite, and with A given in (??),

_ L* P 2\
VAW S Toa— A=y

The same condition and Lemma ?? imply vk R,(f;;l) 2. 0. From Proposition 77 we get the
asymptotic normality of L3 and (LT)2 and we easily derive
L3 1 1—7 1
\/Eg?nk—cpfy 4 1—72<\/E<2— )— \/%<L*2—>
_ Lx
+Vk A(n/k:);’> + 0,(1),
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which finally leads to

A 2 d*
VE @alk) = 0(7) £ (1-7)? (P; - f_%y)w A*(n/k)(1=7)? (d; -1 _;;) (1+0,(1))
VE Ak — 200 +0p(1)) + 0,(1)

(1—=27)(1—-3v)

Lema 77 leads then to the asymptotic variance in the theorem. From (?7) and (?7), we get

- (1—27)(12({—%);(1—27_@ ?f T<p<0
(17)2(61;21;1): Twrasy o<y <0

-2y ﬁ if vy<p=0

2 if p<y=0

From Proposition ??, and from the fact that ¢ = 0 in the region v < p < 0 (see (7?)), we get

_ 0 if vy<p<oO
lim Alt) =< -2 if p<y<0
-1 if p<y=0

This finally enables us to get, for the asymptotic bias, the value Ab, in the theorem, equal to 0
whenever p < v = 0. H

Proof. [Corollary ??]. Under the conditions of Theorem ??, @, (k) is a consistent estimator of
©(y). The extreme value index is given by the inverse function ¢!, independent of the sample
size m, with positive and continuous derivative everywhere. In fact % e Yy) =1if v > 0 and
% 0 1(7) = (1 — 27)72, otherwise. Hence, Cramér’s delta-method yields that the Mixed Moment

estimator in (??) satisfies

P if v>0
VEGME -y S8 T
where P stands for the normal limiting r.v. of vk ($n(k) — (7). [

Proof. [Proposition ??]. In order to get a possibly non-null asymptotic bias for the case v > 0,
¢ = to0, it is imperative to consider the terms provided in the expansions (??) and (??). From

(??), and again with d, g given in (77?), we get

VE(MOW) =) £y R+ VEA(T) dory+ W (do,p — do,—) (1 + 0p(1)

VB (1) 2 o2y = do) (L4 0(1). (53)
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From (?7), we get

VE(E00) - 1) £ R VEA () dy + ”*/fff/k’ (A~ des ) (14 0y(1)

HVEA () 2y = dy ) (1 04(1), (54

and consequently,

2 2 2y P, 2yd__ —_/n
(1) _ Y 4 sy Y Q—y,—y n
M(Ln ®) <1+7>2> Do D ()

292 Vk A(n/k) B
T 0 1 ) G~ donm) (L4 0p(D)

2 (1 (4dr 2y —dr )
kA (E) ( 1+ 9

) (14 0,(1)), (5.5)

Since |A| € RV, and = RVa,, A dominates A% if v > —p/2, but A% dominates A if v < —p/2.
In the region —p/2 < v < —p, | # 0, with [ in (??), we may still report the asymptotic bias of
VE{Pn(k) — (1 +7)} to the function A. Whenever V& A(n/k) — X, we get the bias by, with

bo = <1:7>2 (,ﬂp) [(do,p — (14 27)d—yp) = (do,—y — (1 +27)d—y,—)]
B <1+7V>2 (71p> op = (1 +20)da0) = (7 p)l(;rﬁv = b

the same value we got for the region where ¢ = v/(v + p).

If we are working with a model such that 0 < v < —p/2, [ # 0, A% dominates A and a non-null
bias is related to levels k such that vk ZQ(n/ k) — X. The asymptotic bias is then related to the
scale factor associated to vk A (n/k) in the distributional representation of vk (5, (k) — ¢(v)).

Such a factor comes directly from the distributional representations in (?7), (?7) and (?7), and is

given by
1+7\° (do—2, —do—  2(d—ry—2y —d—r )
( Y ) < Ty e ) - (e,
14 7)?
_ 5 S (o + (14 2y)dy—y — 2(1 4 29)d_y 3y — 7(1 + M2, )

2(1+7)
(1427)2(1+3y)"

Hence the result. The case ¥ = —p/2 has been excluded: then everything depends on the relative

behaviour of A and ZQ, both regularly varying functions with the same index of regular variation

p.
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Ifp<y=0,A() =0 (Z2(t)) and we get, from (?77),

UM (1 U 20 w2 240 1 a1 2 0
a(t) (1 U(tx)) =1 A(t) %z +A°(t) W z(1 4 o(1)).

Again in the lines of the proofs of Theorems ?? and 77, we need now to use the inequalities, 0 <
—In(l-z)—z—2?/2—2%/3—2%/4 < 2°/(5(1—x)),0 <z <1, fora =1-U (Yo—kn) /U Yn-it1.n),

and we get

Ly | a*(/k) Ly (@ (/k) \'Li _ UVaka) o g
it S VRAZ A R (i SULLZAR I A S LA Ve
> VO W) 3 \0Main)) 4~ a(ujhy LD
_L ek Ly (et (k) Ly R
2 U(Yn_km) 3 U(Yn_k,n) 4 5 7

) .

again with Rgf;j in
to L%, if we consider levels k such that vk ZQ(n/k:) — )\, finite, and with A given in (?7),

(??). Due to the limit in probability provided in Proposition ?? and related

—2 sz P, 6\ _
Vi A (n/k) 4 n—oo (1—=7)(1—27)(1—-37) o

) 2. 0. The contributions to the asymptotic
oo

bias provided by L3/2, (L’l‘)z, L%/3 and L*/4 are then given by 36 ZQ, —16 ZQ, —924 A% and 6 Zz,
respectively. Hence, the limiting value 2\, whenever vk A (n/k) — A, finite, as n — oo. [}

The same condition and Lemma ?? imply vk R,(f;?

Proof. [Theorem ??]. The proof of (??) follows immediatelly from Proposition ?? and Slutsky’s
theorem. The asymptotic normality result is based on the distributional representations provided

in Propositions 7?7 and ??7. We shall here consider separately the cases v > 0 and v < 0.

e If v > 0, we may write

Xnoin LR LP®) (1@ n (1) 2
a(n/k) /1) 2 L (k) - (L))
1 2 |
a(n/k) L) - (LW(k))

Proposition 77, enables us to write,

Xokn (LOR) LE () 7 N v Py L P
a(n/k) 2 (1 4+9)2(1+2y) A+yA+29VE A +9)VE

V' B 1 | An/k) v d,, )

T A E <\/E> Ty (dL2 " 1+2'y> (1+0p(1))

v AWm/k)
(1+7)*(1+27)

(1+0p(1)),

30



and

@) — (1Om) = g oA 2k (L
0= (100) = e o ()
~ d

+2A(n/k) <dL2 - LV) (1 +0p(1)).

Hence,
a(n/k) 0 HENBE+)PA 1+ +29)P o
() - : 7 T Erel)
) _
+VE (Em/k) (“ e dL2> -2 '“)) (1 -+ 0p(1).

The asymptotic bias follows then from the results in Proposition 77 and the asymptotic

variance can be calculated on the basis of Lemma 77.

If v <0, and on the basis of the results in Proposition 77, we may write

L; L3/2 a*(n/k) Li L3/2

/1) =" (/) s o) To

=a(n/k)

and consequently,

a(n/k) Ly — (L7)?

with a*(t) given in (?7), i.e., with

a*(t) {1—A*(t) if v<0,p<0

a(t) 1 if p<y=0
Proposition 7?7 ensures that
Ly L3 1 N Py N Py . ( 1 )
= O PR—
2 1=721=-27) (Q-y0a-29Vk (1-yWVk  \Vk

* *

+ A*(n/k) <(1 6= 1 j2v> (1+0,(1). (5.6)

Consequently, in the region v < 0, p <0,

a*(n/k) Ly L3 B 1 Py P; ) L
anfk) 2 A-20-2) G-y -20vk A-vE 7 <\/E>
* d; dzg . 1 o

+ A (/R ((1 ) T ) B Gy g o 27)> (1+ 0p(1)).
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* *\2 1 — 2P1* 2P2* o L
Ly = (L1)" = (1—7)2(1—27) (1_7)\/E+ Vk + p<\/E>

+2A*(n/k) (d; - 1j17> (14 0,(1)), (5.7)

a(n/k) 2 2+ (1) I-mA-29k (QA-Vk 7 <\/E>
) B—4y)d;  (1-2y)d; 1
HAwb ((1 ) R e R 27)) (15 (1)
We thus get

vk (ZEZ?:; - 1) =(1=7)8—47) P{ — (1 =7)(1—27)* P; +0,(1)

VI A (/8 (1= 23— an)d;, — (1= 7)1 = 20)% &, — 1) (1+0,(1)),

where the normal r.v.’s (P}, Py) and the constants dy andd,, are defined in Lemma 77, (?7)
and (77?), respectively. The asymptotic bias and variance are then obtained by straightforward
calculations. In the region p <y = 0, directly from (??) and (?7?), we get

S n = (U5 (34, - d,) ) (o)

and, 3 al*L‘1 — dzz = 0. Hence the null asymptotic bias associated to levels k£ such that
VEk A(n/k) — ), finite, as n — oco.

Proof. [Proposition ??]. We only need to take into account the following expansion, obtained
under the second order condition (?77):
Xn—k,n — U(n/k) da U (Yn—k,n) - U(n/k)
a(n/k) N a(n/k)
((k/n) Yn—k,n)ry

- . — A(n/k) (HW (fl Yn_k,n> + op(1)>

20, () +on a0/,

as n — oo, where B is the standard normal r.v. in Proposition ?7?7. The result comes from Theorems

7?7 and 77, after straightforward calculations. H

32



Proof. [Theorem ??]. Under the conditions of the theorem, both the random term ruling the
normal behaviour as well as the bias are the same as the ones appearing for the ML estimator.
Note first that, with {W,(s)} 5, denoting a sequence of Brownian motions, Theorem 2.4.2 of de

Haan and Ferreira (2006) gives for v # 0, and as n — oo,

X
(fb Yn_;m) — 1+ ﬁ (Wi (1) + 0p(1)).
1,

Then, Corollary 2.4.6 ibidem implies for 0 < s <

! 1
(£ 5] o (122 ) 20 ().

where the op-term is uniform in s. Defining Qn(s) := Yy,_(ks),n/ Yn—k.n, it follows that, for any € > 0,

Qh(s) = <Y;;“;L”>W =5 <1 + ﬁ (s™' Wa(s) — Wn(l))> + 01’;; max (1, 5‘7—5*) . (5.8)

Similarly, we get

=—Ins 1 51 s) — o (1) max s_l_6
InQ,(s) = —1 +\/%( Wi(s) — Wn(1)) + TF (1, 2 ) (5.9)

For v > 0, we get from Proposition ??, in connection with Lemma 77,

Vi (M}ll)(k) — ’y) =Wk (/Olln Qn(s)ds — 1) + bias + op(1),

Vi (L;U(k) - 117) =Wk (/01 (1-Q,7(s)) ds — H17> + bias + 0p(1).

Then, by (??) and (?7?),

1
vk (M,Sl)(k) - 7) = 7/0 (s_lVVn(s) — Wa(1)) ds + bias + op(1),

Vk (Lg)(k) — 117> = 'y/ol §7 (sT'Wi(s) — Wi(1)) ds + bias + op(1).

Now, using Cramer’s delta method as in the previous proof, we obtain under the conditions of the

theorem

Vk (ﬁyM(k:) — 'y) = (1—:7)2 /1 (8_1 -1+ 27)37_1) Wy (s)ds + (1 4+ v)Wp (1) 4 bias + op(1),
0

For v <0, we get

J%(L’;—ll> :VE(/OIQ’Z(SWH ds—117> + bias 4 0,(1)
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and

2~ X Q7 _1 2 ias + o
\/E<L2 (1-— )(1—27 > </ (1_7)(1—2’)/)> +b + p(l).

So, by (??) and for v < 0,

Vk (L* - 1i) =— /01 s (s Wi(s) — Wi(1)) + bias + o, (@A*(n/lﬁ)) op(1),

Vi (L; —as 7)?1 — 27)> = - /01 5_77_ Lo (s Wia(s) — Win(1)) +bias-+op (J%A*(n/k)) 0p(1)).

Now, as shown in the proof of Theorem 77 and Corollary 7?7,

L
~M M 2 (LT) i}
vk <’Yn (k) — 4L2 _ (LT)2) e 0.
Therefore,
VE @FYM (k) —~) = (= 2k (% _ WM) —(L=m)vE <<LT)2 _ ﬁ> + op(1).

Ly —(L})?

Since L} — (L1)* —P (1—y)?1- 27))_1, we may write

1 o=y _
VE @M (K) =) = (1 —7)(1—27) [(1 - 27)/ =l (s Wa(s) = Wa(1)) ds
0 Y

+2 /1 s (S_IWn(S) — Wa(1)) ds + bias + op(l)]
0

= (1—7)(1—2y) [/01 <2 -2 1) s W (s)ds — 117 Wn(l)] + bias + op(1).

Y

For v = 0 this becomes
1
Vi FMM () = / (2+1ns) s Wy (s)ds — W, (1) + bias + 0p(1)
0
1
_ / 2+ ns) (5~ W(s)ds — Wi(1)) d,
0

again the same r.v. as for 7. Consequently, and under the conditions in the theorem, both the
functional of the Brownian motion and the bias are the same as in Theorem 2.1 of Drees et al.
(2004), page 1183. Hence the result. [

Proof. [Theorem ?7?]. We first prove that the estimator 3} (k;p) has exactly the same asymp-
~MM
totic behavior as 7,,  (k;p), defined as MM (k) in (??), but with X,,_;11, replaced everywhere
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by Xpn—it1n — Q(p), 1 <i <mn, with @ the inverse of the d.f. F. In fact this statement is true for
all the statistics in (??7). We shall prove it for M,Sl)(k:). Fori=1,2,---k,

1— X[np]+1,n - Q(p)> '

In (Xpn—it1n — Xin m) =In(Xp_jr1n — +1
n ( 41, npl+1:n) = In ( 1.0 — Q(p)) n< X ir1m—O)

The last term is at most

_ X[np]+1,n - Q(p)>
" (1 Xnn — Q(p) '

Since X{ypj41,n — Qp) =0, (n_l/Q) and X, ,, — Q(p) £, Q1) — Q(p) € (0, 0], we have

n—oo

n—oo

\/E In <1 _ X[np}Jrl,n - Q(p)) _ (1 ‘l‘op(l))\/i \/ﬁ(g[(nlp)]#»_l,n - Q(p)) _ \/E Op(l) i} 0.

Xn,n - Q(p) Q(p)

~MM
Similarly for L$ (k), L{? (k) and thus for 34 (k). Now, 5,  (k;p) differs from 34 (k) only by
a shift: we replace U(t) by U(t) := U(t) — U ((1 =p)~'). Hence condition (??) is valid for U and

Theorems 77 and 7?7 are valid for the adjusted estimators albeit that, for p < v < 0, the bias term

has to be multiplied by 2%/ (zI' — U (1/(1 — p))). [
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