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1 The estimators under study and scope of the paper

Let X7, Xa,---,X,, be independent, identically distributed (i.i.d.) random variables (r.v.’s) with a

common distribution function (d.f.) F. Let us denote the associated ascending order statistics (0.s.) by
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X1 < Xoy <+ < Xy and let us assume that there exist sequences of real constants {a,, > 0} and
{b, € R} such that the maximum, linearly normalized, i.e., (Xp.n, — bn) /an, converges in distribution

to a non-degenerate r.v. Then the limit distribution is necessarily an extreme value d.f.,

exp(—(1+~vz) Y7, 14~z >0 if 0
BV, (2) = p(—(1+yz)~/7) ot v #

exp(—exp(—x)), x € R it v=0.

The d.f. F is said to belong to the max-domain of attraction of EV,, and we write F' € D (EVS). The
parameter +y is the extreme value index, the primary parameter of extreme events, with a low frequency,
but a high impact. The tail index measures the heaviness of the right tail function F := 1 —F, and the
heavier the tail, the larger the tail index is. In this paper we shall work with Pareto-type distributions,

with a strict positive extreme value index, often called tail index.

1.1 First, second and third order conditions for heavy tails

Power laws, such as the Pareto income distribution and the Zipf’s law for city-size distribution, have
been observed a few decades ago in some important phenomena in economics and biology and have
seriously attracted scientists in recent years. In statistics of extremes, a model F is said to be heavy-
tailed whenever the tail function F is a regularly varying function with a negative index of regular
variation equal to —1/7, or equivalently, the quantile function U(t) = F—(1 — 1/t), t > 1, with

F=(z) =inf{y : F(y) > z}, is of regular variation with index v > 0, i.e., for all x > 0,

. F(tf’?) -1 .
lim — 2 =gz /7  — ]
Pty F(t) * P U(t)

=27 <<= FeDym(EVyso). (1.1)

The second order parameter, p (< 0), rules the rate of convergence in the first order condition
(1.1), and is the non-positive parameter appearing in the limiting relation

. ImU(tz) —InU@{#) —yInzx -1
lim = ,
t—o0 A(t) p

(1.2)

which we assume to hold for every x > 0, and where |A| must then be of regular variation with index

p (Geluk and de Haan, 1987). We shall further assume everywhere in the paper that p < 0.

Remark 1.1. Note that Dap(EVy) also contains d.f.’s with tails quite similar to the tails of the
models in Dy (EVy~o). Such a behaviour was detected a long time ago by Fisher and Tippett (1928),

who have first spoken about the so-called penultimate behaviour of maxima of models in Dy (EV),



or equivalently, the penultimate behaviour of excesses over a high threshold, further studied in Gomes
(1984), Gomes and de Haan (1999), Kaufmann (2000), Raoult and Worms (2003), Diebolt and Guillou
(2005), among others. Very popular tails in insurance and finance are tails of the type, F(x) =
exp{—H(x)}, H € RVys9, 6 > 1. In a context of Extreme Value Theory we have v = 0 and p = 0,
i.e., we are working with those tails in Dap(EVy), which exhibit a penultimate behaviour, looking
more similar to Pareto tails than to exponential tails. These distributions belong to the class of sub-
exponential models, another possible class of heavy-tailed models. For relations among different classes

of heavy-tailed distributions see Embrechts et al. (1997), Section 1.4.

To obtain information on the order of a possibly non-null asymptotic bias of the second-order
reduced-bias tail index estimators considered in this paper, we shall further assume a third order

condition, ruling now the rate of convergence in (1.2), and which guarantees that, for all z > 0,

InU(tz)=InU(t)—vIn p_1 ,
. - A(L) . x_xp aftr -1
lim = , (1.3)
t—o0 B(t) p+p

where | B| must then be of regular variation with index p’ < 0, which we also assume to be negative.
Such a condition has already been used in Gomes et al. (2002a) and Fraga Alves et al. (2003), for
the full derivation of the asymptotic behaviour of p-estimators, in Gomes et al. (2004), for the study
of a specific reduced-bias tail index estimator, and in Caeiro and Gomes (2008) for the study of

reduced-bias tail index and quantile estimators.

Remark 1.2. For Hall-Welsh class of Pareto-type models (Hall and Welsh, 1985), with a tail function
F(z) = Cx_1/7(1+D1xp/7+o(:vp/7)), asx — 00, v >0,C>0,D1 #0, p<0, (1.2) holds and we can
choose A(t) = at?, for an adequate . If we further specify the term o (a:P/V) and consider a Pareto-
type class of models with a tail function F(x) = Cx*1/7(1 + D1zl 4 Dyzletr)/v 4 o(x(p“’l)/”)),
C >0, Dy, Dy #0, p, p1 <0, (1.3) holds, with p’ = max(p, p1) > p and we may choose A(t) = at”,

B(t) = 't for adequate o and o

Remark 1.3. Note that for most of the common heavy-tailed models (v > 0), the third order parameter
p'in (1.3) is equal to the second order parameter p in (1.2). Among those models we mention: the
Fréchet model, with d.f. F(x) = exp(—z~/7), > 0, for which o/ = p = —1; the generalized Pareto
(GP) model, with d.f. F(z) =1— (14~z)~Y7, 2 >0, for which p' = p = —v; the Burr model, with
df Fz)=1—1+z PN >0, p = p < 0; the Student’s t,-model with v degrees of freedom,

for which v =1/v and p' = p = —2/v.



In this paper, we shall assume that (1.3) holds with p, p’ < 0 and that we can choose
B(t)=pt", A{t)=at’ =y 81", B, B #0, (1.4)

with 8 # 0 and ' # 0 “scale” second and third order parameters, respectively. More generally, we

can consider § = (3(t) and 3’ = §/(t) as arbitrary slowly varying functions.

1.2 The estimators under study

For heavy-tailed models, the classical tail index estimator is Hill’s estimator (Hill, 1975), the average

of the log-excesses Vj, or of the scaled log-spacings U;, 1 < i < k. With the notation

Xt Xp—it1:
Vi = In 2nitlin gy ::i{lnw}, 1<i<k<n, (1.5)
ank:n Xn—i:n

Hill’s estimator can be written as

k

Ho(k) = H(k) = 3 > Vi =

=1

k
Z Ui. (1.6)
i=1

For intermediate k, i.e., a sequence of integers k = k,, 1 < k < n, such that

El e

k =k, — oo and kn = o(n), as n — oo, (1.7)

it is well known that, for models satisfying (1.1), the log-excesses Vi, 1 < i < k, in (1.5), are
approximately the k o.s. from an i.i.d. exponential sample of size k, with mean value v and that the
scaled log-spacings U;, 1 < ¢ < k, also in (1.5), are approximately independent and exponential with
mean value 7 (see, for instance, Caeiro et al. (2005), for the sketch of a proof). The Hill estimator in
(1.6) is thus consistent for the estimation of v whenever (1.1) holds and k is intermediate, i.e., (1.7)

holds. If we further assume the second order framework in (1.2), the asymptotic representation

a2 Ak
Ha(k) 74—+ 52 (14 0(1)

holds (de Haan and Peng, 1998), where, with {E;} a sequence of i.i.d. standard exponential r.v.’s,

71(:) = Vk( Zle E;/k — 1) is asymptotically standard normal. Under (1.3), we can write,

70 A ,
Holk) <y + 7\2/2 + Al(/’;) + A(n/k) (1B(p/k)p, + op(\}E))u +o0,(1)). (1.8)



The adequate accommodation of the bias of Hill’s estimator has been extensively addressed
in recent years by several authors, among whom we mention Peng (1998), Beirlant et al. (1999),
Feuerverger and Hall (1999), Gomes et al. (2000; 2002b; 2005a; 2005b; 2007b), Gomes and Martins
(2001; 2002), Beirlant et al. (2002), Caeiro and Gomes (2002). In all these papers, authors are led to
second-order reduced-bias tail index estimators with asymptotic variances always larger or equal to
(v (1 = p)/p)* > 4% Recently, Caeiro et al. (2005), Gomes and Pestana (2007a) and Gomes et al.
(2007a;2008) consider, in different ways and essentially under the second order framework in (1.2),
the joint external estimation of both the “scale” and the “shape” parameters, 3 and p, respectively,
in the A function in (1.4), being able to reduce the bias without increasing the asymptotic variance,
which is kept at the value 72, the asymptotic variance of Hill’s estimator, at least for values k such

that VEA(n/k) — X, finite, as n — co. Gomes et al. (2008) consider

k
%g (/) bir(P) vy Vi, = Yir(p) = pln( TR (1.9)

W H standing here for weighted Hill estimator. Caeiro et al. (2005) consider an estimator of this same

type, now denoted,

CHj (k) := H(k:)( fﬁ (%)p) (1.10)

where the dominant component of the bias of Hill’s estimator, given by A(n/k)/(1 — p) =
7B (n/k)? /(1 — p) if (1.4) holds, is thus estimated through H (k)3 (n/k)? /(1 — p), and directly re-

moved from Hill’s classical tail index estimator. The notation C'H stands for corrected Hill. Another

class has been introduced in Gomes et al. (2007a), with the functional form
N IS BN A
MLj (k) == H(k) — <E) (%Z (%) U) (1.11)
1=
These authors consider also the estimator MLB,ﬁ(k) = Zle exp (— B(n/z)p) Ui/k, the estimator
directly derived from the likelihood equation for ~, based upon the exponential approximation U; &~
vexp(B(n/i)P)E;, 1 < i <k, with (3, p) fixed, being claimed a better performance of the M L estimator,

comparatively to ML, for a large class of models. This is the reason why we shall here essentially

work not with the W H-estimator in (1.9), but with the bias-corrected Hill estimator

WH; (k) = HK) — 6 (1) (7 f;wk(ﬁ) Vie), (1.12)



with 1 given in (1.9). In all these classes B and p need to be adequate consistent estimators of the

second order parameters 0 and p, respectively.

1.3 Scope of the paper

In this paper, we derive asymptotic distributional properties of the three classes of “unbiased Hill”
(UH) estimators in (1.10), (1.11) and (1.12), under the third order framework in (1.3), obtaining
full information on their asymptotic bias. In Section 2, we shall briefly review the estimation of the
two second order parameters § and p, adding some new results related with the estimation of the
second order parameter (3, under a third order framework. In Section 3, first assuming that only ~ is
unknown, we shall state a theorem that provides an obvious technical motivation for the estimators
under consideration and full information on the bias. Next, we shall derive the asymptotic behaviour
of the U H estimators, estimating first 5 and p at a larger k value than the one used for the tail index
estimation. We also do that only with the estimation of p, estimating § at the same level k used
for the tail index estimation. Finally, generalizing for any of the U H-statistics under study, a result
obtained in Gomes and Pestana (2007c) for the statistic CH in (1.10), we refer the estimation of the
three parameters at the same level k. In Section 4, and through the use of Monte Carlo simulation
techniques, we exhibit the performance of these UH-estimators, comparatively to the classical Hill

estimator and to the generalized Jackknife estimator,
GIp(k) = (V2 MP (k) = 2 = p) MP(R)/(2 M R))) /5, (1.13)

studied in Gomes and Martins (2002), and where, with V,, the log-excesses in (1.5),
k
, 1 — )
MO =23V =1 [M751> — Hin (1.6)} . (1.14)
i=1

The generalized Jackknife estimator in (1.13) was considered as a representative of the classical
“asymptotically unbiased” tail index estimators with an asymptotic variance larger than or equal
to v2((1—p)/ p)2, the minimal asymptotic variance of any “asymptotically unbiased” estimator in
Drees’ class of functionals (Drees, 1998). In the simulations, we shall consider only an external esti-
mation of p at a level k; of a larger order than that of the level k& on which we base the tail index
estimation. Such a decision is related with the discussion initiated in Gomes and Martins (2002) on
the advantages of using an external estimation of the second order parameter p, or even its misspec-

ification, as in Gomes and Martins (2004), versus an internal estimation at the same k, which leads



to high volatile sample paths for small up to “moderate” k. In Section 5 we provide an illustration of
the behaviour of these new minimum-variance reduced-bias (MVRB) estimators through the analysis
of two data sets in the field of finance, and some overall conclusions are drawn. Finally, in Section 6,

we provide the proofs of the theorems in Sections 2 and 3.

2 Third order framework and second order parameters estimation

2.1 The estimation of p

We shall consider the class of estimators of the second order parameter p proposed by Fraga Alves
et al. (2003). Under adequate general conditions, they are semi-parametric asymptotically normal
estimators of p, whenever p < 0, which show, for a large variety of models, highly stable sample paths
as functions of k£, the number of top o.s. used, for a wide range of large k-values. Such a class of
estimators has been first parameterised in a tuning parameter 7 > 0, but 7 may be more generally

considered as a real number (Caeiro and Gomes, 2006). It is defined as
plks 7) = pr (k) i= — [3(T (ks 7) — 1)/ (Tuh 7) — 3)], (2.1)

where, with M,Sj)(k) given in (1.14) and the notation a’™ = blna, whenever 7 = 0,

(M) (k)T — (M (k) /2)7”

(M7s2)(k-)/2)7/2 . (M723)(]€)/6)T/3’ 7€ R.

To(k;7) =

We shall next summarize the results proved in Fraga Alves et al. (2003), making explicit both the

asymptotic bias and variance of the p-estimators in (2.1):

Proposition 2.1 (Fraga Alves et al., 2003). Under the second order framework in (1.2), with p < 0, if
(1.7) holds and vk A(n/k) — 0o, asn — oo, the statistics p(k;7) in (2.1) converge in probability to p,
as n — oo, for any real T. Moreover, under the third order framework in (1.3), if Vk A%2(n/k) — X,
finite, and Nk A(n/k) B(n/k) — \,, also finite, Vk A(n/k) (p(k;T) — p) are asymptotically normal

with asymptotic variance
_ (1= p)*y2
or =05(vip) = ( p ) (20" —2p+1), (2.2)

the variance of a r.v. JRW,f, with W,f asymptotically standard normal and given by

1

V202 —2p+1

WE = (B-n N -@-20) N +(1-n) V). (2:3)



where, with {E;} i.i.d. standard exponential r.v.’s, and T'(t) the complete Gamma function,

k
() 1 o
N = N B VE a>1l 2.4

Y T+ )Wk & (24)

There is moreover a possibly non-null asymptotic bias, given by b, := X ,u, + Ayv,, where

p (T(1=2p)*(3 = p)(3 —2p) — 6p (4p° — 16p° +20p — 7))

Uy, =U, (Y, 0;T) = 2.5
o =) 127 (- p)(1 29 =
and
— / / I I—p 3
UR:UR<P7P):P<1+;) <m) : (2.6)

Indeed, we can write the asymptotic distributional representation,

Slk:r) 2 70RW7§ u, A(n v, B(n o
ki) & T, AR) 0, B0/ ) (1 + 0y (1)

Remark 2.1. Note that if if Vk A%(n/k) — oo or Vk A(n/k) B(n/k) — oo, p(k;7) — p is of the
order of A(n/k) or of B(n/k), the one of highest order.

2.1.1 A few remarks on the choice of a level k; for the estimation of p

We now rephrase for the more general set of models in this paper, the comments made in Caeiro and

Gomes (2008) on the choice of the value ki that should be used for the estimation of p.

(1) The ideal situation would perhaps be the choice of an “optimal” level k; for the estimation
of p, in the sense of a k; that enables us to guarantee the asymptotic normality of the p-estimators
with a non-null asymptotic bias. That level k; is then such that k1 A(n/k1)B(n/ki1) — X and
VE1 A%(n/k1) — A4, » both finite, with at least one of them non-null, let us say A, . We should
then get k1 = O(n‘2(9+pl)/(1_2(p+p,))). Denoting p = p(ki;7) any of the p-estimators in this section
computed at such a k1, p—p = Op(l/ (\/HA(n/kl)) ) = Op(np//(1_2(p+”/))), ie.,

p—p=op(1/lnn), asn — oo, (2.7)

a condition needed later on in Section 3. In practice, such a k; has only a “limited” interest, at the

current state-of-the-art. It is however of high theoretical interest.



(2) Tt is easy to show that if p = p/, a large subset of the class of models in this paper (see Remark
1.3), there exists 7 such that the asymptotic bias b, := A, u, + A v, = 0. This partially justifies the

assumption of the following condition:

Condition U: There exist 7,, and ki, with \/k; A(n/k1)B(n/ki) — oo and/or ki A%(n/k1) — oo,
such that, with p(k; 7) defined in (2.1), p, — p = p(k1;7,) — p = Op (1/ (VE1A(n/k1))).

This is obviously a strong assumption, practically equivalent to saying that, for a specific model,
there is (7, k1) such that p, = p(k1;7,) is an “unbiased” estimator of p, so that the bias has no
influence in the rate of convergence, which is kept at 1/ (\/EA(n / kl)) Indeed, such a claim is made
essentially on the basis of the high stability of sample paths of the p-estimates in (2.1) for a specific
T =7, and large values of k (see the sample path of pg(k) = p(k;0) in Figure 5). Then, the use of a
value k; larger than the “optimal” level for the p-estimation considered in item (1), but intermediate,
like for instance, the one suggested in Gomes and Martins (2002), k; := min(n—1,2n/Inlnn), enables
us to guarantee that p, — p = 0,(1/Inn). Indeed, if we do not assume Condition U for this ki, since
Vki A%(n/k1) and/or ki A(n/k1)B(n/k1) go both to infinity, p(k1;7) — p, being of the order of
A(n/ky1) or of the order of B(n/ki), is a Op ((Inlnn)") for some n < 0. Consequently, p(ki;7) — p
would be of a larger order than 1/Inn. If we assume the validity of Condition U for ky = O(n/Inlnn),
we get p, —p = Op (1/ (VE1A(n/k1))) = Op ((Inln n)(l_Qp)/Q/\/ﬁ), which is obviously of smaller order
than 1/Inn, ie., (2.7) holds. This will be the unique situation under which we can work with the
k1 suggested in Gomes and Martins (2002) and still guarantee the above mentioned property (2.7)
on the p-estimator, and a possible generalization of Theorem 3.1 for UH By by with @U an adequate

(B-estimator, to be specified in subsection 2.2.

(3) If we conmsider a level k1 of the order of n'~¢ for some small ¢ > 0, we can also guarantee
(2.7) for a large class of models, without the need to assume a condition as strong as Condition U.
To have consistent estimation of p, we need to have v/k; A(n/k;) — oo, and this holds if and only if
p > % — % — —o0, as € — 0, i.e., we have an almost irrelevant restriction in the model. Then, with
further similar irrelevant restrictions, we get either v/k1 A(n/ky)B(n/ky) — oo or vk A%(n/k1) — oo,
and p— p, being possibly of the order of A(n/k1) or of the order of B(n/ky), is of the order of a negative

power of n, i.e., again of smaller order than 1/Inn. This is the reason why, such as done in Caeiro et

al. (2005), Gomes and Pestana (2007a;2007b) and Gomes et al. (2007a;2008), we advise in practice,



as a compromise between theoretical and practical considerations, the use of any intermediate level

like k; = [n'~¢] for some € > 0, small.

2.1.2 A remark on the choice of the tuning parameter 7 in the estimation of p

The theoretical and simulated results in Fraga Alves et al. (2003), together with the use of these
estimators in the generalized Jackknife statistics in Gomes et al. (2000), as done in Gomes and Martins
(2002), as well as their use in the estimators in (1.9) (Gomes et al., 2008), in (1.10) (Caeiro et al.,
2005; Gomes and Pestana, 2007a) and in (1.11) (Gomes et al., 2007a), lead us again to advise in
practice the use of 7 =0 for p € [-1,0) and 7 = 1 for p € (—o0, —1). However, practitioners should
not choose blindly the value of 7 in (2.1). It is sensible to draw a few sample paths of p, (k) = p(k;T),
as functions of k, electing the value of 7 which provides the highest stability for large k, by means of
any stability criterion, like the one suggested in Gomes et al. (2005a) or Gomes and Pestana (2007a).
For not too small n, we are most frequently led to the above mentioned choice, pg if p > —1 and py
if p < —1, when we consider only the tuning parameters 7 = 0 and 7 = 1 as possible alternatives. In

practice, the adequate choice of 7 is more crucial than the choice of k.

2.2 The estimation of 3

We shall consider the S-estimator first obtained in Gomes and Martins (2002) and based on the scaled
log-spacings U; in (1.5), 1 < i < k. On the basis of any consistent estimator p of the second order

parameter p, we shall consider the B-estimator, ﬁ(k, p), where, with p <0,

E{EH 7)o - (s 07 v)}

Bl p) = D S TTIILY 28)
(@) B o)- (k@™ u)

Gomes and Martins (2002), keeping up to the second order framework in (1.2), have got the

asymptotic behaviour of B(kz, p) in (2.8). If we go into the third order framework, we then get the

following result, a generalization of a result in Gomes et al. (2008):

Theorem 2.1. If the third order framework in (1.3) holds, as well as (1.4), k = ky, is a sequence of

intermediate positive integers, i.e. (1.7) holds, and vk A(n/k) — oo, then we get
n—oo

i) £ 5+ LI B2 W 3, A /R) 40, BB+ 1), (29)

10



where W: 18 asymptotically standard normal. More precisely we can write

5 (1p)x/12p<21§) 7, p))

W, = — 2.10
" o] l—p VI-2 (2.10)

where, with {E;} a sequence of i.i.d. standard exponential r.v.’s,

—(a) 1 k 2\ a—1
zy = V@a-Dk (1 EZ: <%) B —1/a), (2.11)

(1) _ 1)
for any real « > 1 [Z},) = N}, in (2.4)]. Moreover,
2(1-p) n_ (A=p)1=2p)(p+)

Uy, =U (Y, p) =——F—, VU =0,(p, p)= . 2.12
b =2 ) Y1 =3p)" F slp. £) p(L=p—=p)1—=2p—p) (2.12)

Consequently, B(k‘, p) converges in probability to 3, whenever k is intermediate and 'k A(n/k) — oo,
asn — oo. Moreover, if Vk A%(n/k) — X, and Vk A(n/k) B(n/k) — A, both finite,

Vi A(n/k)(ﬁ(k,p) —B)/B ~ Normal (A u, + Av,, 02), (2.13)

B
where
72 =a2n )= (HE2Y -, (2.14)
Under the validity of Condition U for a ki = O(n/Inlnn), these same results hold for B(k; p,,).
If we replace p by p(k; ) in (2.1), the rate of convergence of B(k;p(k;T)) is then of the order
of {In(n/k)/(Vk A(n/k))}, which must converge to zero, so that B(k; p(k; 7)) is consistent for the
estimation of 3, and
(B(k; p(ks 7)) = B8)/B & —In(n/k)(p(k;7) — p). (2.15)
If apart from Vk A(n/k)/In(n/k) — oo, we further assume that vk A%(n/k) — X,
and vk A(n/k) B(n/k) — X, both finite, then vk A(n/k)(8— B(k; p(k;7)))/(Bln(n/k)) ~

Normal (A uy, + A v, ai

), with o2, u, and vy, given in (2.2), (2.5) and (2.6), respectively.

Remark 2.2. If p = p' in (1.3), as happens with most common heavy-tailed models (see Remark 1.3),
we get u, = —v,/7v. Since for a Burr and a GP model, we can choose B(t) = A(t)/7, we have a null
mean value for \/E(B(k:, p) — ﬁ), even when A ,, A\, # 0. This justifies the good performance of this

B-estimator for Burr and GP models, as detected in Caeiro and Gomes (2006).

Remark 2.3. If we consider 3 = B(/ﬁ;ﬁ), with p any of the estimators in (2.1), computed also at
the level ki, 8 — 3 is thus, from (2.15), of the order of (p — p)In(n/ky). Consequently, the validity of

(2.7), enables us to guarantee the consistency of B = ﬁ(k:l;ﬁ).

11



3 Asymptotic behaviour of the “Unbiased Hill’ estimators

3.1 Known 3 and p

Under the second order framework in (1.2), further assuming that A(-) can be chosen as in (1.4),
and for levels k such that (1.7) holds, Gomes et al. (2008), Caeiro et al. (2005) and Gomes et al.
(2007a) got, for the r.v.’s WHg ,(k), CHg ,(k) and M Lg ,, respectively, generically denoted UHg,,

an asymptotic distributional representation of the type

UHg (k) £ 5+ % Z 4+ Ry (k), Ry (k) = 0p(A(n/k)), (3.1)

where 7,(6&) is the asymptotically standard normal r.v. in (2.11). It is trivial that (3.1) also holds for
the r.v. WHg,, with WHj ; given in (1.12). Assuming now the third order framework in (1.3):

Theorem 3.1. Under (1.3), further assuming that A(-) and B(-) can be chosen as in (1.4), and for
levels k such that (1.7) holds, we can specify the term R, (k) in (3.1), writing,

Ry (K) = A(/K) (1 A/ F) + v, B(n/R) + op(jg)) (1+ 0p(1), (3.2)
where, with
as(p) = — (In(1 — 2p) — 2In(1 - p)) /p?, (3.3)
_ @ oo 1 o 1
fwn =T Men SO e T T —2p) T T (34

Consequently, even if Vk A(n/k) — oo, with Vk A%(n/k) — X, and Vk A(n/k) B(n/k) — A, X,
and X, finite, VE (UHp, (k) =7) = Normal(byy i= Aytyy + Apvyysn?). If VE A(n/k) — oo
or Vk A(n/k)B(n/k) — oo, (UHg ,(k) — ) JA(n/k) is either Op(A(n/k)) or Op(B(n/k)), the one of
highest order.

Remark 3.1. Note that since A, > 0 and (1—p)?® > 1/as(p) > 1—2p for any p < 0, b,y > by > by, -
All depends then on the sign of the bias, but we expect the sample paths of CH to be always above the
sample paths of W H, these ones above the ones of M L. The M L-statistics are then preferable to the

other ones whenever the bias are all positive.

Remark 3.2. If p=p/, we getb,,, = (A\g — X, /7)/(1 —2p). On the basis of Remark 2.2, A\, = X\, /v
and b,,, =0 for Burr and GP models, a point in favour of the M L-statistic, as mentioned in Gomes

et al. (2007a). For the Student’s t, model with v = 1 degree of freedom, |b,,, | > b,, > |b and

wi s

ael 2 bwu | 2 ben| if v > 2.
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Remark 3.3. A possible adaptive choice of k based on the minimum MSE of this kind of “asymptot-
ically unbiased” estimators is now closer, but still slightly problematic at the current state-of-the-art,
because we also need to estimate 3’ and p, the parameters in the B function in (1.3). It seems worth
tnvesting in the use of the bootstrap methodology to estimate the optimal sample fraction in these

classes of UH estimators, but that is beyond the scope of the present paper.

3.2 Estimation of both second order parameters at the same level k;

We may state the following:

Theorem 3.2. Under the third order framework in (1.3), let us consider the tail index estimators in
(1.10), (1.11) and (1.12), generically denoted UHBA[)(k:), for any of the estimators 5 and p in (2.1)
and in (2.8), respectively, both computed at a level ki such that (2.7) holds. Then, \/E{UHB p(k) -7}

are asymptotically normal with null mean value and variance
ot =%, (3.5)

not only when vk A(n/k) — 0, but also whenever vk A(n/k) — X, finite.

We can still get this same limiting result for levels k such that Vk A(n/k) — oo, provided that k =
o(k1), asn — oo, and we choose k1 optimal for the estimation of p, i.e., such that \/k1 A%(n/ky) — Aa,
and 'k A(n/k1)B(n/ki) — X\, , finite.

If for k such that Vk A%(n/k) — X, and vk A(n/k)B(n/k) — )\,, both finite, we assume the
validity of Condition U for a level ki = O(n/Inlnn), and consider BU = B(kl;ﬁU), the tail index

estimators UH (k) have an asymptotic variance still equal to 4> and a non-null asymptotic bias,

By Py
still given by b, = AUy, + AgUy . with u,, and v, given in (3.4). This same result holds for

any UHﬁA’pA(k) provided that p — p = op(In(n/k)/(VEA(n/k)).

3.3 Estimation of v and ( at the same level k

If we consider v and 3 estimated at the same k, keeping the estimation of p at a larger k1, we are going
to have an increase in the variance of our final tail index estimators. Indeed, in the above mentioned
papers on the U H-statistics, an asymptotic normal behaviour has already been obtained for any of

the tail index estimators U H; =UH Blkp). 0 being the rate of convergence of the order of 1/ Vk and

13



the asympotic variance 42 (1 — p)/p)?. Under conditions similar to the ones in Theorem 3.2, we may

also obtain information on the asymptotic bias of UH;(]C), if we assume a third order framework:

Theorem 3.3. If the third order condition (1.3) holds, k = k,, is a sequence of intermediate integers,
i.e., (1.7) holds, and vk A(n/k) — oo, with Vk A%(n/k) — 0 and vk A(n/k) B(n/k) — 0, as
n — 0o, \/E(UHS(I{:) — 7) s asymptotically normal, with null mean value and variance

1—p\2
0'% = ’yz<7> , (3.6)

provided that we consider the estimator p(k;7) in (2.1), computed at a level ki such that
Vki A%(n/ky) — Ay, and VE1 A(n/k1)B(n/ki) — X, or, more generally, such that p —p =
Op (1/ (VE1 A(n/k1))) and k = o(ky), as n — oo.

If we assume that Condition U holds for a level k1 = O(n/Inlnn), then, the asymptotic behaviour
of UH;U (k) is equivalent to the one of UH (k). More specifically, the asymptotic variances of UH (k)
are kept equal to (v(1— p)/p)?, and whenever vk A%(n/k) — X, and vk A(n/k)B(n/k) — X\, both
finite, the asymptotic bias of UH (k) is equal to

% u v * *
bUH - )\A (UUH B 1 —BP> * )\B <UUH B 1 —BP) = )\AuUH + /\BUUH7 (37)

with (ug,v,) and (uy,,v,,) given in (2.12) and (3.4), respectively.

Remark 3.4. Results similar to the ones mentioned in Remarks 3.1 and 3.2 hold also for the bias in

Theorem 3.3. Indeed, b*

* . =0 for Burr and GP models, whenever p = p', and be, =05, =03,

Remark 3.5. As noticed in Caeiro et al. (2005), if we compare Theorems 3.2 and 3.3, we see that the

estimation of v and 3 at the same level k induces an increase in the asymptotic variance of the final

y-estimator of a factor given by ((1 — p)/p)? > 1. As noticed before, like for instance in Gomes and

Martins (2002), the asymptotic variance of the estimator in Feuerverger and Hall (1999) (where the

three parameters are computed at the same level k) is given by 0% =~ ((1 — p)/p)*. Note that Peng

and Qi (2004) have derived this same asymptotic variance for an approximate second-order maximum-
2

likelihood tail index estimator. The asymptotic variance of the MVRB estimators is 02 = 2, given in

(3.5), and we have 01 < 02 < 0, for all p < 0.

14



3.4 Estimation of 7, 7 and p at the same level k

If we consider v, 8 and p estimated at the same k, we are further going to have an extra increase in
the variance of the tail index estimators UH** (k) := UHj .. 500)) ﬁ(k)(k). Indeed, we are able to derive
an asymptotic normal behaviour, at a rate of convergence still of the order of 1/ V'k, but the asympotic

variance increases. Indeed, as a particular case of Theorem 3.1 in Gomes and Pestana (2007¢):

Theorem 3.4. If the third order condition (1.3) holds, k = ky, is a sequence of intermediate inte-
gers, i.e., (1.7) holds, and Vk A(n/k) — oo, with vk A% (n/k) — 0 and Vk A(n/k)B(n/k) — 0,
\/%{UH**(I{:) -7} %, Normal (0,03) , with

=14 () - 2l (o)’ 58)

i.e., we get the same rate of convergence of the order of 1/\/% for UH**(k), but the asymptotic
variance increases. If Vk A%(n/k) — X, and V'k A(n/k)B(n/k) — X\, both finite, then, with u,, v,

and (uy v, ) gwen in (2.5), (2.6) and (3.4), respectively, the asymptotic bias of UH** (k) is

*k U v . *% *%
bUH = )\A (UUH — ﬁ) -+ )\B (UUH — (1_7Rp)2> =: )\AUUH -+ )\BUUH' (39)

4 Finite sample behaviour of the estimators

We have implemented simulation experiments, with 5000 runs, based on the estimation of 3 at the

n%999  We use the notation

same level k1 we have used for the estimation of p, the level k1 =
Bj1 = B(k‘l;ﬁj), p; = p(k1;4), 7 = 0,1, with p(k;7) and B(k; p) given in (2.1) and (2.8), respectively.
These estimators of p and 8 have been incorporated in the “unbiased Hill” estimators, leading to

UH,

By ﬁj(kz), J = 0, 1. The simulations show that the tail index estimators UH By ﬁj(k‘), J equal to

either 0 or 1, according as |p| < 1 or |p| > 1, seem to work quite well, as illustrated in Figures from
1 until 4. In these figures we picture for Fréchet and generalized Pareto (GP) underlying models,
and a sample of size n = 1000, the mean values (E[e]) and the mean squared errors (M SE]e]) of
the Hill estimator H and the generalized Jacknife estimator GJ; = GJ;; in (1.13), together with

WH; = WH, ., CH; = CHy . ML; = ML; . and WH; = WH,

. . A ., 7 =00rj =1
Bj1,04 1,05 1,05 Bi1,05° J 0 J ’

according as |p| < 1 or |p| > 1. The r.v.’s ML = MLg, are also pictured, so that we may see that,
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for some models, there exists still a significant difference between the behaviour of the statistics under
study and that of the r.v.’s. Such a discrepancy suggests that some improvement in the estimation of

second order parameters 3 and p is still welcome.

MSE[°]

Figure 1: Underlying Fréchet parent with v =1 (p = —1).

0.02

E[°] ) MSE][°]

0.01 -

T T T T
0 200 400 600 800

Figure 2: Underlying GP parent with y =1 (p = —1).

Remark 4.1. Note that the comment made in Remark 3.1 is coherent with the pictures of the mean

values of CHy, M Ly and W Hy.

Remark 4.2. For the Fréchet model (Figure 1), and among the U H -estimators simulated, the W H -

estimator exhibits the best performance.

Remark 4.3. For a generalized Pareto (GP) model, we may further draw the following comments:
o For any p, the ML r.v. seems to be unbiased for the estimation of v, for all k.

o For p = —1 (Figure 2), the WH statistic is the best one regarding MSE at the optimal level,
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Figure 4: Underlying GP parent with v =2 (p = —2).

but merely because the associated sample paths cross the target at a lower threshold. The W H -
statistic is however the one with the smallest bias for not too large values of k.

e For values of |p| < 1 (Figure 3), the W H -statistic behaves slightly better than the C H -statistic,
which behaves slightly better than the W H -statistic, but the M L-statistic outperforms all UH -
estimators. The behaviour of the GJ-statistic is quite appealing for these p-values.

e For|p| > 1 (Figure 4), we need to use p1 (instead of po) or any of the hybrid estimators suggested
in Gomes and Pestana (2007a). In all the simulated cases, the CH and the W H -statistics almost
overlap and the M L-statistics again outperform all other statistics. The GJ statistic, although

erhibiting a better performance than the Hill estimator, when both statistics are compared at their

T T T
400 600 800

0.03

0.02

0.01

0.00

MSE[*] CH,

optimal levels, is not able to overpass the U H -statistics.

Further simulation comparisons can be found in Caeiro et al. (2005) and Gomes et al. (2007a; 2008).
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5 Two case-studies and overall conclusions

When analysing heavy-tailed data, quite common in financial time series, one never knows how much
the underlying model differs from a strict Pareto model. And this is the unique situation where the Hill
estimator is “perfect”. Otherwise, all depends on the specificity of the underlying heavy-tailed model
and on the practitioner’s objectives. If we want to use (or have only access to) a very small number
of top o.s. from a heavy-tailed model, the Hill estimator has been considered the most adequate one.
This is no longer true: the new estimators are similar to Hill’s estimator from small up to moderate
values of k, being much better than the Hill estimator, when we consider larger values of k, although
intermediate. After taking a decision on the estimate of p, and assuming that |p| < 1, a situation
which seems to appear often in practice, we should simultaneously picture the sample path of a few
tail index estimators, with different specificities. On the basis of those sample paths we may then
get, in a more appropriate way, an accurate estimate of the tail index =, like we shall see later on, in
the applications provided. And the new estimators under study in this paper should be taken as the

adequate substitutes of Hill’s estimator.

5.1 Log-exchange rates of Euro against USA Dollar

We shall first consider an illustration of the performance of the above mentioned estimators, through
the analysis of the positive log-returns P; = In (S;11/S;) = —L;; 1 <i <n—1, with S;, 1 <i < n,
the Euro-USA Dollar daily exchange rates from January 4, 1999 until December 15, 2004. In Figure
5, working with the ng = 748 positive log-returns, we present the sample path of the p, (k) = p(k; 1)
estimates in (2.1) (left), as function of k, for 7 = 0 and 7 = 1. Note that the sample paths of the
p-estimates associated to 7 = 0 and 7 = 1 lead us to choose, on the basis of any stability criterion for
large k, the estimate associated to 7 = 0. From previous experience with this type of estimates, we
conclude that the underlying p-value is larger than or equal to —1, and the consideration of 7 = 0 is
then suitable, although negative values of 7 might be even better, as illustrated in Caeiro and Gomes
(2008) for a GP underlying model. The estimate of p is in this case pyp = —0.69. In this same figure
(right), we also present the sample paths of the classical Hill estimator, H, of UHy = UH Bor.po? with
UH =CH,ML and WH, as well as of GJy = GJj,.

Regarding the tail index estimation, note that the Hill estimator exhibits here a relevant bias.
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F igure 5: Estimates of the second order parameter p (left) and of the tail index « (right) for the Daily Log-Returns of the
Euro-USA Dollar.

We are thus a long way from a strict Pareto underlying model. The other estimators, which are
“asymptotically unbiased” up to the second order, reveal a smaller bias, and enable us to take a
decision upon the estimate of v to be used, with the help of any stability criterion or any heuristic
procedure, like a largest run method, of the type of the one described in the sequel, and already
suggested in Gomes et al. (2005a): let us consider a set of reduced-bias tail index estimates 4;(k),
1 <k <n/2, i€Z, with a small number r of decimal figures. Let us denote them 7;,.(k). Then, for
any value ¢ € 7 and for any possible value a in the domain of ’Ayi|,,(k), consider the largest run associated
with a, i.e., R;(a), the maximum number of consecutive k values such that 4;,.(k) = a. Next, compute

aM = argmax, R;(a), and consider as a data-driven estimate of the tail index v, 4 = af‘g[ with

i
1 1= argmax; af‘/[ . Here, if we consider » = 1, the largest run is achieved by the sample path of the
M L-estimator in (1.11) and the W H-estimator in (1.12). Such a largest run has a size equal to 320,
for k between 60 and 379, and is associated to ¥ = 0.3. Working with the C'H-estimator and this
criterion, would we also be led to an estimate equal to 0.3, with a run of size 266 (68 < k < 333).
For the W H-estimate, we would also get a tail index estimate equal to 0.3, with a run of size 235
(60 < k <294). With this same criterion, the Hill estimator would provide an estimate also equal to
0.3, with a run of size 126 (43 < k < 168). According to the previous heuristic procedure we would thus
be led to the choice of the M L or W H estimators, computed at any level from k& = 60 until £ = 379, all
providing the same estimate 4 = 0.3. Should we consider this same criterion, but the estimates with

two decimal figures, would we be led to the estimate 4 = 0.26 for any of the reduced-bias estimators.

This is the value pictured in Figure 5.
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5.2 Nasdaq Composite index

We next proceed to the data analysis of positive log-returns P; = In (S;1+1/S;), 1 <i <n—1, with S;,
1 <¢ < n, the close prices of Nasdaq Composite Index. We have used the daily log-returns from 1997

until 2000, which correspond to a sample of size n = 1037, with ng = 750 positive values.

k 0.6
0

CH,
0.4 1

0.2

Figure 6: Estimates of the second order parameter p (left) and of the tail index v (right) for the Daily Log-Returns of the Nasdaq

Composite Index.

5.3 Some overall conclusions
e Generally, we may say that there is not any significant difference between the different U H-
estimators. Anyway, whenever confronted with real data, the drawing of sample paths of a few

alternative estimates can help us in the choice of the most accurate tail index estimate.

e The generalized Jacknife statistic in (1.13) exhibits, for some of the models, sample paths more
stable around the target value v for a wider region of k-values, comparatively to the statistics
here studied, but at the expenses of mean squared errors much higher than those of the Hill and

the new MVRB statistics, for small up to moderate values of k.

e Indeed, the main advantage of the so-called MVRB estimators WH, CH, ML and W H in (1.9),
(1.10), (1.11) and (1.12), respectively, lies on the fact that we may estimate 3 and p adequately
through 3 and p so that the MSFE of the new estimator is smaller than the MSFE of Hill’s
estimator for all k, even when |p| > 1, a region where has been difficult to find alternatives
for the Hill estimator. And this happens together with a higher stability of the sample paths
around the target value . These new estimators work indeed better than the Hill estimator

for all values of k, contrarily to the previous alternatives available in the literature, like the
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generalized Jackknife estimator in (1.13).

e Despite of this, it is sensible to understand the comparative behaviour at optimal levels of these
MVRB estimators and the other reduced-bias estimators, not only for finite samples, but also
asymptotically. It is thus crucial to have information on the order of the dominant component(s)
of their asymptotic bias, the main contribution in this paper, for the MVRB tail index estimators
in (1.10), (1.11) and (1.12). The adaptive choice of the threshold is now potentially feasible, but

out of the scope of this paper.

6 Proofs

Let us further introduce the notations,

k
(0% 0% 1 6%
P,ﬁ ) = P,ﬁ '(p) = z Zwik (p) Ex—iv1h, @ >0, (6.1)
i=1
1 k
QY = Q7 (p) = 1 2w 0) (exp (pEioivnn) — 1) /p a > 1, (6.2)
=1
1 k
R = B (p) = 2 D05 (0) W(i/k) Broipry @20, (6.3)
i=1
and
@) Qa—1DRa—1)k /1~ acly (i 1 N
Wi = 3 GX(G) w(R)E+ ) ezt (64)

with ¢ given in (1.9), being {E;}, again, a sequence of i.i.d. standard exponential r.v.’s and Fj.,,
1 < i < n, the associated ascending o.s. As usual, let us denote E the mean value operator. More

generally than in Lemma 2 of Gomes et al. (2008), but with the same type of proof, we may state:
Lemma 6.1. For intermediate k, i.e., whenever (1.7) holds, and with P,ga) and Q,(ga) in (6.1) and
(6.2), respectively, for any real o > 1, both E(P,ga)) and E(Q;ﬁa)) converge to

1
ao = an(p) = —/0 Y5 (v) Inv dv < oo, (6.5)

with ay = 1/(1 —p). For0 < a <1, E(P,ga)) also converges to aq in (6.5), with ag = 1. Moreover,
08 = kVar(P,gO)) =1, and for any a > 0

o 2 -1 v P—1\"1-
02 =0%(p) = lim k:Var(P]g )):/)2—(1 // <u Y ) Y du dv < 0. (6.6)

n— o0 Inu Inv v

0<u<wv<1
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Consequently, for a > 0, P}ga) in (6.1) converges in probability to as, as k — oo, with ag = 1 and
aq, o > 0 given in (6.5). The sequence R,(fl), with R,(f) given in (6.3), converges in probability to
b= — [y ¥(v) In*v dv = —(2 = p)/(1 - p)*.

We can also easily derive the results in the following lemma:

Lemma 6.2. Under the third order framework in (1.3), for levels k such that (1.7) holds, with U;

given in (1.5), and for any o > 1, the distributional representations

K )\ &~ Z\) n n n n
ISy L Ty B Ao (AR A B )
=1

a 2a—1)k a—p Vk a—p—/p
(6.7)
and
N A L A y W A(n/k)
kz;(k) hl(%)U’ T 2a-1)/2a-1 k2 (a—p)?

0, (FUE) - AR B (101 (68)

hold, where 7,&60 and Wéa) in (2.11) and (6.4), respectively, are asymptotically standard normal.

Similarly, now with V,, and 1y, given in (1.5) and (1.9), respectively, the representations
(@)
Y O« P Aln/k
H § ) Vi £ nale) + (%k ) 4 aaia(p) Aln/b) + 0, (\/g )

+bat1(p, p') A(n/k)B(n/k)(1+ 0p(1)) (6.9)

hold for any a > 0, with a, given in (6.5), o2 given in (6.6) for a >0, 0 =1, and
k

+ /
b ( 1 Ykp—il-)i-lik -1 _ ! a—l( ) 1 d 6.10
o = lim Z 7/)—1—/)’ == Vo (V) Ypyp (v) Inv dv < o0 (6.10)

Consequently, and with P( (p) defined in (6.1), P (a)( ) = \/E(P,ga) (p) —aalp))/oa(p) are asymptot-

ically standard normal r.v.’s.

Proof. The summand O,(A(n/k)/Vk) is due to the replacement of A(Y;_x.,) by A(n/k), together
with the fact that Y, _g., —n/k = Op(n/ (k:\/%)) and A'(t) = O (A(t)/t), as t — oo. The remaining of
the lemma comes from the third order set-up in (1.3) together with the same kind of reasoning as in

Gomes and Martins (2004), Gomes et al. (2005a; 2007a) and Caeiro et al. (2005). [
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Before the proof of Theorem 2.1, we prove the following lemma, related with Condition U:

Lemma 6.3. Under the third order framework in (1.3), if we further assume the validity of Condition

U for a level ki = O(n/Inlnn) and consider values k such that vk A%(n/k) — X, finite,

Vk A(n/k)In(n/k) (p, — p) = 0p(1), asn — . (6.11)

Proof. Under the validity of Condition U, for a level k; = O(n/Inlnn), we may guarantee that
Py —p = Op (1) (Vki A(n/k1))) = O, ((Inlnn)(1=20)/2/\/n). Consequently, condition (2.7) holds
with p replaced by p,. A fortiori we have (p, — p)In(n/k) = op(1), as n — oo, and (6.11) holds
whenever vk A(n/k) — A, finite. Next, if vk A(n/k) — oo, k is of a larger order than n~—2¢/(1=20)
and n/k is at most of the order of n'/(1=2°) Consequently, In(n/k)/A(n/k) is at most of the order of

(Inn)n~—r/(1=20) and

Inn

. (1-2p)/2 _ Inn
0<|(p— p)In(n/k)/A(n/k)| < o( (Inlnn) - /(2(1—zp>>) —0.

If Vk A%(n/k) — A, finite, (6.11) follows for this type of levels. [

Proof. (Theorem 2.1). The distributional representation in (2.9) comes directly from (6.7). Indeed,

A~

if we write 5(k; p) =: (k/n)" x (¢(p)/¥(p)) = (v B/A(n/k)) x (¢(p)/1(p)) , we get

olp) & Vk(fi - j%) - L0, (Al /) V)
L )+ 0018
and
d v PP Y z, " z,
YO S~ T T v~ i) T AR

N 2p°A(n/k) ~ p2p+p)A(n/k)B(n/k) )
= —20)(1=39)  (=p(I—20-p)(1-30—p) " o)+ (1K)

Consequently, if vk A(n/k) — oo, i.e., 1/Vk = o(A(n/k)),

1 (1=pP1-2p) <1 201 = p)A(n/k)
v(1 = 3p)

e o +0p(An/k))),
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and with W/ and (ug,v,) given in (2.10) and (2.12), respectively,

o) g AWK (L= pVI= Dy | AOE) (g o B
) T W T (up An/B) + v, B/R)),

2

and

TA-=pVI=2p g
N An/R) Wi +uBA(n/k:)+vBB(n/k)).

Since the asymptotic covariance between 7,(;) and 7,(:_’)) is given by /T —2p/(1 — p), W} is asymp-

Blk;p) 2 ﬁ(l +

totically standard normal and (2.9), (2.12), (2.13) and (2.14) follow.
The remaining of the theorem comes from the fact that, since dB(k; p)/dp = —In(n/k)3(k; p)(1 +

op(1)), we can write

v BA =PV =2p 5
ok AnJk) "

T B ug An/K) + 8 vy B(n/K) — B (p— p)In(n/k)(1 + 0p(1)), (6.12)

B(k; p) = B(k; p) = B(k; p) (p — p) In(n/k)(1 + 0,(1)) = B +

provided that (p — p)In(n/k) = op(1). In order to keep the results in the theorem, we need to work
with a level k such that vk A(n/k) — oo, Vk A%(n/k) — X, Vk A(n/k)B(n/k) — X, both finite,
and vk A(n/k)In(n/k) (p — p) = 0p(1), as n — oo. This holds if we assume the validity of Condition
U for a level k1 = O(n/Inlnn) and work with p,, as stated and proved in Lemma 6.3.

If we estimate p through p(k;7), in (2.1), (p(k;7) — p) In(n/k) is the dominant term among the
terms in (6.12), dependent on k. Then the behaviour of 3(k; p(k; 7)) is related with the behaviour of
p(k;T) — p, as stated in (2.15). If we estimate p through p(k;7), we get, from Proposition 2.1,

Blkspks7)) =B 0 o W
—61n (%) vk A(n/k)

+ (uyA(n/k) +v,B(n/k)) (1 + 0p(1)).

Consequently, we need to have In(n/k)/(Vk A(n/k)) — 0, in order to be able to guarantee that
B(k; p(k; 7)) is consistent for the estimation of 3. Then, if vk A%(n/k) — X, and vk A(n/k)B(n/k) —
A, both finite, vk A(n/k) (B(k, p(k; 7)) — B)/(BIn(n/k)) is asymptotically normal, with variance o2,

given in (2.2), and a possibly non-null asymptotic bias given by {— (A u,, + A v,)}, with u,, and v,

given in (2.5) and (2.6), respectively. |

We shall now proceed with the proofs of the theorems in section 3.
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Proof. (Theorem 3.1). Regarding the estimator in (1.10), since (6.7) holds, with o = 1, jointly with
(1.8), and CH, (k) = Ha(k) x (1= A(n/k)/(1(1 = p))), we get

CHpp(h) L v 2+ A/ (2L - S 4 0,(J0)) a1,

For the estimator in (1.11), the use of (6.7), for « =1 and a@ = 1 — p, enables us to get,

ML, (k) £ 5+ ﬁ ZW 4 A(n/k)(lB_(Z/_k)p/ - 7?1(71/2))& +0,(1))

+0,(A(n/k)/VE) (1 + o(1)).

Finally, for the estimator in (1.12), the use of (1.8) and (6.9) for & = 1, enables us to write,

T ) as(p)A(n/k) _ B(n/k) 1
W Hg,, (k) i’”ﬁ Z ~ An/k) (“ S 1_p_p,+op(ﬁ))(1+op(1)).

The integral as(p), with aq(p) defined in (6.5), can be easily computed if we make the substitu-

tion —Inv = ¢ and use (5.1.32) from Abramowitz and Stegun’s handbook, providing the value in
(3.3). Consequently, (3.2) holds for any UHg ,(k), with u,,, and v, given in (3.4). Note that since
VEk Op(A(n/k)/VE) = Op(A(n/k)) — 0, as n — oo, the summands O,(A(n/k)/Vk) are totally

irrelevant for the asymptotic bias, that follow straightforwardly from representations above. |

Proof. (Theorem 3.2). If we estimate consistently 5 and p through the estimators B and p, we
may use Cramer’s delta-method, and obtain for any of the estimators in (1.10), (1.11) and (1.12),
generically denoted UH, and with a,, = —1/(1 — p), independent of UH,

68

UH; (k) — UHg o(k) X aUHA(n/k:){ (T> +(p— p) In(n/k) —a,,] } (6.13)

Indeed, directly for the H-estimator, on the basis of Lemma 6.1 for the W H-estimator, and on the

basis of (6.7) and (6.8) for the M L-estimator, we can write,

OUHp, y _Awfk)  OUHp, o 00 1 1
95 Bi-p) Aln/8) (7= /D) + 7= )

The first part of the theorem, related with levels k& such that vk A(n/k) — A, finite, follows thus

straightforwardly from (6.13).
Next, since (2.15) holds, i.e., (3 —8)/8 & —In(n/ki) (p— p), we have

UH, (k) = UHp p(k) 2y (5— p) A/ (= In(k/k) — ) = Wiy, (6.14)
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Under the conditions in the theorem, i.e., with ki optimal for the p-estimation, p — p =

0, (1/ (VT Aln/k1))),
VE Wie, = op(fg jm) i (£)) = 0,((£) T (£)) =apt) it k/i—0

and the second part of the theorem follows.

If we further assume the validity of Condition U for alevel ky = O(n/Inlnn) and consider UH,
U ru

we guarantee, on the basis of Lemma 6.3, that 'k (p, — p) A(n/k)In(k/ki) = 0,(1). Consequently, the
use of (6.14), with (3, p) replaced by (8, ,p, ) or such that p — p = op(In(n/k)/(VkA(n/k)), enables

us to prove the results in the theorem. [ |

Proof. (Theorem 3.3). If we consider any of the reduced-bias estimators UH (k) = UH A( k),

k;p)vp(
we get, under the validity of (1.3), with (u,,v,) and (u,,,v,,) given in (2.12) and (3.4), respectively,

(1) —(1-p)
sy o Y (0, A=p)A=2p)  Z)"  Zy
UH, (k) =+ \/E(Zk + 2 (1—p M))

+ A(/R) (A8 (g0 = 10,/ (1= ) + B(n/K) (05 = v,/ (1= p)) ) (1 + 0,(1).

Under the conditions in the theorem, we thus get, for any UH ;’;(k), the asymptotic variance in

(3.6) and the asymptotic bias A ,u7 , + Azvy,, in (3.7).

Let us think now on UH(k) = UHB(k;ﬁ),ﬁ(k) =: H(k) — Bias,,(p). Since dBias,,(p)/0p =
O,(A(n/k)), whenever vk A(n/k) — oo, the use of the delta-method enables us to guarantee that
UHj(k) — UH} (k) = Op(A(n/k) (p = p) ).
Consequently, if we choose an optimal ki for the estimation of p,
VEk A(n/k)
VEk(UHL(k) = UH:(K)) = Oy(VE Aln/k) (p—p) ) = Op( ————=
= op(1), provided that k = o(ky).

Finally, from Lemma 6.3, we may guarantee that if we assume the validity of Condition U for a level

k1 = O(n/Inlnn), the results in the theorem hold. |

Proof. (Theorem 3.4). If we consider k = ky in (6.14), we may write

VE(UH™ (k) =) =7 Z,) + VEA®/K) (ty ADJR) + vy B(n/1)) (1+0,(1))

— a2, (oW + VE AW/R) (ug AW/B) + 0, B(n/B)) (1 + 0,(1)) )
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with o, WE, u,, v, and (u,,,v,,) given in (2.2), (2.3), (2.5), (2.6) and (3.4), respectively. Then

VE(UH™ (k) = %) =7 23 = 0, a2 W+ A2(0/K) (g = 1 02,,) (14 0(1))
+Vk A(n/k)B(n/k) (v, — vy a2,,) (1 + 0p(1))

We now need to compute the variance of {vy 7,(:) — o, a2 Wk, Since Cov(?,(gl), WE) =0, we
get an asymptotic variance equal to ¥* + o2a? ., the value o3 in (3.8). If VEk A%(n/k) — X, and

VEk A(n/k) B(n/k) — A, both finite, the asymptotic bias in (3.9) follows.
|
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