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1 Introduction

Heavy-tailed models appear often in practice in fields like telecommunication traffic and fi-

nance. A model F is said to be heavy-tailed whenever the tail function, F := 1 − F , is a

regularly varying function with a negative index of regular variation −1/γ, i.e., for every x > 0,

limt→∞ F (tx)/F (t) = x−1/γ . Then we are in the domain of attraction for maxima of an extreme

value (EV) distribution function (d.f.),

EVγ(x) = exp(−(1 + γx)−1/γ), x > −1/γ, γ > 0,

and we write F ∈ D(EVγ>0). The parameter γ is the tail index, one of the primary parameters

of rare events.

We are going to base inference on the k top-order statistics (o.s.), and as usual in semi-

parametric estimation of parameters of extreme events, we shall assume that k is an intermediate

sequence of integers, i.e., k = kn is such that

k = kn →∞, kn = o(n), as n→∞. (1.1)

In this paper, inference on γ is going to be based on the excesses over the random threshold

Xn−k:n, represented by

Wik := Xn−i+1:n −Xn−k:n, 1 ≤ i ≤ k < n, (1.2)

where Xi:n denotes, as usual, the i-th ascending o.s., 1 ≤ i ≤ n, associated to a random sample

(X1, X2, · · · , Xn). These excesses are approximately the k top o.s. in a sample of size k from a

generalized Pareto (GP) model, with d.f.

GP (x; γ, α) = 1− (1 + α x)−1/γ , x > 0 (α, γ > 0), (1.3)

a re-parametrization due to Davison (Davison, 1984). The maximum likelihood (ML) estimator

of γ has, with such a re-parametrization, an explicit expression as a function of the ML-estimator

α̂ = α̂ML of α and the sample of the excesses. We have

γ̂ML
n (k) = γ̂ML

n,bα (k) :=
1
k

k∑
i=1

ln (1 + α̂ Wik) , (1.4)
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the so-called PORT-ML tail index estimator, with PORT standing for peaks over random

threshold, a terminology introduced in Araújo Santos et al. (2006). The parameter α is

such that αWik ≈ Y γ
k−i+1:k − 1, with Y a unit Pareto random variable (r.v.), with d.f.

FY (y) = 1−1/y, y ≥ 1. As we shall see later on, in Section 2, an obvious choice for an estimator

of α is 1/Xn−k:n. If we consider α̂ = 1/Xn−k:n in (1.4), 1 + α̂ Wik = Xn−i+1:n/Xn−k:n, and the

estimator in (1.4) gives rise to the Hill estimator (Hill, 1975)

γ̂Hn (k) :=
1
k

k∑
i=1

{lnXn−i+1:n − lnXn−k:n} =:
1
k

k∑
i=1

Vik, (1.5)

the average of the log-excesses Vik, 1 ≤ i ≤ k. Gomes et al. (2008) suggested the use of an

adequate weighting of the log-excesses Vik instead of the Hill estimator in (1.5). Analogously,

we shall show here that there exist weights p
ik

= p
ik

(β, ρ), converging towards 1, as k → ∞,

dependent on a vector of second order unknown parameters (β, ρ) ∈ R \ {0} × R−, and such

that, uniformly in i,

αW
ik
−
(
Y
γ/p

ik
k−i+1:k − 1

)
= op

(
αW

ik
−
(
Y γ
k−i+1:k − 1

))
. (1.6)

The validity of (1.6) leads us to expect to possibly be able to get a “better” estimator

of γ if we apply the approximation αW
ik

≈ Y
γ/p

ik
k−i+1:k − 1, instead of the approximation

αW
ik
≈ Y γ

k−i+1:k − 1, 1 ≤ i ≤ k, used to support the PORT-ML estimator in (1.4). Then,

the maximization of the log-likelihood associated to the k excesses, W
ik

, 1 ≤ i ≤ k, leads us to

suggest the replacement of the PORT-ML estimator by a weighted combination of the statistics

ln(1 + α̂Wik), 1 ≤ i ≤ k, i.e., by

γ̂MP
n (k) ≡ γ̂MP

n,bα,bβ,bρ(k) :=
1
k

k∑
i=1

pik(β̂, ρ̂) ln(1 + α̂Wik), (1.7)

here called the PORT-MP tail index estimator, with MP standing for modified Pareto, and

with α̂ = α̂MP , the PORT-MP estimator of α. The estimators (β̂, ρ̂) need to be adequate

consistent estimators of the second order parameters (β, ρ).

In Section 2, we shall present a few introductory technical details in the field of statistics

of extremes and introduce the new class of tail index estimators, the PORT-MP estimators,

providing further motivation for their consideration, under the assumption that all the model
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parameters, but the tail index γ, are known. The asymptotic behaviour of the PORT-MP

estimator, together with the asymptotic comparison of the PORT-ML and the PORT-MP

estimators at optimal levels, will be derived in Section 3. In Section 4, we shall exhibit the per-

formance of the new PORT-MP estimator, comparatively to the classical PORT-ML estimator,

through the use of simulation techniques. Finally, in Section 5, we shall provide an appendix,

with the asymptotic behaviour of the r.v.’s under play in the main theorems, the proofs of the

main results in the paper and a modified version of Grimshaw’s algorithm (Grimshaw, 1993).

2 Further introductory results

2.1 First and second order framework

In a context of heavy tails, and with the notation U(t) = F←(1− 1/t), t ≥ 1, F←(y) = inf{x :

F (x) ≥ y} the generalized inverse function of the underlying model F , the first order parameter

(or tail index) γ (> 0) appears, for every x > 0, as the limiting value, as t→∞, of the quotient

(lnU(tx)− lnU(t))/ lnx (de Haan, 1970). Indeed, with the usual notation RVα for the class of

regularly varying functions with index of regularly variation α, we can further say

F ∈ D(EVγ>0) iff U ∈ RVγ iff 1− F ∈ RV−1/γ (Gnedenko, 1943). (2.1)

The second order parameter ρ (≤ 0) rules the rate of convergence in the first order condition

(2.1) and is the non-positive value which appears in the limiting relation

lim
t→∞

lnU(tx)− lnU(t)− γ lnx
A(t)

=
xρ − 1
ρ

iff lim
t→∞

U(tx)/U(t)− xγ

A(t)
= xγ

xρ − 1
ρ

, (2.2)

which we assume to hold for every x > 0, and where |A| is of regular variation with index ρ

(Geluk and de Haan, 1987).

Throughout the paper, and unless otherwise stated, we shall assume the validity of a con-

dition slightly less general than condition (2.2). More specifically, we shall assume that we are

working in Hall-Welsh class of models (Hall and Welsh, 1985), with a tail function

F (x) = 1− F (x) =
( x
C

)−1/γ(
1 +

β

ρ

( x
C

)ρ/γ
+ o(xρ/γ)

)
, as x→∞, (2.3)
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with C > 0, β 6= 0 and ρ < 0. Equivalently, we can say that (2.2) holds with

A(t) = γ β tρ, ρ < 0, (2.4)

being (β, ρ) a vector of second order parameters. We are thus excluding models like for instance

the ones with a Paretian logarithmic tail, of the type F (x) ∼ αx−1/γ(lnx)δ, as x → ∞, with

γ, α > 0 and δ 6= 0, for which (2.2) holds, with ρ = 0. For the standard Pareto, with d.f.

FZ (z) = 1 − z−1/γ , z ≥ 1, we get U(tx)/U(t) = xγ for all x, and we might have considered

by convention that (2.2) held with A(t) ≡ 0, i.e., ρ = −∞ or β = 0 in (2.4). However, due to

the bad finite sample behaviour of the ρ-estimates for this model, where ρ can indeed take any

value, provided that β = 0, we have also excluded it from our study. Fortunately, in this ideal

case, the estimation of the tail index is almost trivial: the Hill estimator in (1.5) is unbiased

for all k. Note however that most heavy-tailed models useful in applications, like the Fréchet,

the generalized Pareto, the Burr and the Student’s t satisfy (2.3).

2.2 Excesses over a high threshold and the GP model

From the definition of the function U and on the basis of the universal uniform transformation,

we get the representation Xi:n = U(Yi:n), again with Y a unit Pareto r.v. On the other hand,

as for j > i, Yj:n/Yi:n
d= Yj−i:n−i, lnYi:n

d= Ei:n, where E denotes a standard exponential r.v.,

and Yn−k:n
p∼ n/k whenever (1.1) holds, we can indeed write, whenever we are under the first

order framework in (2.1),

Wik
d= Xn−k:n

{
U(Yn−i+1:n)
U(Yn−k:n)

− 1
}

d= U(n/k)
{
Y γ
k−i+1:k − 1

}
(1 + op(1)). (2.5)

Then, with α = 1/U(n/k), we have for intermediate k,

Wik = Xn−i+1:n −Xn−k:n ≈
Y γ
k−i+1:k − 1

α
, 1 ≤ i ≤ k, (2.6)

i.e., as mentioned before, the k excesses Wik, 1 ≤ i ≤ k, in (1.2), are approximately the k o.s.

from the GP model in (1.3), and the maximum likelihood methodology leads us to the tail

index estimator in (1.4), with α̂ = α̂ML . Smith (1987) has got the asymptotic behaviour of the

estimator in (1.4) for a fixed threshold, replacing the r.v. Xn−k:n by a deterministic value u. A

more general result, related with a random threshold Xn−k:n, is available in Drees et al. (2004).
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2.3 Accommodating bias in the Paretian excesses

Under the second order framework in (2.2), we can say that there exist γ and α such that, for

1 ≤ i ≤ k,

α Wik
d= Y γ

k−i+1:k − 1 +A(n/k)Y γ
k−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1)). (2.7)

The use of Taylor’s formula for ex, as x → 0, and lnx, as x → 1, enables us to rewrite the

equation (2.7) as

1 + α Wik
d= Y γ

k−i+1:k

(
1 +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
= e

γ lnYk−i+1:k+A(n/k)
Y
ρ
k−i+1:k

−1

ρ
(1+op(1))

= e
γ lnYk−i+1:k

(
1+

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k
(1+op(1))

)
= Y

γ
(
1+

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k
(1+op(1))

)
k−i+1:k ≈ Y γ e

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k

k−i+1:k .

Notice that, from (2.7),

αWik −
(
Y γe

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ lnYk−i+1:k

k−i+1:k − 1
)

= op
(
αWik −

(
Y γ
k−i+1:k − 1

))
.

Since we can approximately write

Y ρ
k−i+1:k − 1
ρ lnYk−i+1:k

≈ −(i/k)−ρ − 1
ρ ln(i/k)

=: ψik ≡ ψ(i/k) ≡ ψik(ρ) [ψkk ≡ 1], (2.8)

with ψik a limited function, we expect to get a less biased estimator if we assume that the

random excess Wik comes from a GP model with a shape parameter not equal to γ, as it is

usually done, but dependent on i (and k) and given by

γik := γ eβ (nk )
ρ
ψik , 1 ≤ i ≤ k, (2.9)

for models in (2.3).

We are thus going to base inference on the fact that there exists a parameter α such that

Wik = Xn−i+1:n −Xn−k:n comes from a GP model, with d.f. GP (x; γik, α) in (1.3), γik defined

in (2.9), for every 1 ≤ i ≤ k. The likelihood function of W =
(
Wik, 1 ≤ i ≤ k

)
is then

proportional to

L(γ, α, β, ρ; W ) =
αk

γk

k∏
i=1

e−β(n/k)ρψik (1 + α Wik)
− 1
γ
e−β(n/k)ρψik−1

,
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and consequently we have

lnL(γ, α, β, ρ; W ) = k lnα− k ln γ − β(n/k)ρ
k∑
i=1

ψik −
k∑
i=1

ln(1 + α Wik)

− 1
γ

k∑
i=1

e−β(n/k)ρψik ln(1 + α Wik). (2.10)

The maximization of lnL(γ, α, β, ρ; W ) leads us to an explicit expression for the tail index

estimator, given by

γ̂MP
n (k) ≡ γ̂MP

n,bα,bβ,bρ(k) :=
1
k

k∑
i=1

e−
bβ (n/k)bρ bψik ln(1 + α̂Wik), ψ̂ik = −(i/k)−bρ − 1

ρ̂ ln(i/k)
, (2.11)

and with α̂ = α̂MP , the PORT-MP estimator of α. Consequently, the p
ik

(β, ρ) in (1.7) are given

by exp {−β(n/k)ρψik} , 1 ≤ i ≤ k.

If we look at (2.5) and (2.6), we see that, as mentioned before in Section 1, α̂ can be chosen

equal to 1/Xn−k:n. If we replace in (2.11) α̂ by 1/Xn−k:n, we get the weighted log-excesses or

weighted-Hill (WH) estimator,

γ̂WH
n (k) ≡ γ̂WH

n,bβ,bρ(k) :=
1
k

k∑
i=1

e−
bβ (n/k)bρ bψik ln

(Xn−i+1:n

Xn−k:n

)
, (2.12)

introduced and studied in Gomes et al. (2008). This is a second-order reduced-bias estimator

with an asymptotic variance equal to γ2, the asymptotic variance of the Hill estimator in

(1.5), for adequate levels k and an adequate estimation of the second order parameters. We

shall consider only an external estimation of the second order parameters ρ and β, involving a

number k1 of top o.s. larger than the number k of top o.s. used for the tail index estimation.

Such a decision is related to the discussion on the advantages of an external estimation of the

second order parameters (or even their mispecification) versus an internal estimation at the

same level k, initiated in Gomes and Martins (2002). In the following, we shall make explicit

the estimators of the second order parameters to be used in this paper.
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2.4 Estimation of the second order parameters

2.4.1 The estimation of ρ

We shall first address the estimation of ρ. We have nowadays two general classes of ρ-estimators,

which work well in practice, introduced in Gomes et al. (2002) and Fraga Alves et al. (2003).

The estimator of ρ to be considered in this study is a particular member of the class of estimators

proposed by Fraga Alves et al. (2003), where an heuristic choice of the threshold seems to provide

interesting results. Under adequate general conditions, such a class provides semi-parametric

asymptotically normal estimators of ρ, which show highly stable sample paths as functions of

k, the number of top o.s. used, for a wide range of large k-values. Such a class of estimators

is parameterized in a tuning parameter τ , not necessarily non-negative but real, as detected in

Caeiro and Gomes (2006), and depends on the statistics

T (τ)
n (k) :=


ln

“
M

(1)
n (k)

”
− 1

2
ln

“
M

(2)
n (k)/2

”
1
2

ln
“
M

(2)
n (k)/2

”
− 1

3
ln

“
M

(3)
n (k)/6

” , if τ = 0“
M

(1)
n (k)

”τ
−

“
M

(2)
n (k)/2

”τ/2
“
M

(2)
n (k)/2

”τ/2
−

“
M

(3)
n (k)/6

”τ/3 , if τ 6= 0
,

where, with Vik given in (1.5),

M (j)
n (k) =

1
k

k∑
i=1

V j
ik, j ≥ 1 [M (1)

n = γ̂Hn ].

The statistic T (τ)
n (k) converges towards 3(1− ρ)/(3− ρ), independently of τ , whenever the

second order condition (2.2) holds and k is such that k = o(n) and
√
k A(n/k) →∞, as n→∞.

We can thus get a class of consistent estimators of ρ, given by

ρ̂(k; τ) := −
∣∣∣3(T (τ)

n (k)− 1)/(T (τ)
n (k)− 3)

∣∣∣ . (2.13)

2.4.2 Estimation of β based on the scaled log-spacings

We shall consider the estimator of β obtained in Gomes and Martins (2002) and based on the

scaled log-spacings Ui = i {lnXn−i+1:n − lnXn−i:n}, 1 ≤ i ≤ k. Such an estimator is given by

β̂(k; ρ̂) :=

(
k
n

)bρ [( 1
k

k∑
i=1

(
i
k

)−bρ)( 1
k

k∑
i=1

Ui

)
−
(

1
k

k∑
i=1

(
i
k

)−bρ
Ui

)]
(

1
k

k∑
i=1

(
i
k

)−bρ)( 1
k

k∑
i=1

(
i
k

)−bρ
Ui

)
−
(

1
k

k∑
i=1

(
i
k

)−2bρ
Ui

) . (2.14)
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Remark 2.1. Caeiro et al. (2005), Gomes and Pestana (2007a,b), Gomes et al. (2007b) and

Gomes et al. (2008) presented different heuristic algorithms for the estimation of the second

order parameters. Asymptotic considerations as well as simulated results led these authors to

consider a high level k1, given by k1 := [n1−ε] where ε ∼ 0+ and [x] denotes, as usual, the integer

part of x. This level has not been chosen in any optimal way, but works well in practice for the

ρ-estimation, provided we pay first attention to the adequate choice of τ in (2.13). Moreover,

with a very slight restriction in the class of models where the asymptotic results hold, such a

k1 provides the crucial property for the ρ-estimator needed in the above mentioned papers, the

condition ρ̂−ρ = op(1/ lnn). Despite of the fact that the tuning parameter τ = 1 can be used for

all models, we improve the final results if we consider a tuning parameter τ = 0 for models with

|ρ| ≤ 1. Indeed, the theoretical and simulated results in Fraga Alves et al. (2003) and in Gomes

and Martins (2002) lead us to advise in practice the consideration of the tuning parameter τ = 0

for the region ρ ∈ [−1, 0) and τ = 1 for the region ρ ∈ (−∞,−1).

We have here implemented simulation experiments based on the estimation of β at the

same level k1 = n0.995 we have used for the estimation of ρ. We use the notations ρ̂τ = ρ̂(k1; τ)

and β̂τ = β̂(k1; ρ̂τ ) for any real τ , and with ρ̂(k; τ) and β̂(k; ρ̂) given in (2.13) and (2.14),

respectively.

2.5 Motivation for the new estimators — only γ is unknown

Let us assume that everything is known, apart from γ. Then,

Theorem 2.1. Under the second order framework in (2.3), with A(t) given in (2.4) and for

levels k such that (1.1) holds, we get for γ̂MP
n,α,β,ρ(k), with γ̂MP

n,bα,bβ,bρ(k) provided in (2.11), an

asymptotic distributional representation of the type

γ̂MP
n,α,β,ρ(k)

d= γ +
γ√
k
Nk + op(A(n/k)), (2.15)

where Nk is asymptotically a standard normal r.v. Consequently
√
k
(
γ̂MP
n,α,β,ρ(k)− γ

)
is asymp-

totically normal not only when
√
k A(n/k) −→ 0, but also when

√
k A(n/k) −→ λ 6= 0, finite,

as n→∞.
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The main problems to be dealt with are related with the study of how the estimation of

(α, β, ρ) affects the asymptotic distributional behaviour of γ̂MP
n,α,β,ρ(k), given in (2.15).

3 Asymptotic behaviour of the PORT-MP tail index estimator

Let us assume that we have access to the sample of the excesses, W = (Wik, 1 ≤ i ≤ k), and we

are interested in the “maximum likelihood” estimator γ̂MP
n,α̂,β̂,ρ̂

(k), in (2.11), an explicit function

of α̂ = α̂MP , the PORT-MP estimator of α in a modified generalized Pareto model, and external

estimators of the second order parameters (β, ρ).

3.1 The r.v.’s under play and asymptotic normality of the PORT-MP tail

index estimator

Let us introduce the following notations:

B := 1
k

∑k
i=1 ln(1 + α Wik), B(j) :=

1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik ln(1 + α Wik), (3.1)

C := 1
k

∑k
i=1

α Wik
1+αWik

, C(j) :=
1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik

α Wik

1 + αWik
, (3.2)

D := 1
k

∑k
i=1

α Wik
(1+α Wik)2

, D(j) :=
1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik

α Wik

(1 + α Wik)2
, (3.3)

together with the obvious notations for B̂, Ĉ, D̂, B̂(j), Ĉ(j) and D̂(j), j ≥ 1. The log-likelihood

in (2.10) can thus be written as

lnL(γ, α, β, ρ; W ) = k lnα− k ln γ − β(n/k)ρ
k∑
i=1

ψ
ik
− kB −

kB(1)

γ
.

Notice next that, also for j ≥ 1,

∂B

∂α
=
C

α
,

∂C

∂α
=
D

α
,

∂B(j)

∂α
=
C(j)

α
,

∂C(j)

∂α
=
D(j)

α
,

∂B

∂β
=
∂C

∂β
= 0,

∂B(j)

∂β
= −

A(n/k) B(j+1)

βγ
,

∂C(j)

∂β
= −

A(n/k) C(j+1)

βγ
.

Consequently,
∂ lnL(γ, α, β, ρ; W )

∂α
=
k

α

(
1− C −

C(1)

γ

)
.
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As the PORT-MP estimator of γ, in (2.11), is γ̂MP
n = B̂(1), the PORT-MP estimator of α is

solution of the equation

Ĉ +
Ĉ(1)

B̂(1)

− 1 ≡ 0.

Since ∂
(
C + C(1)/B(1) − 1

)
/∂α = (D + D(1)/B(1) − (C(1)/B(1))2)/α, α̂MP ≡ α̂MP (k) is such

that

Ĉ +
Ĉ(1)

B̂(1)

− 1 ≡ 0 = C +
C(1)

B(1)
− 1 +

α̂MP − α

α

(
D +

D(1)

B(1)
−
(
C(1)

B(1)

)2
)

(1 + op(1)),

i.e.,
α̂MP − α

α
=

1− C − C(1)/B(1)

D +D(1)/B(1) − (C(1)/B(1))2
(1 + op(1)). (3.4)

If we decide for an external consistent estimation of β, as well as of ρ, with the additional

condition ρ̂− ρ = op(1/ lnn), we can write:

γ̂MP
n,α̂,β̂,ρ̂

(k) = B̂(1) = B(1) + C(1)
α̂MP − α

α
(1 + op(1)), (3.5)

As can be seen from (3.4) and (3.5), the distributional behaviour of the PORT-MP estimators

of α and γ is thus strongly related with the distributional behaviour of the r.v.s in (3.1), (3.2)

and (3.3), to be studied in Section 5.1.

As seen before in Section 2, if only γ is unknown, Theorem 2.1 holds for γ̂MP
n,α,β,ρ. The

same result holds for γ̂MP
n,α,β̂,ρ̂

if we assume α known and we estimate β and ρ externally, in an

adequate way, i.e., so that ρ̂− ρ = op(1/ lnn) and β̂ − β = op(1) for all k on which we usually

base γ̂MP
n,α,β̂,ρ̂

(k), i.e., values of k such that k = o(n) and
√
k A(n/k) → λ, finite, as n → ∞.

If we estimate α and γ jointly through the maximum likelihood procedure, we can state the

following:

Theorem 3.1. Under the second order framework in (2.3), with A(t) given in (2.4) and for

levels k such that (1.1) holds, we have the asymptotic distributional representation,

γ̂MP
n,α̂,β̂,ρ̂

(k) d= γ +
(1 + γ)√

k
Sk + bMPA(n/k)(1 + op(1)), (3.6)

for the estimator γ̂MP
n,α̂,β̂,ρ̂

(k) in (2.11), with Sk asymptotically standard normal and the notation

bMP := −
(1 + γ)(1 + 2γ)

(
1
ρ ln (1+γ)(1−ρ)

1+γ−ρ + γ
1+γ−ρ

)
γ3

.
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For the estimator γ̂ML
n (k) in (1.4), we have, for any model satisfying (2.2), the asymptotic

distributional representation

γ̂ML
n (k) d= γ +

(1 + γ)√
k

Mk +
(1 + γ)(γ + ρ) A(n/k)
γ(1− ρ)(1 + γ − ρ)

(1 + op(1)), (3.7)

with Mk asymptotically standard normal.

Remark 3.1. As can be seen from Theorem 3.1, equation (3.6), we no longer have a second-

order reduced-bias tail index estimator, i.e., the estimation of α through maximum-likelihood

gives rise to a dominant component of bias of the order of A(n/k). Relatively to Smith’s result,

rephrased in this context in equation (3.7), i.e., a context in which there is a replacement of a

fixed threshold u by a random threshold Xn−k:n, we have the same asymptotic variance, (1+γ)2,

but a change in bias, although both bias are of the same order if γ + ρ 6= 0. If γ + ρ = 0 the

PORT-ML estimator in (1.4), being a second-order reduced-bias estimator of γ, is expected to

outperform the PORT-MP estimator in (2.11).

3.2 Asymptotic comparison at optimal levels

We now proceed to an asymptotic comparison of the estimators at their optimal levels in the

lines of de Haan and Peng (1998), Gomes and Martins (2001), Gomes et al. (2005), Gomes

et al. (2007c) and Gomes and Neves (2007). Suppose that γ̂•n(k) is a general semi-parametric

estimator of the tail index estimator, with the distributional representation,

γ̂•n(k) = γ +
σ•√
k
Z•n + b•A(n/k) + op(A(n/k)), (3.8)

which hold for any intermediate k, and where Z•n is asymptotically a standard normal r.v. Then

we have,
√
k[γ̂•n(k)− γ] d−→ N(λb•, σ2

•), as n→∞,

provided that k is such that
√
kA(n/k) → λ, finite, as n→∞.

The asymptotic mean-squared error (AMSE) is given by

AMSE[γ̂•n(k)] :=
σ2
•
k

+ b2•A
2(n/k),

12



where Bias∞[γ̂•n(k)] := b•A(n/k) and V ar∞[γ̂•n(k)] := σ2
•/k.

Let k•0:=arg infk AMSE[γ̂•n(k)] be the so-called optimal level for the estimation of γ through

γ̂•n(k), i.e., the level associated to a minimum asymptotic mean-squared error, and let us denote

γ̂•n0 := γ̂•n(k
•
0(n)), the estimator computed at its optimal level. The use of regular variation

theory (Bingham et al., 1987) enabled Dekkers and de Haan (1993) to prove that, whenever

b• 6= 0, there exists a function ϕ(n) = ϕ(n; ρ, γ), dependent only on the underlying model, and

not on the estimator, such that

lim
n→∞

ϕ(n)AMSE[γ̂•n0] =
2ρ− 1

2ρ
(
σ2
•
)− 2ρ

1−2ρ
(
b2•
) 1

1−2ρ =: LMSE[γ̂•n0], (3.9)

where LMSE stands for limiting mean-squared error. Indeed, for each ρ ≤ 0, there exists

a positive decreasing function s(.) ∈ RV2ρ−1, such that, as t → ∞, A2(t) ∼
∫ +∞
t s(u)du

(Proposition 1.7.3 of Geluk and de Haan, 1987). With r := n/k, b 6= 0 and by Lemma 2.9 of

Dekkers and de Haan (1993), we have,

inf
r>0

{
r
σ2
•
n

+ b2•A
2(r)

}
= inf

r>0

{
r
σ2
•
n

+ b2•

∫ +∞

r
s(u)du

}
(1 + o(1)) =

∫ σ2
•

b2•n

0
s←(u)du(1 + o(1)),

and, with r•0 = n/k•0, since s←(1/t) ∈ RV− 1
2ρ−1

,

r•0 = arg inf
r>0

{
r
σ2
•
n

+ b2•A
2(r)

}
= s←

(
σ2
•

b2•n

)
(1 + o(1)) =

(
b2•
σ2
•

) 1
2ρ−1

s←
(

1
n

)
(1 + o(1)).

Hence,

k•0 := arg inf
k
AMSE[γ̂•n(k)] =

(
σ2
•
b2•

) 1
1−2ρ n

s←(1/n)
(1 + o(1)) ∈ RV 2ρ

2ρ−1
,

and with ϕ(n) = n/s←(1/n) we get lim
n→∞

ϕ(n) V ar∞[γ̂•n0] =
(
σ2
•
) −2ρ

1−2ρ
(
b2•
) 1

1−2ρ , as well as,

lim
n→∞

|
√
ϕ(n) Bias∞[γ̂•n0]| = (−2ρ)−1/2 (σ2

•
) −ρ

1−2ρ (b•)
1

1−2ρ , and (3.9) follows.

It is then sensible to consider the following:

Definition 3.1. Given γ̂
(1)
n0 = γ̂•n(k

(1)
0 (n)) and γ̂

(2)
n0 = γ̂•n(k

(2)
0 (n)), two biased estimators γ̂(1)

n

and γ̂
(2)
n for which distributional representations of the type (3.8) hold with constants (σ1, b1)

13



and (σ2, b2), b1, b2 6= 0, respectively, both computed at their optimal levels, the asymptotic root

efficiency (AREFF ) of γ̂(1)
n relatively to γ̂(2)

n is

AREFF1|2 ≡ AREFF
γ
(1)
n |γ

(2)
n

:=
√
LMSE

[
γ̂

(2)
n0

]
/LMSE

[
γ̂

(1)
n0

]
,

with LMSE given in (3.9).

Remark 3.2. Note that this measure was devised so that the higher AREFF measure, the better

the first estimator is.

Remark 3.3. The optimal levels for the estimation of γ through γ̂MP
n and γ̂ML

n are denoted by

kML
0 and kMP

0 and are given by

kML
0 = kML

0 (ρ, β) :=
[(1− ρ)(1 + γ − ρ)n−ρ√

−2ρ(γ + ρ)|β|

] 2
1−2ρ (3.10)

and

kMP
0 = kMP

0 (ρ, β) :=

 γ2n−ρ

√
−2ρ(1 + 2γ)|β|

(
−1
ρ ln

(
(1+γ)(1−ρ)

1+γ−ρ

)
− γ

1+γ−ρ

)
 2

1−2ρ

, (3.11)

respectively.

Proposition 3.1. The AREFF -indicator of γ̂MP
n relatively to γ̂ML

n is

AREFFMP |ML =

∣∣∣∣∣∣ γ2(γ + ρ)

(1 + 2γ)(1− ρ)(1 + γ − ρ)
(
−1
ρ ln

(
(1+γ)(1−ρ)

1+γ−ρ

)
− γ

1+γ−ρ

)
∣∣∣∣∣∣

1
1−2ρ

.

This AREFFMP |ML measure is presented in Figure 1.

As can be seen, the gain in efficiency for the PORT-MP estimator happens for two regions

of values of (γ, ρ). In the first region we have γ ≤ −aρ, with a < 1/2 and in the second one we

have γ ≥ −bρ with b ≥ 2. In the region γ + ρ = 0, the PORT-ML estimator is a second-order

reduced-bias tail index estimator and consequently is expected to outperform the PORT-MP

estimator at optimal levels. These results claim for a semi-parametric test of the hypothesis

H0 : η = γ+ ρ = 0. The non-rejection of such an hypothesis would lead us to the consideration

of the PORT-ML estimator, things working in favor of the PORT-MP estimator, in case of

rejection of H0. This is however a topic of research out of the scope of this paper.
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Figure 1: Asymptotic relative efficiency of γ̂MP
n relatively to γ̂ML

n in the (γ, ρ)-plane.

4 Simulated behaviour of the estimators

In order to obtain the PORT-MP estimates introduced in this paper we present, in the appendix,

the developed (and implemented) modified version of Grimshaw’s method (Grimshaw, 1993).

Due to the high computation time of the general comparison algorithm, we have based our

simulations on a multi-sample simulation of size 10 × 100 (10 replicates with 100 runs each),

for samples with size n up to n = 1000, and we have chosen the value 100 for the maximum

number of iterations in the modified Newton-Raphson algorithm. The multi-sample simulation

is a common practice in Monte Carlo procedures whenever we do not have an easy way to

estimate measures of dispersion of a statistic, like for instance the MSE (see Fishman (1972),

for details). The idea is reasonably simple: in a multi-sample simulation of size r ×m, instead

of generating a sample of a very large size (let us say N = r × m) of observed values of a

statistic, we collect m observations of the statistic (here m = 100) on each of r independent

replications of the experiment (here r = 10). The value of m also needs to be large enough

to reduce bias, and provide asymptotic normality. We next take as an overall estimate of the

population parameter of interest the average of the r corresponding estimates computed on the
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r independent replications. Then, under very broad conditions, that overall estimator (which is

a sample mean) converges to normality as r increases. Moreover we can estimate the standard

error of this overall estimate, even if r is small. For small values of r, and whenever we can

guarantee the asymptotic normality of the estimator of the characteristic under study, we can

use the t-distribution with r−1 degrees of freedom to approximate its true distribution, and to

derive a confidence interval for the parameter of interest. For further details on multi-sample

simulation see also Gomes and Oliveira (2001).

In Figures 2 and 3 we show, on the basis of the first replicate (100 runs), the simulated

patterns of mean values, E[.], and mean-squared errors, MSE[.], of the estimators under study

for an underlying Burr parent, F (x) = 1 − (1 + x−ρ/γ)1/ρ, x ≥ 0 with (γ, ρ) = (1.5,−0.5)

and (0.1,−0.5), respectively. In all figures, PORT-ML and PORT-MP denote the estimators

γ̂ML
n (k) and γ̂MP

n (k), in (1.4) and (2.11), respectively.
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Figure 2: Mean values and mean-squared errors of the estimators under study for a sample of size

n = 1000, from a Burr parent with ρ = −0.5 and γ = 1.5.

The simulations show that the PORT-MP tail index estimator has, in general, very stable

sample paths and works quite well for values of γ ≥ 1.0 and values of |ρ| < 1.0. For this

(γ, ρ)-region the bias is always smaller than the corresponding one of the PORT-ML estimator,

for all k. The mean-squared error of the PORT-MP estimator is, in general, smaller than the

mean-squared error of the PORT-ML estimator for a large region of values of k, as well as at
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Figure 3: Mean values and mean-squared errors of the estimators under study for a sample of size

n = 1000, from a Burr parent with ρ = −0.5 and γ = 0.1.

optimal levels. When γ < 0.5 and |ρ| < 1, the PORT-MP estimator does not work as expected,

but it has a smaller bias and a smaller mean-squared error than the PORT-ML estimator, for

all k. However, both the PORT-ML and the PORT-MP are a long way from the Hill, and the

best performance is achieved by the WH-estimator in (2.12).

In Figure 4 we present the mean value and mean-squared of the estimators for a Burr

model with (γ, ρ) = (0.5,−0.5). When γ + ρ = 0 the PORT-ML estimator is second-order

asymptotically unbiased for the estimation of γ, and we were indeed expecting such an out-

performance of the PORT-ML comparatively to the PORT-MP estimator. Indeed, for this

model, the PORT-ML estimator has a squared bias and a mean-squared error smaller than

those of the PORT-MP, for all values of k. Also, the PORT-ML, looking almost like a true

“unbiased” estimator for large k and for this particular model, outperforms the WH-estimator

for large values of k.

In Table 1 we present, for n = 100, 200, 500 and 1000, the optimal sample fractions, bias and

mean-squared errors at optimal k-levels, i.e., levels where mean-squared errors are minimal, as

functions of k, as well as the corresponding 95% confidence intervals, computed on the basis of

the 10 replicates with 100 runs each.

We have next considered, for models with γ + ρ 6= 0, the simulated relative efficiencies of
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Figure 4: Mean values and mean-squared errors of the estimators under study for a sample of size

n = 1000, from a Burr parent with ρ = −0.5 and γ = 0.5.

γ̂MP
n |γ̂ML

n at optimal levels, denoted by R0, and the estimated relative efficiencies of γ̂MP
n |γ̂ML

n

at estimated optimal levels, denoted by R̂0. The indicators of relative efficiency (REFF ) are

given by

R0 :=

√
MSE[γ̂ML

n (kML
0s )]

MSE[γ̂MP
n (kMP

0s )]
=:

√
MSEML

0

MSEMP
0

and R̂0 :=

√√√√MSE[γ̂ML
n (k̂ML

0 )]

MSE[γ̂MP
n (k̂MP

0 )]
,

where γ̂ML
n (k) and γ̂MP

n (k) are the estimators given in (1.4) and (2.11), respectively, kML
0s

and kMP
0s are the simulated optimal levels of the estimators, k̂ML

0 := kML
0 (ρ̂, β̂) and k̂MP

0 :=

kMP
0 (ρ̂, β̂) are their estimated optimal levels, with kML

0 (ρ, β) and kMP
0 (ρ, β) provided in (3.10)

and (3.11), respectively. We have considered the estimators of the second order parameters ρ

and β, ρ̂ := ρ̂(k1, τ) and β̂ := β̂(k1; ρ̂), computed at the level k1 = n0.995, with ρ̂(k; τ) and

β̂(k; ρ̂) given in (2.13) and (2.14), respectively. As mentioned before, as |ρ| < 1 in all simulated

models, we have chosen the tuning parameter τ = 0. When γ+ρ = 0, the PORT-ML estimator

is a second order reduced bias estimator and we therefore need to consider heuristic adaptive

choices of the threshold, as in lines of Gomes et al. (2007a). The adaptive choices considered

in this work are: k̂ML
01 := k̂MP

0 and k̂ML
02 := n− 1, with indicators,

R̂1 :=

√√√√MSE[γ̂ML
n (k̂MP

0 )]

MSE[γ̂MP
n (k̂MP

0 )]
and R̂2 :=

√
MSE[γ̂ML

n (n− 1)]

MSE[γ̂MP
n (k̂MP

0 )]
.
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n 100 200 500 1000

(γ, ρ) = (0.1,−0.5)

kML
0s /n 0.4080 ± 0.0221 0.3185 ± 0.0247 0.2342 ± 0.0275 0.1980 ± 0.0129

kMP
0s /n 0.5010 ± 0.0483 0.3600 ± 0.0223 0.2550 ± 0.0359 0.2354 ± 0.0130

EML
0 -0.2096 ± 0.0153 -0.1500 ± 0.0094 -0.0985 ± 0.0165 -0.0888 ± 0.0011

EMP
0 -0.1061 ± 0.0125 -0.0857 ± 0.0046 -0.0669 ± 0.0112 -0.0690 ± 0.0009

MSEML
0 0.1279 ± 0.0119 0.0809 ± 0.0043 0.0483 ± 0.0052 0.0406 ± 0.0001

MSEMP
0 0.0519 ± 0.0046 0.0415 ± 0.0018 0.0320 ± 0.0027 0.0307 ± 0.0003

(γ, ρ) = (0.5,−0.5)

kML
0s /n 0.9720 ± 0.0184 0.9865 ± 0.0084 0.9866 ± 0.0172 0.9955 ± 0.0024

kMP
0s /n 0.4650 ± 0.0411 0.3350 ± 0.0220 0.2306 ± 0.0255 0.1745 ± 0.0173

EML
0 0.4588 ± 0.0135 0.4704 ± 0.0065 0.4746 ± 0.0068 0.4763 ± 0.0042

EMP
0 0.3025 ± 0.0189 0.3153 ± 0.0082 0.3261 ± 0.0112 0.3211 ± 0.0025

MSEML
0 0.0241 ± 0.0038 0.0112 ± 0.0010 0.0043 ± 0.0005 0.0025 ± 0.0002

MSEMP
0 0.0568 ± 0.0072 0.0479 ± 0.0025 0.0397 ± 0.0033 0.0385 ± 0.0007

(γ, ρ) = (1.5,−0.5)

kML
0s /n 0.2340 ± 0.0379 0.1785 ± 0.0243 0.1492 ± 0.0129 0.1052 ± 0.0123

kMP
0s /n 0.7670 ± 0.0202 0.8190 ± 0.0095 0.8488 ± 0.0046 0.8592 ± 0.0035

EML
0 1.7315 ± 0.0619 1.6566 ± 0.0486 1.6375 ± 0.0327 1.5375 ± 0.0665

EMP
0 1.4976 ± 0.0152 1.4960 ± 0.0063 1.4969 ± 0.0028 1.4972 ± 0.0028

MSEML
0 0.3448 ± 0.0330 0.1933 ± 0.0124 0.0968 ± 0.0074 0.0546 ± 0.0046

MSEMP
0 0.0481 ± 0.0045 0.0246 ± 0.0026 0.0092 ± 0.0009 0.0051 ± 0.0006

Table 1: Optimal sample fractions, mean values and mean-squared errors of γ̂ML
n (k) and γ̂MP

n (k)

for Burr parents with γ = {0.1, 0.5, 1.5} and ρ = −0.5.

The results, obtained on the basis of a simulation experiment with 10 replicates of 100 runs

each, are presented in Table 2. The underlined values correspond to REFF-indicators smaller

than one.
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n 100 200 500 1000

(γ, ρ) = (0.1,−0.5)

R0 1.5699 ± 0.0218 1.3959 ± 0.0131 1.2261 ± 0.0145 1.1502 ± 0.0040

R̂0 1.5521 ± 0.0277 1.3894 ± 0.0358 1.2231 ± 0.0215 1.1231 ± 0.0124

(γ, ρ) = (0.5,−0.5)

R0 0.6508 ± 0.0388 0.4829 ± 0.0279 0.3315 ± 0.0258 0.2525 ± 0.0102

R̂1 0.7472 ± 0.0385 0.6468 ± 0.0258 0.5520 ± 0.0202 0.5189 ± 0.0101

R̂2 0.6125 ± 0.5598 0.4429 ± 0.4760 0.3086 ± 0.3974 0.2409 ± 0.3511

(γ, ρ) = (1.5,−0.5)

R0 2.6843 ± 0.1344 2.8264 ± 0.1956 3.2506 ± 0.1316 3.2911 ± 0.2829

R̂0 3.9339 ± 0.8311 3.1137 ± 0.1895 2.1662 ± 0.1482 1.8628 ± 0.1097

Table 2: Relative efficiency indicators for Burr parents with γ = {0.1, 0.5, 1.5} and ρ = −0.5.

5 Appendix

5.1 The asymptotic behaviour of the r.v.’s under play

With {Ei}i≥1 and {Yi}i≥1 denoting sequences of independent, identically distributed (i.i.d.),

standard exponential and unit Pareto r.v.’s, respectively, and with the usual notation for the

o.s., let us further introduce the following notations:

P
(j)
k :=

1
k

k∑
i=1

ψjik Ek−i+1:k, j ≥ 0, (5.1)

Q
(j)
k :=

1
k

k∑
i=1

ψj−1
ik

Y ρ
k−i+1:k − 1

ρ
, j ≥ 1, (5.2)

R
(j)
k :=

1
k

k∑
i=1

ψjik
(
1− e−γEk−i+1:k

)
, j ≥ 0, (5.3)

Z
(j)
k :=

1
k

k∑
i=1

ψjik Y
−γ
k−i+1:k

Y ρ
k−i+1:k − 1

ρ
, j ≥ 0, (5.4)

and
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bj :=
(−1)j−1

ρj

∫ 1

0

(x−ρ − 1)j

lnj−1 x
dx, j ≥ 1, b0 = 1, (5.5)

cj,1 :=
1
|ρ|j

∫ 1

0

(x−ρ − 1)j(1− xγ)
lnj x

dx, j ≥ 0, (5.6)

cj,2 := − 1
|ρ|j+1

∫ 1

0

xγ(x−ρ − 1)j+1

lnj x
dx, j ≥ 0, (5.7)

where ψik := −((i/k)−ρ − 1)/(ρ ln(i/k)) has been defined in (2.8) and P (j)
k , Q(j)

k , R(j)
k and Z(j)

k

are asymptotically normal r.v’s.

We first state the following result:

Lemma 5.1. The first order structure of the r.v’s P (j)
k , Q(j)

k , R(j)
k and Z(j)

k , provided in (5.1),

(5.2), (5.3) and (5.4), respectively, is given by

E(P (0)
k ) = b0, E(Q(1)

k ) = b1, E(R(0)
k ) = c0,1, E(Z(0)

k ) = c0,2,

and, for j ≥ 1,

lim
k→∞

E(P (j)
k ) = lim

k→∞
E(Q(j)

k ) = bj , lim
k→∞

E(R(j)
k ) = cj,1, lim

k→∞
E(Z(j)

k ) = cj,2,

with bj, cj,1 and cj,2 defined in (5.5) (5.6) and (5.7), respectively. The second order structure

for j = 0 is given by

kVar(P (0)
k ) = 1; kVar(R(0)

k ) =
γ2

(1 + γ)2(1 + 2γ)
; kCov(P (0)

k , R
(0)
k ) =

γ

(1 + γ)2
. (5.8)

Proof. For j = 0, P (0)
k = 1

k

∑k
i=1Ek−i+1:k = 1

k

∑k
i=1Ei. Consequently, E[P (0)

k ] = 1 = b0, in

(5.5). On the basis of Rényi’s representation (Rényi, 1953) of standard exponential o.s. as a

linear combination of independent standard exponential r.v.’s, given by

Ei:n
d=

i∑
j=1

Ej
n− j + 1

, 1 ≤ i ≤ n,

we can write for j ≥ 1,
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E[P (j)
k ] =

1
k

k∑
i=1

ψjik E[Ek−i+1:k] =
(−1)j

ρj

(1
k

k∑
i=1

((i/k)−ρ − 1
ln(i/k)

)j(1
k

k∑
j=i

1
j/k

))
−→
k→∞

(−1)j

ρj

∫
[0,1]

(
x−ρ − 1

lnx

)j
dx

∫ 1

x

1
y
dy

=
(−1)j−1

ρj

∫ 1

0

(x−ρ − 1)j

lnj−1 x
dx = bj , as given in (5.5).

Regarding Q(j)
k , R(j)

k and Z(j)
k in (5.2), (5.3) and (5.4), respectively, we get

Q
(1)
k =

1
k

k∑
i=1

Y ρ
i − 1
ρ

, R
(0)
k =

1
k

k∑
i=1

(
1− e−γEi

)
, Z

(0)
k =

1
k

k∑
i=1

Y −γi

Y ρ
i − 1
ρ

.

Consequently,

E[Q(1)
k ] = E

(Y ρ − 1
ρ

)
=

1
1− ρ

= b1, E[R(0)
k ] = 1− E[e−γE ] = 1− E(Y −γ) =

γ

1 + γ
= c0,1

and

E[Z(0)
k ] = E(Y −γ(Y ρ − 1)/ρ) =

1
(1 + γ)(1 + γ − ρ)

= c0,2.

Asymptotically, we have for j > 1,

E[Q(j)
k ] ∼ 1

k

k∑
i=1

ψj−1
ik

(i/k)−ρ − 1
ρ

=
(−1)j−1

ρj

(1
k

k∑
i=1

((i/k)−ρ − 1)j

lnj−1(i/k)

)
−→
k→∞

bj , as given in (5.5).

For j ≥ 1,

E[R(j)
k ] ∼ (−1)j

ρj

(1
k

k∑
i=1

((i/k)−ρ − 1
ln(i/k)

)j
(1− (i/k)γ)

)
−→
k→∞

1
|ρ|j

∫ 1

0

(x−ρ − 1)j(1− xγ)
lnj x

= cj,1, as given in (5.6),

and

E[Z(j)
k ] ∼ (−1)j

ρj+1

(1
k

k∑
i=1

((i/k)−ρ − 1)j+1

lnj(i/k)
(i/k)γ

)
−→
k→∞

− 1
|ρ|j+1

∫ 1

0

xγ(x−ρ − 1)j+1

lnj x
= cj,2, as given in (5.7).
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Also, we trivially have kVar
(
P

(0)
k

)
= Var[E] = 1. The other results in (5.8) come also straight-

forwardly from the fact that E(e−γE) = 1/(1 + γ) and E(E e−γE) = 1/(1 + γ)2. Consequently

Cov(E, 1− e−γE) = γ/(1 + γ)2.

Remark 5.1. For j = 0, 1, the values of bj, cj,1 and cj,2, defined in (5.5) (5.6) and (5.7),

respectively, are given by

b0 = 1; b1 =
1

1− ρ
;

c0,1 =
γ

1 + γ
; c1,1 = −1

ρ
ln

(1 + γ)(1− ρ)
1 + γ − ρ

;

c0,2 =
1

(1 + γ)(1 + γ − ρ)
; c1,2 = − 1

ρ2
ln

(1 + γ)(1 + γ − 2ρ)
(1 + γ − ρ)2

.

Knowing that ψik is a limited function and k an intermediate sequence, the r.v.’s B(j), C(j)

and D(j) defined in (3.1), (3.2) and (3.3), respectively, can be written as:

B(j) =
1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik ln(1 + α Wik)

=
1
k

k∑
i=1

ψj−1
ik ln(1 + α Wik)−

A(n/k)
γ

1
k

k∑
i=1

ψjik ln(1 + α Wik)(1 + op(1))

=: Bj −
A(n/k)

γ
Bj+1(1 + op(1)). (5.9)

C(j) =
1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik

α Wik

1 + α Wik

=
1
k

k∑
i=1

ψj−1
ik

α Wik

1 + α Wik
− A(n/k)

γ

1
k

k∑
i=1

ψjik
α Wik

1 + α Wik
(1 + op(1))

=: Cj −
A(n/k)

γ
Cj+1(1 + op(1)). (5.10)

D(j) =
1
k

k∑
i=1

ψj−1
ik e−β(n/k)ρψik

α Wik

(1 + α Wik)2

=
1
k

k∑
i=1

ψj−1
ik

α Wik

(1 + α Wik)2
− A(n/k)

γ

1
k

k∑
i=1

ψjik
α Wik

(1 + α Wik)2

=: Dj −
A(n/k)

γ
Dj+1(1 + op(1)). (5.11)
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Remark 5.2. From equations (5.9), (5.10) and (5.11) we observe that: B1 ≡ B, C1 ≡ C and

D1 ≡ D, with B, C and D defined at the beginning of Section 3.1, in (3.1), (3.2) and (3.3),

respectively.

For the r.v.’s under play we have the validity of the following distributional representations:

Lemma 5.2. If the second order condition (2.3) holds, if k = kn is a sequence of intermediate

positive integers, i.e., (1.1) holds, and with A(t) given in (2.4), we have the validity of the

distributional representations,

Bj
d= γbj−1 + γ

(
P

(j−1)
k − bj−1

)
+ bj A(n/k)(1 + op(1)), (5.12)

B(j)
d= γbj−1 + γ

(
P

(j−1)
k − bj−1

)
+ op(A(n/k)),

Cj
d= cj−1,1 +

(
R

(j−1)
k − cj−1,1

)
+ cj−1,2 A(n/k)(1 + op(1)), (5.13)

C(j)
d= cj−1,1 +

(
R

(j−1)
k − cj−1,1

)
+
(
cj−1,2 −

cj,1
γ

)
A(n/k)(1 + op(1)),

with bj, cj,1 and cj,2 defined in (5.5), (5.6) and (5.7), respectively. Moreover,

D ≡ D1
d=

γ

(1 + γ)(1 + 2γ)
+ op(1). (5.14)

Consequently, with c1,1, given explicitly in Remark 5.1, we have

1− C −
C(1)

B(1)

d=
γ

(1 + γ)
√

1 + 2γ
Sk√
k

+
c1,1 − γ

1+γ−ρ
γ2

A(n/k)(1 + op(1)), (5.15)

with Sk asymptotically standard normal. We also have

D +
D(1)

B(1)
−
(
C(1)

B(1)

)2
d=

γ2

(1 + γ)2(1 + 2γ)
+ op(1). (5.16)

Proof. Let us think first on Bj in (5.9). Since

1 + α Wik
d= Y γ

k−i+1:k

(
1 +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
,

we can write

Bj =
1
k

k∑
i=1

ψj−1
ik ln(1 + α Wik)

d=
γ

k

k∑
i=1

ψj−1
ik Ek−i+1:k +

1
k

k∑
i=1

ψj−1
ik

Y ρ
k−i+1:k − 1

ρ
A(n/k) (1 + op(1)).

24



Then, from the results related to the convergence in probability of P (j)
k and Q(j)

k in Lemma 5.1,

(5.12) follows. Analogously, we have

α Wik

1 + α Wik

d=
Y γ
k−i+1:k − 1 +A(n/k) Y γ

k−i+1:k

Y ρk−i+1:k−1

ρ (1 + op(1))

Y γ
k−i+1:k

(
1 +A(n/k)

Y ρk−i+1:k−1

ρ (1 + op(1))
)

=
(
1− Y −γk−i+1:k +A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
×
(
1−A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
= 1− Y −γk−i+1:k +A(n/k) Y −γk−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1)).

Consequently, now for the r.v. Cj in (5.10),

Cj =
1
k

k∑
i=1

ψj−1
ik

α Wik

1 + α Wik

d=
1
k

k∑
i=1

ψj−1
ik (1− e−γ Ek−i+1:k)

+
1
k

k∑
i=1

ψj−1
ik Y −γk−i+1:k

Y ρ
k−i+1:k − 1

ρ
A(n/k)(1 + op(1)),

and (5.13) follows as well. The results for B(j) and C(j) follow straightforwardly from the

previous results for Bj and Cj , together with (5.9) and (5.10). Finally,

α Wik

(1 + α Wik)2
d=

1− Y −γk−i+1:k +A(n/k)
Y ρk−i+1:k−1

ρ (1 + op(1))

Y γ
k−i+1:k

(
1 +A(n/k)

Y ρk−i+1:k−1

ρ (1 + op(1))
)2

=
(
Y −γk−i+1:k(1− Y −γk−i+1:k) +A(n/k)Y −γk−i+1:k

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
×
(
1− 2A(n/k)

Y ρ
k−i+1:k − 1

ρ
(1 + op(1))

)
= Y −γk−i+1:k(1− Y −γk−i+1:k) +A(n/k)

(
2Y −2γ

k−i+1:k − Y −γk−i+1:k

) Y ρ
k−i+1:k − 1

ρ
(1 + op(1)).

Consequently, with Dj given in (5.11),

D ≡ D1 =
1
k

k∑
i=1

α Wik

(1 + α Wik)2

d=
1
k

k∑
i=1

e−γ Ei
(
1− e−γ Ei

)
+

1
k

k∑
i=1

(
2Y −2γ

i − Y −γi

) Y ρ
i − 1
ρ

A(n/k)(1 + op(1))
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and (5.14) follows, as well as the remaining of the theorem. Indeed,

1−C−
C(1)

B(1)

d=
(P (0)

k − b0
1 + γ

−
(1 + γ)(R(0)

k − c0,1)
γ

)
+
c1,1 − γ(1 + γ)c0,2

γ2
A(n/k)(1+op(1)), (5.17)

where c0,1, c0,2 and c1,1 are made explicit in Remark 5.1, and from Lemma 5.1,

Var
(P (0)

k − b0
1 + γ

−
(1 + γ)(R(0)

k − c0,1)
γ

)
=

γ2

k(1 + γ)2(1 + 2γ)
.

We can thus write (5.15). The result in (5.16) follows straightforwardly from (5.12), (5.13) and

(5.14).

5.2 Proofs of the main results

Proof. [Theorem 2.1] From (2.7), we can write

ln(1 + αW
ik

) d= γ lnYk−i+1:k

(
1 +

A(n/k)
γ

Y ρ
k−i+1:k − 1
ρ lnYk−i+1:k

(1 + op(1))
)
,

and γ̂MP
n,α,β,ρ(k) can be written as

γ

k

k∑
i=1

Ek−i+1:k

(
1 +

A(n/k)
γ

Y ρ
k−i+1:k − 1
ρ Ek−i+1:k

(1 + op(1))
)(

1− A(n/k)
γ

ψik(1 + o(1))
)
.

Consequently, with P (j)
k and Q(j)

k given in (5.1) and (5.2), respectively, let us denote

Tk :=
1
k

k∑
i=1

Y ρ
k−i+1:k − 1

ρ
− 1
k

k∑
i=1

ψik Ek−i+1:k = Q
(1)
k − P

(1)
k . (5.18)

We have

γ̂MP
n,α,β,ρ(k) =

γ

k

k∑
i=1

Ei +A(n/k) Tk (1 + op(1)).

Let us study the asymptotic behaviour of the r.v. Tk in (5.18): the weak law of large numbers

enables to say that both Q(1)
k and P (1)

k converge in probability towards their mean values. We

have

E[Q(1)
k ] = E[(Y ρ − 1)/ρ] = 1/(1− ρ).

On the other hand, as seen before in Lemma 5.1,

E[P (1)
k ] −→

k→∞

1
1− ρ

= E[Q(1)
k ].
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Consequently Tk converges in probability towards 0, as k → ∞, and, with

Nk =
√
k
(

1
k

k∑
i=1

Ei − 1
)
, (2.15) follows, i.e., the usual dominant component of bias, which is

for the classical tail index estimators of the order of A(n/k) is now of smaller order.

Proof. [Theorem 3.1] From (5.17), together with (3.4) and (5.16), we get

α̂MP (k)− α

α

d=
(1 + γ)2(1 + 2γ)

γ2
√
k

(P (0)
k − b0
1 + γ

−
(1 + γ)(R(0)

k − c0,1)
γ

)
+

(1 + γ)2(1 + 2γ)(c1,1 − γ(1 + γ)c0,2)
γ4

A(n/k)(1 + op(1)).

From the covariance structure between P (0)
k and R(0)

k , given in (5.8), we can write

α̂MP (k)− α

α

d=
(1 + γ)

√
1 + 2γ

γ
√
k

Sk+
(1 + γ)2(1 + 2γ)(c1,1 − γ(1 + γ)c0,2)

γ4
A(n/k)(1+op(1)),

with Sk asymptotically standard normal. Finally, since we have, from (3.5),

γ̂MP
n,α̂,β̂,ρ̂

(k) = B(1) + C(1)
α̂MP (k)− α

α
(1 + op(1)),

we get

γ̂MP
n,α̂,β̂,ρ̂

(k) d= γ + γ(P (0)
k − b0) +

γ

1 + γ

α̂MP (k)− α

α
(1 + op(1)),

and (3.6) follows. The asymptotic distributional representation in (3.7) follows the same lines

as before, with the replacement of B(1), C(1) and D(1), with B(j), C(j) and D(j) defined in (3.1),

(3.2) and (3.3), respectively, by B1, C1 and D1, with Bj , Cj and Dj defined in (5.9), (5.10) and

(5.11), respectively. Indeed, we can write γ̂ML
n (k) = B̂1 and similarly to (3.4) we have

α̂ML − α

α
=

1− C − C1/B1

D +D1/B1 − (C1/B1)2
(1 + op(1)).

5.3 The Modified Version of Grimshaw’s Algorithm on the Computation of

ML Estimates for the GP Distribution

The log-likelihood of the excesses is, up to an additive constant, equal to

lnL(γ, α, β, ρ;W ) = k lnα−k ln γ−β
(n
k

)ρ k∑
i=1

ψik−
k∑
i=1

ln(1+αWik)−
1
γ

k∑
i=1

pik ln(1+αWik),
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where W = (Wik, 1 ≤ i ≤ k) is the ordered sample of the excesses from the generalized Pareto

model in (1.3), with γ = γik given in (2.9), and pik = e−β(n/k)ρψik . Therefore, the h function

used in the estimation procedure described by Grimshaw is, now, given by

h1(θ) :=
1
k

k∑
i=1

pik(1−θ Wik)−1− 1
k

k∑
i=1

pik+
(1
k

k∑
i=1

pik ln(1−θ Wik)
)(1

k

k∑
i=1

(1−θ Wik)−1
)
,

(5.19)

where θ = −α. This function satisfies the necessary properties for the determination of the

zeros, described in the following:

(i) limθ→1/W−
kk
h1(θ) = −∞;

(ii) h1(θ) < 0, ∀ θ < θL := 2(W1k−Wk)
(W1k)2

;

(iii) h′1(θ) := 1
θ

(
1
k

∑k
i=1 pik(1− θ Wik)−2 − 1

k

∑k
i=1 pik(1− θ Wik)−1+

1
k

(∑k
i=1 pik −

∑k
i=1 pik(1− θ Wik)−1

)
×
(

1
k

∑k
i=1(1− θ Wik)−1

)
−
[

1
k

∑k
i=1 pik ln(1− θ Wik)

]
×
[

1
k

∑k
i=1(1− θ Wik)−1 − 1

k

∑k
i=1(1− θ Wik)−2

])
;

(iv) limθ→0 h
′
1(θ) = 0;

(v) limθ→0 h
′′
1(θ) := 1

k

∑k
i=1 pikW

2
ik − 2W k

(
1
k

∑k
i=1 pikWik

)
.
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