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Abstract
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1 Introduction and scope of the article

Let X, = (Xi,...,X,) denote a random sample of n independent, identically distributed
(i.i.d.) random variables (r.v.’s) with distribution function (d.f.) F'. Let us denote the associated
ascending order statistics (0.s.’s) by Xj., < X9, < ... < X, and let us assume that there
exist sequences of real constants {a, > 0} and {b, € R} such that the linearly normalized
maximum, i.e. (Xy., —by)/an, converges in distribution to a non-degenerate r.v. Then the limit

distribution is necessarily of the type of the extreme value (EV) d.f.,

exp (—(1+&x)™Y8), 1+&a>0, if £€#£0,

Gg(x) = )
exp(—exp(—x)), =z €R, if £=0.

(1.1)

The d.f. F is said to belong to the max-domain of attraction of G¢, and we write ' € Dy (Gy).
The parameter &, in (1.1), is the extreme-value index (EVI), one of the primary parameters of
extreme events. We are interested in heavy-tailed models, i.e. in d.f.’s with a regularly varying

right-tail. This means that £ > 0, and the right tail-function
F(z):=1- F(x)

is such that
lim F(tz)/F(t) = a Y& forall z > 0. (1.2)
—00

We then say that F' is of regular variation at infinity with an index equal to —1/¢. This type
of heavy-tailed models appears often in practice, in fields like biometry, ecology, economics,
finance and telecommunication traffic, among others.

Let F< denote the generalized inverse function of F', defined by
FT(t) :=inf {z: F(z) > t}, (1.3)
and let U be the associated (reciprocal) right tail quantile function, defined as

U(t) := F(1—1/t), t>1. (1.4)

1.1  First, second, and third-order conditions for heavy-tailed models

In a heavy-tailed framework, i.e. if (1.2) holds, with the notation RV, for the class of regularly

varying functions at infinity with an index a € R, and on the basis of the results in Gnedenko



(1943), for the right-tail function F' =1 — F, and in de Haan (1984), for U in (1.4), we assume

the validity of any of the first-order conditions below:
F €Dpm(Geso) < FeRV,, <= UEcRV. (1.5)

For several technical proofs in the field of extreme value theory we further need information

about the rate of convergence in (1.5), assuming that for every x > 0,

zP—1 -
=" if p<0,

—(a) =] 7 (1.6)
Inz, if p=0,

. InU(tr) —InU(t) — {lnx
A AD)

where |A| must then be in RV, (Geluk and de Haan, 1987). Often, we further need information

on the rate of convergence in (1.6), and assume that for all z > 0,

InU(tx)—InU(t)—€Inx oo _ . .
| RO gy(a) [ it mingp,p) <0, 0
t=ro0 B(t) Inz, if p=p =0,

where |B| must then be in RV,,. Details on this precise third-order condition can be found in
Gomes et al. (2002), Fraga Alves et al. (2003, 2006), Caeiro et al. (2009), and more generally
in Wang and Cheng (2005).

For technical simplicity, we assume that p < 0 and that we can choose
Ut)=Ct(1+0y(1),  A(t)=¢Bt*,  B(t) =Bt (1.8)

n (1.4), (1.6) and (1.7), respectively, with C' a positive real number, § and 8’ non-null real
numbers or even slowly varying functions, i.e. regularly varying functions with an index of
regular variation equal to zero.

The pair of second-order parameters (3, p), in (1.8), rules the rate of convergence in (1.6)
and is dependent on a possible shift in the data. More precisely, if we have a location or shift
parameter s € R, not necessarily null, i.e. if F(x) = Fy(x) = Fo(x — s), then U(t) = Uq(t) =

Uo(t) + s and also (5, p) =: (B2, pi) depends obviously on s, with

(Cs/C—8). it £+ <OAsHD,
(B3, 05) =19 (B —s/Cp5), if €+p5=0 A 540, (1.9)

(/887 pEk))a Otherwise,



where 35 = (o and pj = po are respectively the scale and shape second-order parameters
associated with an unshifted model (s = 0). For further details on the influence of a shift s # 0

in the second-order parameters, see Henriques-Rodrigues et al. (2014, 2015).

1.2 MVRB-EVI estimation

We first refer the classical EVI-estimators, the Hill estimators, derived and studied in Hill
(1975), defined for k =1,2,...,n — 1, and given by

k
1
H(k) = H(k:X,) = ¢ > X iyin — In Xp_pn} = MV (R), (1.10)
=1

with M,Sa)(k) the moment statistics used in Dekkers et al. (1989), Gomes et al. (2002), Fraga
Alves et al. (2003) and Caeiro and Gomes (2006), among others, with the functional form

k
M) (k) = M (kX)) = 1Y (I X i1 — In Xy o) (1.11)
=1

The Hill estimators are consistent for the estimation of £ > 0 provided that k is intermediate,
i.e. provided that

k=k,— oo and k/n—0, asn — oo. (1.12)

Under the second-order framework, in (1.6), the asymptotic distributional representation

§ 2y Aln/k)
vk T

holds (de Haan and Peng, 1998), where with {Fi} a sequence of i.i.d. standard exponential

H(k) L ¢+

(14 0p(1))

r.v.’s

Zk—x/%<iEi/k—1) (1.13)

is an asymptotically standard normal r.v. If we further assume to be under the third-order
framework in (1.7), we can write,

§ 2, (A(n/k) A(n/k)B(n/k)
vk 1—p L—p—p

Due to the high bias of the Hill estimators, in (1.10), for moderate up to large k, several authors

H(k) L€+

)(1 +0,(1)). (1.14)

have been dealing with bias reduction in the field of extremes. We refer the pioneering articles
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by Beirlant et al. (1999), Feuerveger and Hall (1999) and Gomes et al. (2000), as well as the
more recent second-order minimum-variance reduced-bias (MVRB) EVI-estimators in Caeiro et
al. (2005), Gomes and Pestana (2007a) and Gomes et al. (2007a, 2008c). The simplest class
of second-order MVRB EVI-estimators is the one introduced in Caeiro et al. (2005), further
studied, under a third-order framework, in Caeiro et al. (2009). This class, denoted H = H (k),
depends upon the estimation of the second-order parameters (3, p), 8 # 0, p < 0, in (1.8). The

functional form of those EVI-estimators is
H(k) = H(k; 8,p) = H(k; X,,) := H(k) (1 = B(n/k)? /(1= ), (1.15)

with H (k) the Hill estimator in (1.10), and where (£, 5) needs to be an adequate consistent
estimator of (8, p). The adequate estimation of the second-order parameters  and p is of
primordial importance in the adaptive choice of the best number of top 0.s.’s to be considered
in the EVI-estimation, as well as in the construction of second-order MVRB EVI-estimators.
Overviews of the subject can be found in Gomes et al. (2007b), Chapter 6 of the book by
Reiss and Thomas (2007), Gomes et al. (2008a), Beirlant et al. (2012) and Gomes and Guillou
(2015). However, despite being scale invariant, these classes of EVI-estimators are not location-
invariant, as often desired, due to the fact that the EVI itself enjoys such a property, i.e. it is

both location and scale invariant (see Gomes et al., 2016b, for further details).

1.3 The PORT methodology

The class of estimators suggested here is a function of the sample of excesses over a random
threshold X |,,4|41:n, With n(® :=n — |ng| — 1 the size of the sample of excesses, and where |z |

stands for the integer part of x. Such a sample is denoted by

X(g) = (Xn:n - X[an+1:na Xn—1:n — X[an+1:na s aXanj+2:n - X[an+1:n) ’ (116)

where, we can have
e 0<q<1,forany Fo€ Dap(Geso) (the random threshold is an empirical quantile);

e ¢ =0, for d.f.’s with a finite left endpoint =, := inf{x : Fy(z) > 0} (the random threshold

is the minimum, X7.,).



Any statistical inference methodology based on the sample of excesses X (3), 0 < ¢ < 1, defined
n (1.16), is called a PORT-methodology. This methodology enabled the introduction and study
of classical location/scale invariant EVI-estimators, like the PORT-Hill and the PORT-moment

estimators in Aradjo Santos et al. (2006). The PORT-Hill estimators have the functional form,

k
TL K] n X n n
HD (k) = H(k; Z s lnaltln _ o) (), (1.17)

KXn—ken — X\_nqj—i—l:n

with M,ga’q)(k:) the location-invariant statistics,

(o,q) (@) l : Xn—it1n — X|ng)+1m \
M@D (k) = M (k; X4 - ; < X on ~ Xl o1 ) : (1.18)
defined for k < n(?, with Mff“)(k:;gn) = Méa)(k‘) given in (1.11), o > 0.

These PORT EVI-estimators were further studied for finite-samples in Gomes et al. (2008b).
This methodology was also applied in the estimation of high quantiles in Henriques-Rodrigues
and Gomes (2009). Classes of PORT-MVRB EVI-estimators have already been studied for fi-
nite samples and by Monte-Carlo simulation in Gomes et al. (2011a, 2013) and Gomes and
Henriques-Rodrigues (2012), where PORT-estimators of the scale second-order parameters
based on scaled log-spacings have been considered.

The PORT methodology leads to location-invariant estimation, where the unshifted model
Fy plays the central role. In what follows, we use the notation x, for the g-quantile of the d.f.

Fp, i.e. the value
Xq = F5 (q) (1.19)

(by convention xo := x,, the left endpoint of Fp), with F* defined in (1.3). Since
(Ing] +1)/n — ¢, as n — oo, we then know that the 0.s. X|,q|41:m, associated with a sample
from Fy, is a consistent estimator for Fj(q) (van der Vaart, 1998, p.308), i.e. we have the

following convergence in probability:
P
X|ngl+1m =2 Xg for 0<g<1 (XO = CCF).

When applying the PORT-methodology, we are working with the sample of excesses in (1.16),

and we can assume that we are dealing with an unshifted d.f. Fy underlying the r.v. X, to



which we are inducing a random shift, strictly related to xg, in (1.19). More precisely, we have
a shift s = —xy, i.e. we are working with X, := X¢ — x4, and use from now on the simpler

notation (5, pg) for (B, ,pLy,), with (B, p;) defined in (1.9). Hence

(xq/C, =8), if £+ p0o<0Axg #0,
(B pa) =4 (Bo+ xqa/Cypo), if E4+po=0 A xq#0, (1.20)
(Bos o), otherwise.

Remark 1.1. For technical simplicity, and even when we use the PORT methodology, we often
keep the notation n for the size of the sample of the excesses, instead of n'9 = n — Ing| — 1,

(0 < q<1), andnt for the number of positive elements in the sample.

Remark 1.2. The value ¢ = —1/n, in (1.16), and the notation Xo.,, = 0, will enable the
recovering of the original sample and the non-PORT method. However, in the algorithm of

Section 5, and for sake of simplicity, the value q = 1 is used for the non-PORT methodology.

1.4 Scope of the paper

Classes of location-invariant semi-parametric estimators of the also called PORT-p second-order
parameter, p,, and PORT-§ second-order parameter, 3, both defined in (1.20), were recently
introduced and studied in Henriques-Rodrigues and Gomes (2012) and Henriques-Rodrigues
et al. (2014, 2015). These authors mention that the main motivation for the theoretical study
of a class of estimators of the shape second-order parameter p, is related to its possible use,
concomitantly with a class of PORT estimators of the functional A, in (1.6), also dependent
on ¢, or at least of an adequate location-invariant estimator of the scale parameter, 3,, of
such an A-function, in the study of the asymptotic behaviour of second-order PORT-MVRB
EVlI-estimators, invariant for changes in location. With the same motivation, we are now
interested in the asymptotic behaviour of the PORT-version of the MVRB EVlI-estimators
in (1.15). Note that a class of the also called PORT-MVRB EVI-estimators was already
considered in Gomes et al. (2011a, 2013) and Gomes and Henriques-Rodrigues (2012), but due
to some technicalities associated with the PORT-version of a class of S-estimators based on

the scaled log-spacings, the authors only studied the finite sample behavior of the estimators



through Monte Carlo experiments.

In this article, and for sake of technical simplicity, we shall work with a new class of PORT-
MVRB estimators, which uses a class of PORT-3 estimators based in the log-ezcesses (see
Caeiro and Gomes, 2006, Henriques-Rodrigues et al., 2015, and Section 2.1.1 for further details
on these estimators). Such a new class has the same functional form of the MVRB estimators
in (1.15), but with the original sample X,, replaced everywhere by the sample of excesses ng),

in (1.16). Consequently, with (B(Q), p\9), adequate estimators of the second-order parameters

(Bg, pq), in (1.20), such estimators are given by the functional equation,

H (k) = H (5 89, 5(0) = H(k; X(0) = HO (k) (1= B9 (/)™ /(1 = 59, (1.21)

n

with H (k;X,,), X'? and H@ (k) given in (1.15), (1.16) and (1.17), respectively. These esti-
mators are now invariant for both changes of location and scale, and depend on the tuning
parameter g, which only influences their asymptotic bias, making them highly flexible, and able
to compare favorably with the MVRB estimators in (1.15), for a large variety of underlying
models in the domain of attraction for maxima of the EV d.f.; in (1.1). In this paper we present
and derive the asymptotic behavior of these new PORT-MVRB EVI-estimators, based on the
PORT-p estimators of the shape second-order parameter introduced in Henriques-Rodrigues
and Gomes (2012) and Henriques-Rodrigues et al. (2014), and on the PORT-S estimators of
the scale second-order parameter recently introduced in Henriques-Rodrigues et al. (2015). The
use of such a class of the second-order scale parameter enable us to overcome the technicality of
these estimators and to fully derive the asymptotic behavior of the new class of PORT-MVRB

EVI-estimtors.

In Section 2, we present, under a third-order framework, a few basic results on the topic. The
asymptotic behaviour obtained by Caeiro et al. (2009) for the classical MVRB EVI-estimators,
in (1.15), is sketched in Section 2.1. Next, in Section 2.2, we address the second and third-order
frameworks for heavy-tailed models under a PORT-methodology. The asymptotic behaviour
of the PORT-Hill estimator, in (1.17), is presented in Section 2.3. The PORT-estimators of

the scale and shape second-order parameters, (8, pq), in (1.20), are presented in Section 3. In



this Section we also address the choice of the high level for the estimation of the second-order
parameters and the choice of the tuning parameters under play. In Section 4 we provide the
non-degenerate asymptotic behaviour of the new class of PORT-MVRB EVI-estimators. In
Section 5, we provide an illustration of the behaviour of the estimators through the analysis
of two data sets in the field of finance. Some final remarks are drawn in Section 6. In Section
7, the non-degenerate asymptotic behaviour of the PORT-estimators of the scale and shape
second-order parameters, (8, pq), in (1.20), is presented. Finally, in Section 8, we provide the

proof of the new result stated in Section 4.

2 Basic results under a third-order framework

2.1 Asymptotic behaviour of the classical MVRB EVI-estimators

If we assume that the second-order parameters (S, pp) associated with the standard model Fy

are known we have the validity of the following theorem, proved in Caeiro et al. (2009).

Theorem 2.1 (Caeiro et al., 2009). Under (1.7) and (1.8), with (U, A, B, p,p',3,5") replaced
by (Uo, Ao, Bo, po, Py, Bo, 35), and for levels k such that (1.12) holds, the r.v. H(k; Bo, po), with

H(k; B,ﬁ) defined in (1.15), has an asymptotic distributional representation of the type,

H(k; Bo,po) L €+ "(\/ZE’“ + R(k), (2.1)
with Zy given in (1.13), and
R(k) = Ao(n/k) (qu(n/k) + vBo(n/k) + O, <\}E)> (14 0,(1), (2.2)
where,
“:_gulpo)? and ”:1;)(1);)6' (2.3)

Consequently, even if VkAg(n/k) — oo, with VEAZ(n/k) — Aa and VkAo(n/k)Bo(n/k) — Ag,
both finite, Vk (H (k; Bo, po) — €) nﬁo N (b := Mgu+Apv, £2), where N'(p, 0?) denotes a normal
r.v. with mean value p and variance o%. If VkAZ(n/k) — oo or VkAg(n/k)Bo(n/k) — oo, then
Vi (H(k; Bo, po) — €) JAo(n/k) is either Op(Ag(n/k)) or Op(Bo(n/k)), the one of highest order.



Remark 2.1. More generally, and like in Caeiro et al. (2016), we could have considered the
RB mean-of-order-p (MO,) EVI-estimator,

~

B(1 — pHy(k)) (n)f’)

Hy(k) = Hy(k; B, p) = RBMO, (k) := Hy (k) <1 11— p—pHy(k) \k

k

k -1
(1 - <]1€ E (XniJrl:n/Xn—k:n)p) ) /p7 Z'f p < 1/57 p 7& O,
which can be seen as a generalization to a real p of the H = Hy class of EVI-estimators in (1.15).
Then, Theorem 2.1 holds with R(k) =: Ro(k) replaced by Ry(k), where § =: 0¢, Zj) =: Z,go),

u =: uy and v =: v, are respectively replaced by adequate oy, Zlgp), uy, and vy.

2.1.1 Estimation of 5y and py at the same high level k;

The class of semi-parametric estimators of the second-order shape parameter pg used in the
MVRB-EVI estimators is the one proposed by Fraga Alves et al. (2003), but parameterized in

a real tuning parameter 7 (Caeiro and Gomes, 2006), and defined as
pk) = p'D (k) = =|B(T) (k) = 1) /(T (k) - 3)] (2.4)

where

(P0)” - (2 w2) "
(M,S2)(l~c)/2)T/2 B <M15,3)(k)/6>T/37

with Méa)(k:) given in (1.11) and the notation a’” = bIn a, whenever 7 = 0.

T (k) = T (k; X)) =

T €R, (2.5)

For the estimation of the scale second-order parameter 3y, and given the sample X,,, we shall

consider the estimator in Gomes and Martins (2002),

(b5 = Bk s X i (¥ 96(k) Do(k) = Dy(k)
BV(kap) = BV(kvpv Xn) = (n) dﬁp(k‘) D;(k’) — D:ﬁ(k)v (2'6)

dependent on an adequate pg-estimator, g, and where, for any a < 0,

—Q

da(k) = ;Z: <;> U and Da(k) = ;12; <;> V.
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with
Vi = Z(ln Xn—it1n —1n Xn—i:n)y 1< <Kk,

the scaled log-spacings associated with the sample X,,.

The asymptotic behaviour of the estimators in (2.4) and (2.6) was derived, under an ade-
quate third-order framework, in Caeiro et al. (2009) (see their Proposition 2.1 and Theorem 2.1,
for further details), and the associated MVRB-EVT estimators have the non-degenerate asymp-

totic behaviour stated in the following theorem (Theorem 3.2 of the aforementioned paper).

Theorem 2.2 (Caeiro et al., 2009). Let us assume that (1.7) holds, and let B and p be any
consistent estimators of the second-order parameters By and pg, both computed at a high level,

k1 := O(n~2potr0)/(1=2(00+00))) | such that
p—po=op(1l/Inn), as n— oo. (2.7)

Then, whenever VkAg(n/k) — X, finite, \/%(F(k;ﬁ,ﬁ) —5) is asymptotically normal with
null mean and variance, 02 = 2. We can still get this same limiting result for levels k such
that VEAo(n/k) — oo provided that k = o(ky), as n — oo, and we choose ki optimal for the
estimation of py, i.e., such that /k1A3(n/k1) — Aa, and Vk1Ao(n/k1)Bo(n/k1) — Ap,, finite.
If for k such that VkA3(n/k) — Aa and VkAo(n/k)Bo(n/k) — Ap, both finite, we assume the

validity of the following heuristic condition:

Cy: There exist Ty and ky, with k1 Ao(n/k1)Bo(n/k1) — oo and/or k1 A3(n/k1) — oo,
such that, with p\7)(k), defined in (2.4), pr—po = p{70) (k1) —po = Op(1/ (VE1Ao(n/kr))),
for a level ki = O(n/Inlnn).

Considering By = BUW = Bv(kl; pu), the tail index estimators H (k; Bu, pu) have an asymptotic
variance still equal to €2 and an asymptotic bias, still given by Aau+ Agv, with u and v given in
(2.3). This same result holds for any H(k; 3, p) provided that p—py = op(In(n/k)/(VkAs(n/k)).

2.2  Second and third-order PORT-framework for heavy-tailed models

Under the aforementioned set-up in Section 1.3, the transformed r.v., X, = Xo — x4, with x4

given in (1.19), has an associated quantile function given by U,(t) = Uy(t) — x4- The second-

11



order condition in (1.6) translates as

xPe—1 :
| —1 —£1 =, if < 0,
lim nU(tx) —InUy(t) — Elnx — y, (2) = e Pq (2.8)
tmro0 Ay(t) Inz, if p,=0,

for all z > 0. Moreover, |4, € RV, , p; <0, and A, relates to Ag according to the following

lemma.

Lemma 2.1 (Henriques-Rodrigues et al., 2014). Assume that Uy € RV is such that the second-
order condition in (2.8) holds. Then Uy (t) = Up(t) — x4, with x4 defined in (1.19), is such that
U, € RVe and (2.8) holds with (By, pq) given in (1.20) and

Exq/Uo(t), if £+po<0 A xq7#0,
Ag(t) =4 Ao(t) + Exg/To(t), if E+po=0 A xq#0, (2.9)
Ap(t), if &+po>0Vxy=0.

To obtain information on the order of a possibly non null asymptotic bias of the second-
order RB tail index estimators considered in this article, we shall further assume an adequate

third-order condition, ruling now the rate of convergence in (2.8), and which guarantees that,

for all z > 0,
InUy(tx)—InUqg(t)—EInz Pq"rPf;_l . . /
lim Aq(t) wﬂq (ll',') = patpl if mln(pQ7 pq) <0, (210)
f=ro0 By(t) Inx, if pg=p; =0,

where |B,| must then be in RVpg . For technical simplicity, we shall assume that p,, p; < 0.

2.3 Asymptotic behaviour of the PORT-Hill estimator under a third-order

framework

The asymptotic behaviour of the PORT-Hill estimator, in (1.17), can be derived taking into
account the results presented in Proposition 2.2 of Henriques-Rodrigues et al. (2014), related

to the distributional representation of the statistics Méa’q)(k), in (1.18), for a = 1.

Theorem 2.3 (Henriques-Rodrigues et al., 2014). Let us assume that (1.12) holds, as well as
the third-order condition in (2.10), for po,py < 0. We then get for HD (k) = M,(Ll’q)(k:), in

12



(1.17), k < nl9, 0 < q < 1, the distributional representation,

H (k) d 5_i_§Z/Yc+14<1(”/l‘i7)

vk 1 —pq
Ao(n/K) Bo(n/ ) Xq Aofn/k) £ 2
(4 “o—ry OO0 +E—po)Us(n/k) | (1+2) Ug(n/k)>(1 +op(1)), (2.11)

with Zy, xq and Ag(n/k) given in (1.13), (1.19) and (2.9), respectively.

Remark 2.2. Note that the distributional representation of the PORT-Hill estimator, given in

(2.11), is a generalization of the classical representation of the Hill estimator, given in (1.14).

The dominant component of the right hand-side of (2.11) depends on the relative behaviour
of the functions Ay(t) and 1/Up(t), and as usual whenever working in a PORT set-up, we
shall thus consider three different regions related to x4, in (1.19), and the vector (&, po) of the

unshifted model Fj associated with the available data:
e Ri:={Fp:{+po<0Axq#0},
® Ro:={Fp:{+po>0Vx, =0},
® Ry:={Fy:{+po=0Axg# 0}

Corollary 2.1. Under the conditions of Theorem 2.3, the following results hold:

i) In Rl,
(@) d §Z § Xq ¢ X2 .
HEW) = e e T gUotn/l) T W28 Gy T )
ii) In RQ,

VE - 1—po L —po—pp

i.e., we recover the representation of the classical Hill estimator, presented in (1.14), with

(A, B) replaced by (Ao, Bp).

i) In R,

Do d &z Ao(n/k) € Xq
HO®) £ 6+278+ (T + Treieem)

Ao(n/k)By(n/k) Xq Ao(n/k) £ X2
* ( 1— po— Pl - (1+ &)1+ & — po)Us(n/k) - (1+42¢) Uoz(n/k)><

1+ 0p(1)).
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3 PORT-estimators of the second-order parameters

3.1 The PORT-p estimators

The class of location invariant estimators of the shape second-order parameter considered here,
named PORT-p class of estimators, was introduced and validated under a second-order frame-
work in Henriques-Rodrigues and Gomes (2012), and further studied under a third-order frame-
work in Henriques-Rodrigues et al. (2014). Tt is explicitly given by

3(TT(LTQ7Q)(]€) _ 1)

/\(7117q) pyp—
p (k) =
75D (k) — 3

{1 (k) € (1,3)}, 7, €R (3.1)

where TéTq’Q)(k:) = TTELT:TQ)(IC;X,({])), with TéT)(k) given in (2.5), and M,(La’q)(k:) = Mﬁa)(k;ggq)),
given in (1.18), with M (k) = M\ (k; X, ) and X'? respectively given in (1.11) and (1.16).

The asymptotic non-degenerate behaviour of this class is provided in Section 7 (Theorem 7.1).

3.1.1 A few remarks on the choice the high level for the estimation of p,

We now rephrase for the PORT-p-estimators described in this article, the comments made in
Caeiro et al. (2009) related to the choice of the high value, now named kgq), that should be

used for the estimation of p,.

1. The optimal choice of the threshold kzgq) should enable us to guarantee the asymptotic
normality of the p,-estimators, p(@ := ﬁTq’q)(kgq)), for any of the pg-estimators in (3.1)

computed at k@, with a non null asymptotic bias. The level k§q) is then such that:

i) In Ry, if lim ViAo(n/k{”) = A and lim VE/Ug(n/k”) = Au,, both finite, with
at least one of them non null, let us say A\y,, we get kg‘J) = O(n%/(+4)) " Then,

P — pg = Oy (1/ (K2 /U (/1)) = O, (n~8/1+19)).
i) In Ry, if nler;O\/EAg(n/k) = A4 lim VEAg(n/k)Bo(n/k) = Mg and

h_)m Vk/Uy(n/k) = N, finite, with at least one of them non null, let us say Ag, we
get k{7 = O(n2(eot#h)/ (=20tb))). Then, p@)—p, = 0, (1/(\/K{” Ao (n/K{"))) =
0, (npa/ua(pwg)) _

iii) In Ry, if  lim VEA2(n/k) = g, Tim VEAo(n/k)Bo(n/k) = g,
ILm VEAo(n/k)/Uy(n/k) = Ay, with at least one of them non null, let us say Aay,
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and \ = lim 1/(Ao(n/k)Up(n/k)) # 0 finite, we get k\? = O(n~2(po=8)/(1+2(po=8)))
Then, p(0 — p, = op(1/( kEQ)Ao(n/kiq)))) = 0, (n~&/(1+2(p0—))
Thence,

P9 —p,=o0,(1/Inn), as n— oo, (3.2)

in the three regions Ri, Ro and Rg3, a condition needed in Section 4, and similar to

condition (2.7), related to the classical p-estimation.

. Note that for most of the common heavy-tailed models (¢ > 0), the parameter p’ in
(1.7) is equal to the parameter p in (1.6). Among them we mention, the Fréchet, the
generalized Pareto, the Student’s ¢,-model and the Burr model. In this case, is possible
to find a pair (74, ¢) such that the asymptotic bias of the PORT-p estimator is null. Such
a claim is made essentially on the basis of the high versatility of the PORT-p estimators,
and given the fact that the sample paths of the p,-estimators associated with “optimal”

(74, q) exhibit high stability for large k. The use of a value kziq)

larger then the “optimal”
for the PORT-p estimation, but intermediate, like kgq) (see Gomes and Martins, 2002, for
details on the choice of k; for the classical p-estimation), enable us to guarantee condition
(3.2). The choice of the “optimal” (7, k:gq),q) is put forward in the following heuristic
condition Cf;,, written accordingly to the region Re in the (&, p)-plane, @ = 1,2,3, and

associated with the underlying parent:

i) Cf: In Ry, there exists (Tq;Ul,kgq),q), with JLH;O\/EAO(n/qu)) = oo and/or
Tim VE/UZ (n/k") = oo, such that, with 59 (k) defined in (3.1), 57 — p, =
D (kD) = py = Oy (1/(\ K /Us(n/K)) ).

ii) Cf,: In Ra, there exists (Tq;UZ,kgq),q), with ?}LH;O\/EAg(n/k) = oo and/or
JLII;O\/%AO(n/k)BO(n/k) = oo and/or nli_)r{)lo\/E/Uo(n//{) = o0, such that, with
A7 (k) defined in (3.1), %) — py = P02 (K7) — p, = 0, (1/(y/ K g/ M) ).

iii) Cp,: In Rs, there exists (Tq;U3,k§Q),q), with nlggO\/EA%(n/k) = oo and/or
7Zli_)n:)lo\/EAO(n/k‘)Bo(n/k‘) = oo and/or JLH;O\/EAo(n/k)/UO(n/k) = o0, such
that, with p"9(k) defined in (3.1), A2 — p, = prevs (k) — p, =

O, (1/(/K? o (n/ 1)) ).
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(9)

3. Note that if we consider a level k" = |n'=¢|, with € > 0, small, we can also guarantee
(3.2) for a large class of models without the need to assume the stronger condition Cp, .
This is the reason why we advise in practice the consideration of such a level. Notice also

that the choice of € is not crucial.
3.1.2 A few remarks on the choice of 7, for the estimation of p,

The theoretical and simulation results in Fraga Alves et al. (2003) and in Gomes and Martins
(2002) for the classic estimation of the second-order parameter p have led several authors to
advise in practice the consideration of the tuning parameter 7 = 0 for the region p € [-1,0)
and 7 = 1 for the region p € (—oo0, —1), and to consider the p-estimators associated with a high
level k1, in order to estimate the tail index &, through the use of second-order RB estimators,
like the ones introduced in Caeiro et al. (2005), Gomes et al. (2007a) and Gomes et al. (2008¢).

We now present the PORT-version of this empirical criterion, to be used in Section 5.

0, if pg=>-—1
1, it p,<—L

Tq =

3.2 The PORT-j estimators

The class of location invariant estimators of the second-order scale parameter considered here,
named PORT-J class of estimators, was introduced and validated under a third-order framework
in Henriques-Rodrigues et al. (2015), it is based on the classical S-estimators introduced in

Caeiro and Gomes (2006), dependent on a real tuning parameter 7, being explicitly given by

T e
—~ R nqp(Q) n (gq) k)2 q M(4’Q) ) /24 ng/2 i 7q )
B (ks p@)) = (> /> ( (/24) (3.3)
[m (2182089 5 0 (M85 h/2) |

( (9)
R e I m=0

@ n(MED (k) /2) ~ 5 0 (M (k) /24)

with 5(?) any consistent estimator of p, in (1.20), and MT(La’q)(k‘) given in (1.18). The asymptotic

behaviour of the PORT- estimators is presented in Section 7, Theorem 7.2 and Corollary 7.1.
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4 Asymptotic behavior of the PORT-MVRB Hill-estimators

As mentioned previously, the class of PORT-MVRB EVI-estimators introduced in this paper is
different from the class of PORT-MVRB EVT estimators introduced in Gomes et al. (2011a),
where the authors considered the estimators in (1.21), but being B @ = B‘(f) the PORT version of
the estimator of the scale second-order parameter /3, introduced in Gomes and Martins (2002),
and given in (2.6). The asymptotic behavior of the class of PORT-MVRB EVI-estimators
addressed in this paper will be derived taking into account the asymptotic behavior of the

PORT classes of the second-order parameters’ estimators defined in Sections 3.1 and 3.2.

4.1 Known 3, and p,

We can now establish the non-degenerate behavior of the PORT-MVRB Hill-estimators assum-
ing that the second-order parameters, 3, and pg, in (1.20), are known, similarly to the set-up

of Theorem 2.1. The sketch of the proof is similar to the one of Theorem 3.1 in Caeiro et al.
(2009).

Theorem 4.1. Under (1.7), further assuming that (Uo(-), Ao(-), Bo(-)) can be chosen as
(U(-),A(:), B(+)), in (1. 8) with (p, B, p', B) replaced by (po, Bo, ppy, B), and for levels k such that
(1.12) holds, the r.v. HY (k: By, Pq)s with F(q)(k;B(Q),f)(q)) defined in (1.21), has an asymptotic

distributional representation of the type,

Zy,
1035y £ €+ 2+ RO,

a generalization of (2.1), with Zy given in (1.13), and

R (k) = Ag(n/k) (quo(n/k)+ng(n/k)+qu (X/k) +0, (%)) (14 0p(1))

1 X 1
+Uo<n/k>< Gotn/® 7 (\/E>><HO”(1))’
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where, with

1 .
Ug = — 1 _ _5(14_5)27 m Rh v = 1 -
14+£-2 .

, ) (1 +mpo) in Ry,

Wy = - —{ (=po)=2046+200(1+8) ;) R

T A+HA+E—po)  (1—pg)? T+ A+E—p0)(1—p0)® 2

—1+3 .
T 20)" in Rs,
£ -
e e e
YT TR e T (1= pp)? Iy R (4.1)
Tz ™ Rs,
we can write, with R(k) given in (2.2),

3 .
O] ((1+2g§(1+g)2 Tty T Op (7)) (1+0p(1)), in Ry,
R(Q)(k) _ R(k), in Ra,

—1+3 1
R(k) + Ao(n/F) (5 172,)0)(;’0,)0)2 s + O (25)) (1+ 0p(1))

—_p3 .

+ 0oty ((1 o Totngiy T Op <¢E)) (14 0p(1)), in Rs.
Consequently:

i) In Ry, even if Vk/Uo(n/k) — oo, with V'k/UZ(n/k) — Ay, finite, then
VE (T (k: By p0) =€) 5 N = Moy, €2).

I VU (/) — o0, then vk Ug(n/k) (T (ks By pg) = €) is Op(1/Us(n/R)).
i) In Ra, even if VEkAo(n/k) — oo, with VEA3(n/k) — Aa, VkAo(n/k)Bo(n/k) — g,
both finite, then

vk (F(q)(k; By, Pa) — g) Ly N = Mg + Apo, €.

IFVEAZ(n/k) — oo or VEAg(n/k)Bo(n/k) — oo, thenf( T (k; 8, pg) — )/Ao(n/k:)
is either Op(Ao(n/k)) or Op(Bo(n/k)), the one of highest order.

iii) In Rs, even if VkAo(n/k) — oo or Vk/Us(n/k) — oo, with VkAi(n/k) — Aa,
VEAo(n/k)Bo(n/k) — Mg, VEAo(n/k)Uo(n/k) — Aau, and Vk/UZ(n/k) — Ay, all
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finite, then
\/E <H(q)(k; /Bqa pq) - 5) néo N(bggi = )\Auq + Apv + )\AUwq + )\Uyq, 52)

If VEAR(n/k) — oo or VEAg(n/k)Bo(n/k) — oo or VEAo(n/k)/Us(n/k) — oo,
then v/ (H (k3 By, p4) = €) JAo(n/k) s cither Op(Ao(n/k)) = Op(1/Un(n/k)) or
O,(Bo(n/k)), the one of highest order. If vkAo(n/k)/Us(n/k) — oo or Vk/UZ(n/k) —
5 then VEUg(n/k) (H (k3 By, pg) — €) is Op(Ao(n/k)) = O,(1/Uo(n/k)).

4.2 Estimation of 3, and p, at the same high level /{:i‘Z)

If we estime 3, and p, at the same high level k:gq), as described in Section 3.1.1, we can state

the following.

Theorem 4.2. Under the third-order framework, as in (1.7), let us consider the tail index
estimators, H(Q)(k‘) = F(Q)(k‘; B, p\D), given in (1.21), with p(9 and B9 the pair of consistent
estimators of the second-order parameters pg and 3, given in (3.1) and (3.3), respectively, both
computed at the same high level k@ such that (3.2) holds. Then, in Rq, for levels k such that
VE/Uy(n/k) — N, finite, when n — oo, in Ra, for levels k such that \/kAy(n/k) — X, finite,
when n — oo and in Rs, for levels k such that \k/Uo(n/k) — N or VkAo(n/k) — X, both
finite, when n — oo, i.e., for levels k such that \/EAq(n/k) — ¢, finite, as n — oo, then
VE(HD (k) — €) 5 N(0,€2).
We can guarantee the same limiting result in the three aforementioned regions Ri, Ro and Rs3.
i) InR1, consider levels k such that \/k/Uy(n/k) — oo, provided that k = o(kgq)), asn — oo,
with k‘@ optimal for the estimation of pg, i.e., such that nh_}r{)lo kgq)Ao(n/k:g(I)) = A1 and
Tim_ \/@ JUZ(n/k\?) = Ay, , finite.
Further considering levels k such that nangoﬁAo(n/k) =\ and T}L\IEO\/E/U(?(n/k) = \u,
both finite, assuming the validity of Cf; for a level l{:@ = O(n/Inlnn) and consider-
ing BA((]ql) = B(Q)(k:gq),[)g]l)), the tail index estimators ﬁ(q)(k;ﬁgll),ﬁgl)) have an asymp-
totic variance still equal to €2 and asymptotic bias still given by bggi = AuYq, with yq

given in (4.1). The same result holds for any F(Q)(k; B 5D provided that p9 — Pg =

op(n(n/k)/ (VE/Us(n/R)) ).
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ii) In Ra, consider levels k such that \/kAy(n/k) — oo, provided that k = o(k‘@), asmn — 0o,

with kg(I) optimal for the estimation of pq, i.e., such that li_>m kiq)A%(n/k‘g(D) = A4, and
n—od

Tim_ VED A0(n/E9 Bo(n/k\Y) = Ap,, finite.
Further  considering levels k  such  that ILm VEAL(n/k) = Aa and
lim \/EAo(n/k:)Bo(n/k) = Ap, both finite, assuming the validity of Cf;, for a level
n—oo
k:(q) = O(n/Inlnn) and considering B[(qu) = B(Q)(kgq),ﬁgqu)), the tail index estimators
H(q (k BUqQ),,éU ) have an asymptotic variance still equal to £ and asymptotic bias still

(q)

given by by’ = Agug + Apv, with (ug,v) given in (4.1). The same result holds for any

7 () (k ;B(‘Z), p\D) provided that p'9 — p, = op(ln(n/k)/ (\/EAo(n/k:)> )
iii) In Rs, consider levels k such that VkAg(n/k) — oo or Vk/Uy(n/k) — oo, pro-

vided that k = o(k(q)), as n — 00, with k() optimal for the estimation of pg,
.., such that hm\/ DA2(n k) = M4, Tim. P Ag(n /) Bo(n/E\Y) = Aag, .

Tlim \/; Ao (/) Uo(n/KD) = Aavr,, and Tim \/@ JU2(n/k\?) = Ay, , finite.

Further considering levels k such that nh_{r;o\/EA(Q)(n/k) =4, nli_{lolo\/EAo(n/k)Bo(n/k) =
Mg, lim VEAo(n/k)Us(n/k) = Aav, and lim Vk/Ug(n/k) = Au, all finite, assum-
ing the validity of Cp;, for a level k(q) = O(n/ Inlnn) and further considering B((J%) =
B(q)(k@,,ﬁgg), the tail index estimators H ( BU?,ﬁU ) have an asymptotic variance

(g )

still equal to €2 and asymptotic bias still given by b = Aug + Apv + )\AUwq + AuYq;

with (uq,v,wq, yq) given in (4.1). The same result holds for any H(q)(k B, DY) pro-
vided that p\9 — p, = 0p<ln(n/k)/ (\/%Ao(n/k‘)) )

5 Analysis of the performance of the estimators — an applica-

tion to real data

To enhance the importance of the PORT-MVRB EVlI-estimation, we shall consider in this
section an application to the analysis of the positive log-returns P, = In(S;41/S;) = —L;,
1 <7< n-—1, with S; the set of financial data. Such data, collected over the period from
January 4, 1999, until November 17, 2005, and with a size n = 1762, are the daily exchange
rates of the Euro-USA Dollar (EUSD), considered in Gomes et al. (2007a). Additionally, we
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have considered over the same period the Euro-GB Pound (EGBP) daily exchange rates, one
of the data sets analyzed in Gomes and Pestana (2007a) and in Gomes et al. (2011b; 2013),
through the use of different algorithms. Although there is some increasing trend in the volatility
of all these log-returns, stationarity and weak dependence is often assumed, under the same
considerations as in Drees (2003). As stated in the aforementioned papers, the underlying model
has heavy left and right tails leading us to eliminate the estimators associated with ¢ = 0, due
to their inconsistency (see Gomes et al., 2008b, for details).

In Tables 1 and 2 we present for the classical and PORT-estimation with ¢ = 0.1(0.1)0.4,
the number of positive elements in the available sample of log-returns, n™, the levels
ki =|(n")%%%] used to obtain (p, ), the estimates of the second-order parameters p and
B for the EUSD and EGBP data sets, respectively. The p-estimates were obtained considering
7=01n (2.4) and 7, = 0 in (3.1). For the S-estimates we have considered 7, = —1.2 in (3.3)
and we have also used the same n-value for the classical S-estimation. In Figures 1 and 2 we

present the sample path of the second-order estimators under play.

Method of Estimation | n* k1 p@ @

Classical 867 861 || -0.707 || 1.034

PORT with ¢ =0.1 1585 | 1573 || -0.717 || 1.039
PORT with ¢ = 0.2 1409 | 1398 || -0.729 || 1.039
PORT with ¢ =0.3 1233 | 1224 || -0.719 || 1.038

PORT with ¢ =0.4 1057 | 1049 || -0.729 || 1.038

Table 1: Sample sizes, levels k1 and estimates of the second-order parameters for the EUSD

data set

Remark 5.1. We have also computed the estimates of the PORT wversion of the B-estimator
introduced in Gomes and Martins (2002), given in (2.6), and we have got an absolute difference

between the two estimates equal to 1073 for the classical estimation and in the range [T X

1073,1.5 x 1073], for the PORT-estimation.
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Method of Estimation | n* k1 o 5@

Classical 835 | 829 | -0.667 || 1.030

PORT with ¢ = 0.1 1585 | 1573 || -0.724 || 1.039
PORT with ¢ = 0.2 1409 | 1398 || -0.711 || 1.039
PORT with ¢ =0.3 1233 | 1224 || -0.722 || 1.037

PORT with ¢ =0.4 1057 | 1049 || -0.718 || 1.037

Table 2: Sample sizes, levels k1 and estimates of the second-order parameters for the EGBP

data set

The adaptive estimates of the EVI were obtained on the basis of a heuristic sample-path

stability algorithm similar to the one presented in Gomes et al. (2013) and described in the

following:

1.

. Consider all those estimates, ﬁ(q )(k‘), kigm

Given an observed sample (z1,x2,...,2,), consider, for ¢ = 0.1(0.1)0.4 and ¢ = 1, the
observed sample of excesses, x(q), with X(Q) given in (1.16), and compute p = ,6(1) =
HOD = 5O (ks x) and f = B0 = B0 .= B0 (ky, 5), (k) and B(k) respectively given
n (2.4) and (3.3), and ky = [(nt — 1J0'999], and compute pl@) = p09) = ﬁ<0>(k§q>;;£{”)
and B0 = §01a9) .= B(”q’q)(kﬁq),ﬁ@), PD(k), B(q)(k) given in (3.1), (3.3), respectively
and k‘gq) = [(n(q) - 1)0'999J, n@ =n —|ng| —1 (n(Y) = n, by notation

)-
. Next compute, for k = 1,2,...,n(@ — 1, the observed values of " ( ), given in (1.21),

and for k =1,2,...,n" — 1, compute the observed values of H(k) = H(l)(k).

. Obtain jg, the minimum value of j, a mnon-negative integer, such that

a,(gq)( j)=round(H (q)(k),j) k = 1,2,..,n(9 — 1, has distinct elements (in this case we
were led to jo = 1 for the two data sets considered).

Choose ¢ in the following way: for each ¢ consider as possible estimates of ¢ the values

a,(cq) (jo) = a D (k), K9 << kﬁg()m, to which is associated the largest run, with a size

mwn

lg = k:,ﬁ‘%?w — kfgzn + 1. Choose ¢* := argmaxg ly.
*) *
< k< k:,(ﬂagg, now with an extra decimal,

ie. F(q*)(k) (q ) (jo +1). Count the frequencies associated with these estimates and
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Figure 1: Estimates of the second-order parameters, p, (left) and B, (right) for the EUSD data

obtain the mode, (, of these values. Let us denote K* the set of k-values corresponding

to those estimates.

6. Take k* as the maximum of £* (in order to minimize the variance) and the adaptive

EVI-estimate £ = F(q*)(k*).

On the basis of the asymptotic behaviour of the estimators under consideration, approximate
confidence intervals (CI's) for £ can be easily obtained (see, for instance, Gomes and Pestana,

2007b).

Remark 5.2. If we consider a second-order PORT-MVRB EVI-estimator, and levels k such
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Figure 2: Estimates of the second-order parameters, p, (left) and S, (right) for the EGBP data

that Vk Ag(n/k) — X\, finite, we can also easily get an approzimate 100(1 — )% CI for &. On

)

the basis of the statistic H in (1.15), or even " , in (1.21), for adequate values of 14, nq and

q and for the same k-levels, we get the following 100(1 — o) % approzimate CI for &,

1+ Zl—a/2 1 — Zl-a/2 ) (5'1)
vk vk

with z, the a-quantile of the standard normal distribution.

)

In Figure 3 we present the non-adaptive estimates of ¢, provided by H, H and ﬁ(q , with
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g =0.1,0.2,0.3,0.4 and the adaptive EVI-estimates for the two data sets.

15 HOY o3y {O»

0.5

200 600 1000 1400 200 600 1000 1400

Figure 3: EVI-estimates for the EUSD data (left) and for the EGBP data (right)

e For the EUSD data set we were led in Step 4. of the Algorithm to the choice of ¢* = 0.1
associated with a run of size 712 for a £-estimate equal to 0.2. In Step 5. we have got
a mode ¢ = 135 associated with the £-estimate 0.25, k* = 746 and the adaptive PORT-
MVRB EVlI-estimate £ = 0.247. The associated 9% MVRB- CI for £, based upon (5.1),
is (0.226,0.273), with a size equal to 0.047.

e For the EGBP data set we were also led in Step 4. of the Algorithm to the choice of
q* = 0.1 associated with a run of size 659 for a &-estimate equal to 0.2. In Step 5. we
have got a mode ( = 162 associated with the £-estimate 0.22, k* = 476 and the adaptive
PORT-MVRB EVI-estimate f = 0.225. The associated 99% MVRB- CI for &, based upon
(5.1), is (0.201,0.255), with a size equal to 0.054. Note that in Gomes et al. (2013) the

authors were led to the same adaptive estimate and the same 99% MVRB- CI.

Further note that the choice of the tuning parameters (k,q) could be done by bootstrap
algorithms of the type of the one in Gomes et al. (2016a) (see also Gomes et al., 2011b, 2012,

Brilhante et al., 2013, and Caeiro and Gomes, 2015, where R-scripts are provided).

6 Final remarks

1. It is known, from a classical point of view, that the sample paths of the S-estimator in

(2.6) are less volatile than the ones of the S-estimator introduced in Caeiro and Gomes
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(2006). However, for a suitably chosen value of 1 the later estimator exhibits for large
values of k, a quite stable sample path around the true value of 8. This type of behavior is
also true for the correspondent PORT-versions of the S-estimators and given an adequate
choice of the tuning parameters k, 1, and 7, the estimates obtained in (3.3) are quite close
to the ones obtained by the PORT-version of the S-estimator in (2.6).

2. The proximity between the estimates of the two PORT-S estimators allow us to conclude
that the finite sample behavior of the PORT-MVRB EVI-estimators under study is quite
similar to the class of PORT-MVRB EVI-estimators studied in Gomes et al. (2011a),
among others.

3. The use of the PORT-S estimators in (3.3), concomitantly with the class of PORT-p
estimators in (3.1) enable us to overcome the technicality of this subject and derive the
non-degenerate behavior of the class of PORT-MVRB EVI-estimators in (1.21).

4. We can now derive the asymptotic behavior of PORT-MVRB VaR-estimators as well as
of other classes of RB location invariant estimators of the EVI, topics out of the scope of
this article, but which are straightforward for some recently introduced classes of MVRB

EVlI-estimators, just as mentioned in Remark 2.1.

7 Asymptotic behaviour of the PORT-estimators of second-

order parameters

7.1 The PORT-p estimators

The asymptotic non-degenerate behaviour of the PORT-pg-estimators, defined in (3.1), is pro-

vided in the following theorem.

Theorem 7.1 (Henriques-Rodrigues et al., 2014). Under the validity of the third-order con-
dition in (2.10), with p = po, p' = py < 0, we have the validity of the following asymptotic
distributional representation for the PORT-p estimator, p{™o? (k), in (3.1).

i) InRy, let us consider the regions Ri1 := {po < —2{Axq # 0}, Ri2 := {po = —2§{A\xq # 0}
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and Ri3 = {—2€ < po < —§ A\ xq # 0},
~(7a:9) (1. g Upo,q wh
XquP(;fgl; q) (14_0])(1))7 n Rlla

ng(ﬁ,po)Ao(n/k)Uo(n/k) + Xg Yo (ngq)> (1+0p(1)), in Rig,

N X/ Uo(n/k)
2po (€ P0) 0)((” k)UO(”/k)(1+0p(1)), in Ras,
q

where VVR1 1s asymptotically standard normal,

66 (—4+&(—13+26 (-3 +2£(24€)?))) —€B+ (1 +28)3(3+ 29T

Yo (§,7) = 12(1 + €)2(1 + 2¢)3
_ 1+ po(€+ po)
Zﬂo(fvpo) = 52(1 _ ,00)3
02
and 5, , = (1+&)5 (262 +2£+1).

il) In Ra, let us consider the regions Ro1 := {—& < po < —% AXq # 0}, Roz == {po =

—%qus«éO} and Rz :={§ < po <OV (€ > —po A xg = 0)},

A(Tqﬂ) d Po,q Ro
A WA
Xafpo (& Po) ,
AO(n/Z)UO(n/;?)Ef(l—’)_0]3(1))’ m  Roi,
XqJpo\S, PO .
+ M0l + Ao(n/;C)Uo(n/k)> (1 +Op(1)), m  Roog,
mPO:P6(1+OP(1))> m Rzg,

where m, y = u,Ao(n/k) + v, yBo(n/k), with u, = v and v,y = v, and (u,v) given in

(2.3), respectively. Moreover, W,fQ is asymptotically standard normal,

Gzovq = (71270 - 52(1 - P0)6 (QP% —2po + 1) /POQ,
2 1— 3
) = SESREEEI),

i) In Rs, and with A\ = Tim 1/(Ao(n/k)Us(n/k)) # 0

5(7¢,0) 4 Tpg.a R
P 1 (k) - qu prO(n/k)W :

(T Ao01) 4 5y Bl 1) + 22T Em) ) (14,1
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7.2

where W,f‘?’ is an asymptotically standard normal r.v., u, = up/(1+£qu), Vpp =
v /(1 —|—§qu), with v, = u and v,y = v, and (u,v) defined in (2.3), respectively,
and ®,, = e, /(1+ §qu), with e = g,w, and

9p0 (&5 P0) = gpo(—p0, P0) = gpo(P0)
6 (4+ po (=13 +2p0 (3+2p0(2 = p0)?))) + (3 = po)(3 — 2p0) (1 — 2p0)°*7
6(1 — po)*(1 —2po)? 7

_ _ 3
Woo (€00, T) = Wy (—p0, p0, ) = wpy(po, 7) = LY=L p( g, 7),

___(p—2)2%(r—2) T—1 2(1—p) 2 1
blp.7) = =St aE T G T T T T
(1-p)p{ —(0+3) (5p(p+3)+12) (2p+1)37—6(6-+p(3+20) (47 +24p" +42p°+31p> +14p+9)) }
- 12(3—p)(1+p)®(1+2p)3

and 520’(] =(1—po)® (2 po® — 2 po + 1).

The PORT-/ estimators

The asymptotic behaviour of the PORT-f estimators, defined in (3.3), is presented in the next

theorem.

Theorem 7.2 (Henriques-Rodrigues et al., 2015). Under the validity of the third-order condi-

tion in (2.10), with po, py < 0, we have the validity of the following asymptotic distributional
representation for B(”q’Q)(k;pq), with B(Wq)(k‘;[)(q)) the PORT-3 estimator in (3.3).

i) In Ry, with By = xq/C, C given in (1.4), and with the same notation as before for Ry,

R12 and ng,

[ ]
Bqapq

VEA,(n/k)

4

B0 (k; p) L B, + W+ B,V (14 0,(1)), (7.1)

where W]f” is asymptotically standard normal and V'

X(Iyﬁo (_575)

To(n/k) in 7?'117
VI = 8 0O A k) Up(n k) + 2RCED iy Ry, (7.2)
0808 Ao(n /) Uo (n/K), in Rus,
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with

Ae = 3268 4+ 212¢7 + 568¢° + 780¢° + 538¢* + 93¢® — 108¢% — 68¢ — 12 (7.3)
Be = 6+£(4+€) (7.4)
Cep = p>(21 + 5EBg) — 2p*(30 + TEB¢) + 6p(9 + 26 Be) — 2(6 + £B) (7.5)
_ E(2+6)(BH+18E+166245E3) (1426)*n+262 A
Ya(& =€) = s g e e

_ (148)°(2—p0)C¢,
20(00,=8) = —rerEE e G TP

02 02 2
and &, =5 = (%) (216% + 683 + 86¢2 + 68¢ + 33).

ii) In Ra, with By = Bo, and again with the same notation as before for Rai, Raz and Ras,

B (ks py) L 5, + L9000 __yphe 4 g Rl 4 o (1 7.6
B ( an) /Bq \/EAq(n/k) k ﬁq ( p( ))a ( )
with VB2 given by
£X Z (*é,P ) .
ol T (n /) in- Rar,
Ry ._ Exazp, (—6, .
VE = 0 ulpo, pl) + A in Ra, (7.7)
1(po, o) in Ras,

where j(p, 1) = o () = o (9) Ao(n/K) + vy (p o) Bol(n/ ), with g, and vg,., given
by
_ 202 (4—p(2—p)(16p5—68p4+116p3—96p2+33p+2))
gy (p) = ugy(ng, p) = — 26(2—p)2(1—p)2(1—2p)3(2—2p+p?)

nq(2-p)(1-20)3 (503~ 1692 +18p8)
- 26(2-0)2(1-p)2(1-2p)%(2—2p+p?)

(7.8)
and

(0, p) = (1-p)3((2=p)*(1=p)®(2—2p+p*)—2(2—p)*(1—p)* (5—4p+20*)p’)
UBo\Ps P ) = (2=0)2(2—2p+p*) (1= (p+0"))°
(1—p)3(2(1—p) (29—55p+44p% —18p3+3p*) p2 —2(17—35p+29p? —12p°+2p% ) p'3)
(2-p)2(2—2p+p?) (1= (p+p"))8
__(=p)3(=74+9p—5p*+p%)p'* (7.9)
(2—p)?(2—2p+p*)(1=(p+p"))"’ :

+
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iii)

respectively. Moreover, W,fQ 1s asymptotically standard normal,

2 _— 2 _ (&(1-po) 2 (218 —68p3+86p2 —68p0+33
%0 = po = ( T ) < — ° ; (7.10)
_ (1=p0)°(2+6)C_py ¢
20(=&p0) =  (2-p0)2(2=2p0+03) (3—3po+3) (1)

with Be and C¢ , defined in (7.4) and (7.5), respectively.

In Ry, with B, = Bo + xq/C, A = Tim 1/(Ao(n/k)Us(n/k)) = (€60C)~" # 0, and C
given in (1.4)

d

B (k; p,) 2 Wi 4 BV 3 (1 + 0p(1)), (7.11)

where W,f"’ 1s an asymptotically standard normal r.v. with 52q = ng, with Uﬁq given in

(7.10), and VT3 given by

1
VR = (s (o) Aon/k) + vy (0, £) Bo(n/ )

§Xq (wﬁo (&, p0) + XgA Yso (€, po))

+ Uo(n/k) !

(7.12)

with ug, and vg,, defined in (7.8) and (7.9), respectively, and

. . (—84+18pg—16p2+503)7,
wg, (ga ,00) = wﬁo(_pOa pO) = - (2fpo)(170p0)2(2072p00+p%)

n 2p0 (147p0(917221,00+216p(2)+25p87252p3+240p87100p8+16p(7)))
(1—2p0)*(2—p0)2(1—po)?(2—2p0+p3) ’

—00(2—p0)(8—18p0+16p2—503) (1—2p0)*ng+2p3 A
Y5, (57 pO) = yﬁo(_pOa 100) = v 2(01*P0)2(20*P0)2?1*2;0)4(2*51)04:[)(2))) 0——F0 3

and A¢ defined in (7.3).

Corollary 7.1. Under the conditions of Theorem 7.2 and assuming the validity of condition

Cg, fora k@ = O(n/Inlnn) these results are kept for B\(”q’Q)(k; ﬁg)), e = 1,2 3. If we consider

B9 (; 5709 (k)), with plaD (k) given in (3.1), the rate of convergence towards B, is of the

order of In(n/k)/(VkAy(n/k)), in R1, R and R, which must converge to zero. Moreover,

Bl (k; T (k) — By & =By n(n/k) (P79 () — pg). (7.13)
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i) In Ry, if VEAy(n/k)/In(n/k) — oo, VkAo(n/k) — X and VEk/UZ(n/k) — Ay, both
finite, then

o2 .
N (Xq ypo (€7Tq))\U7 O-p07q) 9 1n R]_]_,
— B399 (k; 570D (k) a > , o2 .
\/EAQ(n/k)Bq : Ba 1n((n[/)]g) ®) & N (M)\'i‘ qupo(gqu))\U7Up0,q)7 inRi2,
Zpg (§,P0) .
N( e A, Gy q) inRa3,

o2
with yp, (&, 7q)s 2p (€, po) and o, , given in Step i) of Theorem 7.1.

ii) In R, if VEA,(n/k)/In(n/k) — oo, VEAZ(n/k) — Aa, VkAo(n/k)Bo(n/k) — A\p and
VE/Uo(n/k) — X, all finite, then

N (qupo (5? pﬂ))‘/v O-ZO q) in Rzl,
— B3>0 (k570D (| .
VEA (/) PR E ) & 8N (L X6 p0)X 02, ) i R,
2 .
N <m;o,pg7"po,q> ; in Ras,
where my o= UpgAA + Vpy pp ABs With up = u and v,y = v, (u,v) given in (2.3), and

foo(&s po) and ogw given in Step ii) of Theorem 7.1.

iii) In Rs, if VkA,(n/k)/In(n/k) — oo, VkAi(n/k) — \a, VkAo(n/k)Bo(n/k) — Ap and
VE/Ao(n/k)Uo(n/k) = Aav, all finite, then

VkAq(n/k)

By=B) (pT0 (1) @, f 0 oty TEXa (900 (6:0) +Axa g (€:00.70)) Aaw 2
BqIn(n/k) 1+§qu > 7 posq |

with gp, (&, po), W, (&, po, Tq) and 530’61 given in Step iii) of Theorem 7.1.
Proof. From (3.3), we have
dB D (ks p(D) [dp') = —Tn(n/k) 5D (ks pD) (1 + 0(1),
and using delta’s method,
B (ks p0) = B0 (ks o) — B0 (ks o) (PO~ pg) In(n/k) (1 + 0p(1)). (7.14)
i) In Ry, given (7.1) and with V1 given in (7.2),

[ ]
/Bq 47 pPq

3(1q,9) —

W,f“ + BV — (5 — p)In(n/k)(1 + 0p(1)),

(7.15)
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ii)

provided that (p? — p,)In(n/k) = 0,(1). In order to keep the same results of Theorem
7.2, we need to work with a level k such that VkA,(n/k) — oo, i.e. Vk/Uy(n/k) — oo,
VEAo(n/k) — X, VE/UZ(n/k) — Ay, both finite, and vkAy(n/k) In(n/k)(p\D — p,) =
0p(1), as n — oo. This result is also true if we assume the validity of Cf; for a level
K% = O(n/Inlnn) and p{2). If we estimate p, in the level k, through 59 (k), in (3.1),
then (579 (k) — p,)In(n/k) is the dominant term in (7.14), dependent on k. Then the
asymptotic behaviour of 9 (k; p(7e? (k)) is related to the asymptotic behaviour of

P09 (k) — pg, as stated in (7.13). Then, from Theorem 7.1, we can write,

BUD s pDR) =By 4 Sy
—ByIn(n/k) VEAy(n/k) *

( Xq ¥ o(gaTQ) .
e o) "R

2po (€, po) Ao(n/k)Uo(n/k) I Xq Ypo (€ 74)

4 Xf Uo(n/k)
Zpo (€, P0) 0)((71 k)UO(n/k)(l—l—op(l)), in Ris.

)(1+Op(1)), in ng,

Consequently, we need to have In(n/k)/(vVkAy(n/k)) — 0, in order to guarantee that
B9 (k; pl7eD) (k)) is consistent for the estimation of f,. If VkAg(n/k) — X and
Vk/U3(n/k) — Ay, both finite, the remain of the Corollary follows.

In Ro, given (7.6) and with V2 given in (7.7),

3(14:9) (~(q) BaTp, Ry Ry _ g (50 _ r
B (p = By + W. "2 + B,V Bq(p pe) In(n/k)(1 + 0,(1)),
provided that (p@ — p,)In(n/k) = o0,(1). In order to keep the same results

of Theorem 7.2, we need to work with a level k such that VkA,(n/k) — oo,
VEAZ(n/k) — Aa, VEAo(n/k)Bo(n/k) — Mg, VEk/Us(n/k) — N, all finite, and
VEAg(n/k)In(n/k)(p'? — p,) = 0,(1), as n — oo. This result is also true if we assume

the validity of Cf;, for a level kgCI) =O(n/Inlnn) and pAg]Q). Again, from Theorem 7.1, we
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can write,

Bl(cnqu) (pAl(:mq)) — By d 900,49 Ro
—BqIn(n/k) VEA,(n/k) *
Xa.fpo (€, P0) .
Aoé/?f)Uo(n/Jlg)?;l *) (L) I R
X o\GSs PO .
+ Mpo,pl) + Ao(?ql/l;ﬂ)Uo(n/k)> (1 + Op(l))v in Rag,
mpo,pg(l + 0p(1)), in Ras,

Consequently, in this case we need to have In(n/k)/(VkA,(n/k)) — 0, in order to guar-
antee that 4129 (k; 5709 (k)) is consistent for the estimation of 8,. If VEA2(n/k) — A,
VEAy(n/k)By(n/k) — A\p and Vk/Uy(n/k) — X, all finite, the remain of the Corollary

follows.

iii) In Rg, given (7.11) and with V53 given in (7.12),

2(Mq:9) (~(q) Bq0p, R3 R ~(q)

B (p = B+ ——W,2 + 3,V Bq(p pe) In(n/k)(1 + 0,(1)),

k ( ) q \/% qq(n/l{) k q Q( Q) ( / )( P( ))
provided that (p@ — p,)In(n/k) = o0,(1). In order to keep the same results

of Theorem 7.2, we need to work with a level k such that vkA,(n/k) — oo,
VEAZ(n/k) — Aa, VEAo(n/k)Bo(n/k) — Mg, VkAo(n/k)/Us(n/k) — Aav, all finite,
and VEAg(n/k) In(n/k)(p'? — p,) = op(1), as n — oo. This result is also true if we
assume the validity of Cp;, for a level k:%q) = O(n/Inlnn) and ,6813). For this region, from

Theorem 7.1, we can write,

B’(qu,q) (pAl(chq)) - ﬁq d 5po,q R3

—BqIn(n/k) B \/EAq(n/k) ’

" (ﬂpoA()(n/k) + U Boln k) + Uo(n/k)

Consequently, in this case we need to have In(n/k)/(VkA,(n/k)) — 0, in order to guar-
antee that 5709 (k; 5709 (k)) is consistent for the estimation of 8,. If VkA2(n/k) — A,
VEAo(n/k)Bo(n/k) — A and VkAg(n/k)/Us(n/k) — Aap, all finite, the remain of the

Corollary follows.
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O

Remark 7.1. If we consider 39 = B(”q’q)(k(Q)‘ﬁ(q)), with p'9 any of the estimators in
(3.1), computed at the high level k‘ R 1C) - Bq is thus, from (7.13), of the order of
(pl9 — pq)ln(n/kz(q ). C’onsequently, the wvalidity of (3.2), enable us to guarantee the consis-

tency OfB( B 77117q ( (Q))

8 Proof of the result in Section 4

We start by stating and proving a lemma related to condition Cf;,, = 1,2,3.

Lemma 8.1. Under the third-order framework in (1.7), if we further assume the validity of
Ct., @ =1,2,3 for a level k@ = O(n/Inlnn), and for k values such that 7}1_{210\/%143(71/]@) is
finite,

(\/%Aq(n/k)) In(n/k) (pU) — pq> =o0,(1), as n— oco. (8.1)

Proof. i) In Ry, under the validity of Cf; , for a level kgq) = O(n/Inlnn), we may guarantee

748 = o= 0y (17 (VK /) ) ) = 0, (264172 ).

Consequently, condition (3.2) holds with p(Q) replaced by p(Ul"J) We can also write that
(,35]3 - pq> In(n/k) = 0,(1), as n — oo, and (8.1) holds whenever v&/Up(n/k) — X,
finite. Next, if Vk/Up(n/k) — oo, k is of a larger order than n?/(+1) and n/k is
at most of the order of n'/(%+1)_ Consequently, In(n/k)Uy(n/k) = In(n/k)/Ay(n/k)
is at most of the order of (Inn)n&/(%+D and 0 < | (P9 — pg) In(n/k)/Aq(n/k)| <
O ((Inlnn)ZE+D/2Inp/mt/U+2)) 0. If limyeo VE/UZ(n/k) is finite, i.e, if

n—oo

that

limy, 00 \/EAg(n/ k) is finite, then (8.1) follows for this type of k-levels.

ii) In Rz, under the validity of Cf;,, for a level kiq) = O(n/Inlnn), we may guarantee that

A — py =0, <1/ (\/714 (n/k >> p ((InInm) 02072/ /)

Consequently, condition (3.2) holds with p(‘J) replaced by p(UM) We can also write that
(ﬁgfz) —pq) In(n/k) = op(1), as n — oo, and (8.1) holds whenever vVkAg(n/k) — A,
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iii)

finite. Next, if VkAg(n/k) — oo, k is of a larger order than n=2/(0=22) and n/k is
at most of the order of n'/(1=2). Consequently, In(n/k)/Ao(n/k) = In(n/k)/A,(n/k)
is at most of the order of (Inn)n=?/(1=20) and 0 < |(p@ — p,) In(n/k)/Aq(n/k)| <
O((lnlnn)(l_zp)/zlnn/nl/(2_4p)) — 0. If lim, oo VEAZ(n/k) is finite, ie, if

n—oo

lim, o0 \/EAg(n/ k) is finite, then (8.1) follows for this type of k-levels.

In R3, under the validity of Cf;, for a level k%q) = O(n/Inlnn), we may guarantee that

340 = o= 00 (17 (Vi 200/ ) ) = 0, ((1atam)t-272 ).

Consequently, condition (3.2) holds with P9 replaced by pUs9) . We can also write that
(ﬁg]g) —pq> In(n/k) = op(1), as n — oo, and (8.1) holds whenever vVkAg(n/k) — A,
finite. Next, if VkAg(n/k) — oo, k is of a larger order than n=2/(0=20) and n/k is
at most of the order of n'/(=2). Consequently, In(n/k)/Ao(n/k) = In(n/k)/A,(n/k)
is at most of the order of (Inn)n=*/(1=20) and 0 < \(ﬁ(q) — pg) In(n/k)/Aq(n/k)| <
O ((Inlnn)(=20)/21npn /nt/2=4e)) o 00 IF limge VEAZ(n/k) is finite, ie, if

lim, o0 \/EAg(n/ k) is finite, then (8.1) follows for this type of k-levels.
O

Proof. [Theorem 4.2] If we estimate consistently (pg, 8,) through the estimators (59, B@),

given in (3.1) and (3.3), respectively, and with F(q)(k; 3@, p\?) given in (1.21), delta’s method

enable us to write,

with

o (k; ;. py)

ﬁ(q)(k;g(q)’ﬁ(q)) _ ﬁ(q)(k;ﬂq,pq) + (B(q) —B,) o7, (1+0,(1))
77(a) /7.
+ (70— pp) L Busa) (1 4 o, 1)),
dpq
OH (ki Bypg) 5 Ag(n/k)
9Bq By(1 — /"q)7
-7 (2)
OH" (k; Bg,pq) »p Ay(n/k) n 1
dpq T 1 —pq <ln<k>+1_Pq>'
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Thence,

(%B(q’,ﬁ%—H(‘”qu,pq)ﬁ—A”WM[ 2 (9= ) (i (7) + 1= )]

1 —pq 1 —pq

Considering levels k such that VkA,(n/k) — c, finite, i.e., if Vk/Uy(n/k) — X, finite in
Ry, if VEAo(n/k) — A, finite in Ry, and if Vk/Ug(n/k) — N or VEAg(n/k) — X, finite
in R, thenvk (F@(k;B(q),ﬁ(q)) —ﬁ(q’(k;ﬁq,pq)) 2 0, and VE(H (k; 59, 50) - ¢) is

asymptotically normal with null mean and variance £2.

Next, if we consider levels k such that v/kA,(n/k) — oo, and assuming the validity of (7.13),
ie., (5@ — By)/ By X — ln(n/kg(ﬁ)(ﬁ(‘” — pq), we have

J(n/k) k 1
oo ()

(9)
- Rk. k(‘l)

T (1 59 50) — T (k; 5, pg) & —
(8.2)

i) In Ry, for levels k such that v/k/Uy(n/k) — oo, and with k@ optimal for the estimation

of e 59 = g = 0y (1 (VP 10t/ ) )
q vk n
it ot )

E) k
il (() 1“(@@))““”’

if k/ kEQ) — 0, and the second part of the Theorem follows.

Finally, if we assume the validity of Cp, for a level k%q) = O(n/Inlnn) and
consider B((Jql) = B( )(kgq),p&)) we guarantee, on the basis of Lemma 8.1, that
VE () = pa) Ag(n/R)n(k/K) = 0,(1). TF we replace (3@, @) in (8.2) by (B, 5{1))
or if we consider in (8.2) that 5@ — p, = o, <1n(n/k)/ (\/%Aq(n/k))), the remain of the

Theorem follows.
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ii) In Ry, for levels k such that v/kAg(n/k) — oo, and with kEQ) optimal for the estimation

of pg, 1.6, PO — py = O, (1/ (\/@Ao(n/%)),

(9)
\/ERliq,)f(q) = Op (\/Efz?o(n/kl ) In (%))
o kY /Ao(n/k)  \Fi

A k
o ((M . (k@)) o

if k/ kgq) — 0, and the second part of the Theorem follows.

(9)

Finally, if we assume the validity of Cp, for a level k"~ = O(n/Inlnn) and
consider B[(qu = Pl )(kgq),ﬁgj)) we guarantee, on the basis of Lemma 8.1, that

Vk (,6812) - pq> Aq(n/k) ln(k/kl ) = 0,(1). If we replace (69, 5(9)) in (8.2) by (BUQQ),,éUQ)
or if we consider in (8.2) that p\@ — p, = o, (ln(n/k)/ (\/%Aq(n/k))), the remain of the

Theorem follows.

iii) In R3, for levels k such that vVkAg(n/k) — oo, and with k:( 9 optimal for the estimation

of pg, ie., p9) — (1/ (\/714 n/k >>
(a)
VERD, - OP(VE/AOWWIH ( & >)
Y /Ag(n/k)  \F1

A k
} (() ‘“(k@))"p“)’

if k/ k‘EQ) — 0, and the second part of the Theorem follows.

Finally, if we assume the validity of Cp, for a level k§q) = O(n/Inlnn) and
consider B((qu) = Pl )(kgq),pga)) we guarantee, on the basis of Lemma 8.1, that

vk (p‘gg’ - pq) Ag(n/k) In(k/E{") = 0,(1). If we replace (3@, 5@)) in (8.2) by (6%, ptY))
or if we consider in (8.2) that p(@ — p, = o, <1n(n/k)/ (\/%Aq(n/k)>), the remain of the

Theorem follows.

O
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